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If you need more copies of the practice exams, | have more here. Thereis quite a bit
of stuff to do today. Today | am going to tell you about flux of a vector field for a
curve. In case you have seen flux in physics, probably you have seen flux in space,
and we are going to come to that in a couple of weeks, but for now we are still doing
everything in the plane. So bear with me if you have seen a more complicated
version of flux. We are going to do the easy one first. What is flux? Well, flux is
actually another kind of line integral.
NEu ban nao can thém ban photo clia cac bai kiém tra thir, & day con mot s6 ban. C6 mot
chdt cong viéc can lam hdm nay. H6m nay toi sé dé cap dén thong lwong cla truong vecto
ddi voi mot duong cong. Trong trwong hop ban da gap thong lvgng trong vat ly, co thé
ban da thdy thong lugng trong khong gian, va chung ta sé dén dé trong val tuan, nhung
bay gio chling ta van dang lam moi thit trong méat phang. Vang hay c6 chiu dwng néu ban
da gip mot phién ban phic tap hon cda théng lugng. Truedc hét, ching ta S8 1am cé dé.
Thong lvong lagi? Vang, théng lwgng thie sy lamot loai tich phan dwong khéc.

Let's say that | have a plane curve and a vector field in the plane. Then the flux of F
across a curve C is, [N 2 ine integral, but | will use notation F dot n ds. |
have to explain to you what it means, but let me first box that because that is the
important formula to remember. That is the definition. What does that mean? First,
mostly | haveto tell you what thislittlen is.

Gia sl rang t6i co6 mot dudng cong trong mét phang va mét truong vector trong mét
phang. Thé thi, TCCIGINRMMGNIE. thong lwong cla F qua dudng cong C 13, tich phan dwong,
nhung toi sé st dung ky hiéu F nhan vé huéng n ds. T6i s£ gidi thich cho ban y nghia clia
no, nhung trwdce hét toi sé dong khung noé vi d6 la mét cong thirc quan trong can nhé . DO la
dinh nghfa. Y nghfa clia n6 lagi? Trudc tién, ti s& giai thich cho ban n nho lagi.

The notation suggestsit isanormal vector, so what does that mean? | have a curve

in the plane and | have a vector field. Let's see. The vector field will be yellow today.
And | will want to integrate along the curve the dot product of F with the normal

vector to the curve, a unit normal vector to the curve. That means a vector that is at
every point of the curve perpendicular to the curve and has length one.

N6 la ki hiéu clia vector phap tuyén, vay y nghia cta n6 la gi? T6i c6 mét dwong cong
trong mat phang va tdi ¢ mot trudng vecto. Xem nao. Truong vector sé 1a mau vang hdm
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nay. Vatoéi mudn ldy tich phan doc theo dwong cong cua tich vé huwéng cla F voi vector
phap tuyén clia dwong cong, vector phap tuyén don vi clia duong cong. N6 la vector & tai
moi diém vubng goc véi dwdong cong vaco chiéu dai bang mot.

N everywhere will be the unit normal vector to the curve C pointing 90 degrees
clockwise from T. What does that mean? That means | have two normal vectors, one
that is pointing this way, one that is pointing that way. | have to choose a

convention. And the convention is that the normal vector that | take goes to the right

of the curve as | am traveling along the curve. Y ou mentioned that you were

walking along this curve, then you look to your right, that is that direction. What we
will doisjust, at every point along the curve, the dot product between the vector

field and the normal vector. And we will sum that along the various pieces of the

curve.

O khdp moi noi n 8 1a vector phép tuyén don vi clia duong cong C hudng 90 dd cling
chiéu kim dong ho tir T. Biéu d6 nghia lagi? Co nghia latdi cé hai vector phap tuyén, mot
cai hvéng theo dwong nay, mot cai theo hwéng dé. Téi phai chon mét quy wdc. Va quy
woc lavector phdp tuyén matéi chon la vector huéng sang bén phai dudong cong khi toi di
chuyén doc theo duong cong. Ttc la néu ban di doc theo dwong cong, thi khi ban nhin
sang phai, no |a hwdng do. Nhitng gi chiing ta s& 1am chi 13, tai moi diém doc theo dwong
cong, tich vé huéng gitra tredng vector va vector phap tuyén. Va ching ta sé cdng ching
doc theo nhitng doan khac nhau ctia d wdng cong.

What this notation means is that if we actually break C into small pieces of length
delta(s) then the flux will be the limit, as the pieces become smaller and smaller, of

the sum of F dot n delta S. | take each small piece of my curve, | do the dot product
between F and n and | multiply by the length of apiece. And then | add these

together. That is what the line integral means. Of course that is, again, not how | will
compute it. Just to compare this with work, conceptually it is similar to theline

integral we did for work except the line integral for work —

Ki hiéu nay c6 nghia lalanéu ching ta chia C thanh nhitng doan nhé chiéu dai delta(s) thi
thong lvong sé la gidi han, khi cac doan ngay cang nhd hon, cla tong cta F nhan vo
huwéng n delta S. Toi 1dy mdi doan nho clia dudng cong, t6i thye hién tich vo huwéng gitra F
van vatoéi nhan véi chiéu dai clia doan d6. Va sau do tdi cong nhiing cai nay véi nhau. D6
[a nhitng gi tich phan dudng ndi. Tat nhién d6, mot lan nita, khdng phai la cach tinh né.
Chi can so sanh ca nay voi cong, do lakha niém tuvong tw nhu tich phan duéng ma ching
ta dalam doi voi cong

Work isthelineintegral of F dot dr, which isaso the lineintegral of F dot T ds. That
is how we reformulated it. That means we take our curve and we figure out at each
point how big the tangent component -- | guess | should probably take the same vector
field as before. Let's see. My field was pointing more like that way. What | do

at any point is project F to the tangent direction, | figure out how much F is going
along my curve and then | sum these things together. | am actually summing --

Cong la tich phan duwong cla F nhan vé hwéng véi dr, né cling la tich phan dwong cla F
nhan vo hwéng véi T ds. D6 chi lamat sw bién ddi cong thirc. Diéu d6 co nghia lachiing
ta |4y duong cong cla ching ta va tai moi diém ching ta chi ra thanh phan tiép tuyén
[6n nhu thé nao - Toi doan co & toi nén ldy trvdng vector twong tw nhu tredc. Xem nao.
Truong vector clia toi dang hwéng nhu thé. Tai moi diém, t6i chiéu F Ién hudng tiép
tuyén, téi tim giatri cla F doc theo dwong cong cua toi la bao nhiéu va sau dé toi cong



nhitng thir nay v&i nhau. Toi thuc sw 14y tong-



-- the tangential component of my field F. Roughly-speaking the work measures, you
know, when | move along my curve, how much | am going with or against F. Flux,

on the other hand, measures, when | go along the curve, roughly how much the field

IS going to across the curve. Counting positively what goes to the right, negatively
what goesto the left. Flux isintegral F dot n ds, and that one corresponds to

summing the normal component of a vector field. But apart from that conceptually it
is the same kind of thing.

- thanh phan ti€p tuyén cla trwong F. N6i mot cach gan ding cong do, ban da biét, khi toi
di chuyén doc theo duong cong cua toi, ti s& di cling voi hodc nguoc lai F bao nhiéu. Mat
khac, thong lvong, do, khi téi di doc theo dwong cong, ndéi mot cach gan ding truong di
qgua dudng cong bao nhiéu. Tinh la dwong cho nhitng gi di sang phai, &n cho nhitng gi di
sang tréi. Thong lvgng latich phan cla F nhan vo huéng n ds, vano twong (ng voi sy lay
tong thanh phan phap tuyén ctia mot trwong vector. Nhwng ngoai trir diéu dé ra, nd lakhéi
niém hoi twong tu.

Just the physical interpretations will be very different, but for a mathematician these
are two lineintegrals that you set up and compute in pretty much the same way.

Let's see. | should probably tell you what it means. Why do we make this definition?
What does it correspond to? Well, the interpretation for work made a lot of sense

when F was representing a force. The line integral was actually the work done by the
force. Theinterpretation for flux makes more sense if you think of F as a velocity

field. What is the interpretation?

Chi la sy khac nhau vé y nghta vat Ii, nhung déi véi mot nhatoan hoc day la hai tich phan
duong maban thiét 1ap vatinh né theo cach kha gi 6ng nhau. Xem nao. Téi sé cho ban biét
y nghia cla nd. Tai sao ching ta tao ra dinh nghia nay? N6 twong ¢ng véi ca gi? Vang,
trong céch dién giai vé cong, F biéu dién mot luc. Trong trwdng hop do, tich phan dudng
thuc su 1a cong dugc thie hién béi lwc. Con théong luvong lai ¢6 nhiéu y nghia hon néu ban
xem F lamét trudng van téc. Y nghia gi?

Let's say that for F is a velocity field. That means | am thinking of some fluid that is
moving, maybe water or something, and it is moving at a certain speed. And my
vector field represents how things are moving at every point of the plane. | claim

that flux measures how much fluid passes through -- -- the curve C per unit time. If
you imagine that maybe you have ariver and you are somehow building a damn

here, adamn with holes in it so that the water still passes through, then this

measures how much water passes through your membrane per unit time. Let's try to
figure out why thisistrue.

Gia st rang F la tredng van toc. Diéu doé cd nghia 1a tdi dang nghi vé mot chét 16ng nao do
dang chuyén dong, nwdc hay gi do, va né dang chuyén dong véi mot toc do nao dé. Va
treong vector clia toi biéu dién cac thi dang chuyén dong nhu thé ndo tai moi diém clia mét
phang. Téi cho réng thong lwong do bao nhiéu chét 1dng di qua - - dwdng cong C trén mot
don vi thoi gian. Néu ban twdng twong rang c6 mdt con séng nao dé va ban xay mét cé
cbng & day, céng co céc 16 trong nd dé nudce van di qua, thi cai nay sé do lugng nwdc qua
mang trén mét don vi thoi gian. Hay thir chi ra li do tai sao nhuw vay.

Why does this make sense? Let's look at what happens on a small portion of our

curve C. | am zooming in on my curve C. | guess | need to zoom further. That is a

little piece of my curve, of length delta S, and thereis afluid flow. On my picture
things are flowing to the right. Here | am drawing a constant vector field because if
you zoom in enough then your vectors will pretty much be the same everywhere. If you



enlarge the picture enough then things will be pretty much a uniform flow. Now,
how much stuff goes through this little piece of curve per unit time? Wel, what
happens over timeisthe fluid is moving while my curve is staying the same place so
it corresponds to something like this.
Tai sao lai nhu vay? Hay xét nhitng gi xay ra trén mét phan nhé cta dwong cong C. Toi
dang phoéng to dwdng cong C. T6i doan t6i can phai phéng to thém nita. D6 la mot doan
nho cla duong cong, chiéu dai delta S, va cd mot chat 16ng chay qua. Trén hinh cla t6i nd
dang chay vé bén phai. ' day t6i & v& mot truong vecto hing s6 bdi vi néu ban phdng to
[én thi & cung mot noi ¢é thé cd quéa nhiéu vector. Néu ban phéng dl to hinh thi dong chay
s gan nhu déu. Bay gi0, lvong di qua mot doan nhé ctia dwong cong trén mot don vi thoi
gian la bao nhiéu? Vang, nhitng gi xay ra theo thoi gian la chat 1dng dang chuyén dong
trong khi duwdng cong van ndm yén vi vay né twong tng voi thir gi do nhu thé nay.

| claim that what goes through C in unit time is actually going to be a parallelogram.
Here is a better picture. | claim that what will be going through C is this shaded
parallelogram to the left of C. Let's see. If | move for unit time it works. That is the
stuff that goes through my curve, for a small portion of curve in unit time. And, of
course, | would need to add all of these together to get the entire curve. Let's try to
understand how big this parallelogram is. To know how big this parallelogram is |
would like to use base times height or something like that. And maybe | want to
actually flip my picture so that the base and the height make more sense to me.

Toi cho rang nhitng gi di qua C trén mdt don vi thoi gian thuc sy & 1a mdt hinh binh hanh.
Duw6i day la hinh anh t6t hon. T6i cho rang nhitng gi di qua C 1a hinh binh hanh dwoc t6
nay & bén trai clia C. Xem nao. Néu tdi chuyén dong khoang mot don vi thoi gian né hoat
ding. D6 la nhirtng thir di qua dwong cong cua tdi, doi véi mot phan nhé clia dwdng cong
trén mot don vi thoi gian. Va, tat nhién, toi sé can cdng tat ca nhitng cai nay voi nhau dé
nhan duoc toan bo dudong cong. Hay thir xem hinh binh hanh nay |&n nhu thé nao. DE biét
hinh binh hanh 16n nhw thé nao t6i 1ay canh day nhan chiéu cao. V a cé thé tdi mudn quay
hinh clia toi dé canh day vachiéu cao dé thay hon.

Let me actualy turn it this way. And, in case you have trouble reading the rotated
picture, let meredo it on the board. What passes through a portion of C in unit time

Is the contents of a parallelogram whose baseison C. So it has length deltas. That
isapiece of C. And the other side is going to be given by my veocity vector F. And

to find the height of this thing, | need to know what actually the normal component

of this vector is. If | call n the unit normal vector to the curve then the area is base
times height.

Hay dé tdi chuyén nd thanh nhu thé nay. Va, trong triedng hop ban gap khoé khan khi xem
hinh bi quay, hay dé toi lam lai n6 trén bang. Nhi*tng gi di qua mot phan cla C trong mot
don vi thoi gian |a dién tich cta hinh binh hanh c6 canh day nam trén C. Vi vay, n6 c6
chiéu dai delta s. D6 1a mot doan clia C. Va canh con lai la vector van toc F. Va dé tim
chiéu cao cla ca nay, tdi can phai biét thanh phan phap tuyén cla vector nay la gi. Néu
t6i goi n la vector don vi phdp tuyén clia dudng cong thi dién tich bang canh day nhén
chiéu cao.



Thebaseisdelta S and the height is the normal component of F, so it isF dot n. And
S0 you see that when you sum these things together you get, what | said, flux. Now,
if you are worried about the fact that actually -- If your unit time is too long then of
course things might start changing as it flows. Y ou have to take the time unit and

the length unit that are sufficiently small so that really this approximation where C is
astraight line and where flow is at constant speed are valid. Y ou want to take maybe
a segment here that is a few micrometers. And the time unit might be a few
nanoseconds or whatever, and then it is a good approximation.

Canh day la delta S va chiéu cao la thanh phan phap tuyén cta F, do d6 n6 laF

nhan vd hwdng véi n. Va do do, ban thdy rang khi ban cdng nhitng thit nay vai

nhau ban nhan duoc, nhitng gi téi da néi, thong lvong. Bay gi¢, néu ban dang lo

lang Ve viéc thuc sw - Néu don vi thoi gian clia ban qué dai thi tit nhién céc thi

O thé bat dau thay d6i khi no chay. Ban phai chon don vi thoi gian va don vi

chiéu dai di nho dé phép gan dung nay & day C la duong thdng va dong chay voi

tdc dd khong déi la hop Ié. Ban mudn 1dy mot doan & day c& vai micromet. Va

don vi thoi gian c6 thé lavai nano gidy hay gi dd, va thé thi nd [a mot phép gan

dlng t6t.

What | mean by per unit timeis, well, actually, that works, but you want to think of
aredlly, really small time. And then the amount of matter that passes in that redly,
really small timeisthe flux times the amount of time. Let's be atiny bit more

careful. And what | am saying is the amount of stuff that passes through C depends
actually on whether n is going thisway or the opposite way.

DBon vi thoi gian nghta la gi, vang, thuc si, diéu d6 dang, nhwng ban phai suy nghi vé mot
thoi gian thuc su, thuc si nhd. Vathé thi lwgng vat chat di vao trong do thuc su, thoi gian
thire s nho la thong lvong nhan lugng thoi gian. Hay can than hon mét chat. Vanhiing gi
t6i ndi la lwgng vat chat di qua C thuc si phu thudc vao n di theo huéng nay hay huéng
nguoc lai.

Actually, what is implicit in this explanation is that | am counting positively all the
stuff that flows across C in the direction of n and negatively what flows in the
opposite direction. What flows to the right of C, well, across C from left to right is
counted positively. While what flows right to left is counted negatively. So, in fact, it
is the net flow through C per unit time. Any questions about the definition or the
interpretation or things like that? Y es?

Thuc su, cach giai thich nay am chi rang t6i sé tinh 1a dwong cho tét ca vat chét chay
gua C theo hwéng cta n va am khi chay nguoc lai. Nhitng gi chdy sang bén phai cla
C, vang, qua C tur trai sang phai duoc tinh la dwong. Trong khi nhitng gi chay tir phai
sang trai dwoc tinh 1a am. Vi vay, trén thuc té, n6 l1a dong chdy toan phan qua C trén
mot don vi thdi gian. C6 ai hoi gi vé dinh nghia hodc cach giai thich hodc thir gi do
twong tw thé? Xin moi?

Waell, you can have both not in the same small segment. But it could be that, well,
imagine that my vector field accidentally goes in the opposite direction then this part

of the curve, while things are flowing to the left, contributes negatively to flux. And
here maybe the field is tangent so the normal component becomes zero. And then it
becomes positive and this part of the curve contributes positively. For example, if

you imagine that you have a round tank in which the fluid is rotating and you put

your dam just on a diameter across then things are going one way on one side, the



other way on the other side, and actually it just evens out.

Vang, ban cé thé c6 ca hai khong chi trong cung doan nha. Nhwng né cé thé lacai do,
vang, twdng twong rang treong vector ngau nhién di theo hudng nguoc lai thi phan nay
cla duong cong, trong khi moi thir dang chay sang bén tréi, dong gép phan am vao théng
lvong. Vaé day co Ié truong latiép tuyén vi vay thanh phan phap tuyén tré thanh khéng.
Va sau d6 né thanh duong va phan nay cla dwdng cong dong gép duong. Vi du, néu ban
twdng twgng rang ban cé mot bé tron trong do chat 16ng dang quay va ban dat dap cla ban
ngay trén duong kinh quathi cac thir sé di theo mot duong & mot phia, dwong khéac ¢ phia
bén kia, vathuc sy né 1am cho béng phang.

We don't have complete information. It is just the total net flux. OK. If there are no
other questions then | guess we will need to figure out how to compute this guy and
how to actually do this line integral. Wdll, let's start with a couple of easy examples.
Let'ssay that Cisacircle of radius (a) centered at the origin going counterclockwise.
And let's say that our vector fidd isxi yj.

Chiing ta khdéng c6 thong tin day dd. N6 chi la thong lvgng toan phan. Vang. Néu khong
o6 cau hoi khac thi téi doan ching ta sé can chi ra cach tinh thang nay va céch tinh tich
phan dwdng ndy. Vang, hay bat dau véi mot vai vi du dé. Gia sir C ladwdng tron ban kinh
(a) v6i tam tai gbc toa do di nguoc chidu kim dong hd. Va gia s rang treong vector cla
chung talaxi yj.

What does that look like? Remember, xi plus yj is a vector field that is pointing
radially away from the origin. Because at every point it is equal to the vector from
the origin to that point. Now, if we have a circle and let's say we are going
counterclockwise. Actually, |1 have a nicer picture. Let me do it here. That is my
curve and my vector field. And the normal vector, see, when you go

counterclockwise in a closed curve, this convention that a normal vector points to the
right of curve makes it point out.

NG c6 dang nhu thé ndo? Hay nhé rang, xi cdng yj 1a mdt trudng vector hudng tam ra xa
gic toa do. Boi vi tai moi diém nd bang vector tir gbc toa do dén diém dé. Bay gio, néu
ching ta c6 mot dwdng tron va gia st rang ching ta di nguoc chiéu kim déng hd. Thuc ra,
toi ¢6 hinh dep hon. Hay dé toi lam diéu do & day. D6 la dwong cong cla toi va treong
vector clia tdi. Va vector phap tuyén, thdy khong, khi ban di nguoc chiéu kim dong ho trén
duong cong kin, quy uéc vector phap tuyén hudng sang phai cia dudong cong lam cho nd
chi béo.

The usual convention, when you take flux for a closed curve, is that you are counting
the flux going out of the region enclosed by the curve. And, of course, if you went
clockwise it would be the other way around. Y ou choose to do it the way you want,

but the most common one is to count flux going out of the region. Let's see what
happens. Wdll, if | am anywhere on my circle, see, the normal vector is sticking straight
out of thecircle. That is a property of the circle that the radial direction is perpendicular
to thecircle. Actually, let me complete this picture. If | take a point on the circle, | have
my normal vector that is pointing straight out so it is parallel to F.

Quy wéc théng thuong, khi ban cd thong lwgng ciia mot dwong cong kin, la ban s tinh
thong lvong di ra ngoa cla vung dugc bao béi dwong cong. Va, tat nhién, néu ban da di
cung chiéu kim dong hd no sé theo duong kia. Ban chon dé lam n6 theo cach ban muén,
nhung céi pho bién nhat la tinh théng lwong di ra khdi ving. Hay xem diéu gi s& xay ra.
Vang, néu toi & bat clr noi nao trén dudng tron cla toi, thdy khong, vector phap tuyén dang



thoc thang ra khoi duong tron. D6 1a tinh chét cla dwong tron trong d6 hwong tir tdm ra
vuéng géc véi duong tron. Thuc sw, hdy dé toi hoan thanh hinh nay. Néu toi 1dy mot diém
trén dwdng tron, téi co vector phap tuyén hudng thang ra ngoai vi vay n6 song song vai F.



Along C we know that F is parallel to n, so F dot n will be equal to the magnitude of F
times, well, the magnitude of n, but that is one. Let me put it anywhere, but that is the
unit normal vector. Now, what is the magnitude of this vector field if | am at apoint X,
y?Waell, it is square root of x squared plusy squared, which is the same as

the distance from the origin. So if thisdistance, if this radiusis a then the magnitude
of Fwill just be a. In fact, F dot n is constant, always equal to a. So the line integral

will be pretty easy because al | have to do is the integral of F dot n ds becomes the
integral of ads.

Doc theo C chiing ta biét rang F song song véi n, do d6 F nhan vo hwéng voi n s& bang
dd I6n cla F nhan, vang, do 1on cta n, nhung nd bang mot. Hay dé toi dit nd & bat ct
dau, nhung do la vector phép tuyén don vi. Bay gi¢, do Ién cla truong vector nay lagi
néu toi & tai diém x, y? Vang, n6 bang cén bac hai ctia x binh cong y binh, twong tuw nhw
khoang cach tlr goc toa dd. Vi vay, néu khoadng cach nay, do dé néu ban kinh nay la do
Ién clia F s& chinh la a. Qua thuc, F nhan vo hwéng véi n 1ahang s6, ludn ludn bang a.
Vi vay, céc tich phan duong sé& kha dé bdi vi toi chi can tinh tich phan cta F nhan v
hwéng véi n ds tré thanh tich phan clia a ds.

(a) isaconstant so | can take it out. And integral dsisjust alength of C whichis 2pi

a, so | will get 2pi a squared. And that is positive, as we expected, because stuff is
flowing out of the circle. Any questions about that? No. OK. Just out of curiosity, let's
say that we had taken our other favorite vector field. Let's say that we had the same

C, but now the vector field <- y, x>.

(a) lahdng s6 vi vay toi ¢ thé dem nd ra ngod. Va tich phan ds chi 1a do dai ctia C bang
2pia, vi vay toi sé dugc 2pi a binh phrong. Va n6 dwong, nhr chdng ta mong doi, béi vi
cac thir chay ra ngoai duong tron. C6 cau hdi nao vé diéu dé khong? Khong. Vang. Do to
mo, chiing ta da chon trwdng vector khéc. Gia st rang chdng ta van c6 duong cong C
twong tw, nhwng bay gio truong vector la<-y, x>.

Remember, that one goes counterclockwise around the origin. If you remember what
we did several times, well, along the circle that vector field now is tangent to the
circle. If it istangent to the circle it doesn't have any normal component. The normal
component is zero. Things are not flowing into the circle or out of it. They are just
flowing along the circle around and around so the flux will be zero.

Hay nhd rang, cai dé di ngwoc chiéu kim déng hd quanh gdc toa dd. Néu ban con nha
nhitng gi ching ta da lam vai lan trwdc, vang, doc theo dwdng tron bay gio truong
vector ti€p xdc véi duwong tron. NEu no tiép tuyén véi dudng tron né khéng co bat ky
thanh phan phap tuyén ndo. Thanh phan phap tuyén bang khéng. Khdng co gi chay ra
hay vao duong tron. Ching chi chay quanh dwong tron vi vay thong lugng sé bang
khong.

F now istangent to C. F dot n is zero and, therefore, the flux will be zero. These are
examples where you can compute things geometrically. And | would say, generally
speaking, with flux, well, if it isavery complicated field then you cannot. But, if a
field is fairly smple, you should be able to get some general feeling for whether your
answer should be positive, negative or zero just by thinking about which way is my

flow going. Isit going across the curve one way or the other Wagl? .

F béy gid ti€p xdc voi C. F nhan vo hudng n bang khong va, do do, théng lvong sé bang
khéng. Dé?/ la vi du ma ban c6 thé tinh cac thir bang hinh hoc. Vatéi s& néi, noi chung,
voi thong lwong, vang, néu no la treong rat phirc tap thi ban khong thé. Nhwng, néu mot



treong kha don gian, ban sé co thé nhan dwgc mot s6 cam gidc chung _chung vé viéc két
3ué cua ban sé la dwong, &m hodc bang khong chi bang cach nghi vé hudng chay cla
ong. No di qua duong cong theo cach nay hay cach do?

Still no questions about these examples? The next thing we need to know is how we
will actually compute these things because here, yeah, it works pretty well, but what
if you don't have a simple geometric interpretation. What if | give you a really
complicated curve and then you have trouble finding the normal vector? It is going

to be annoying to set up things this way. Actually, there is a better way to do it in
coordinates.

Van khong c6 cau hoéi nao vé cac vi du? Diéu tiép theo ching ta can biét Ia cach tinh
nhitng cai nay bdi vi, & day, vang, nd hoat dong kha t6t, nhwng gia nhv ban khéng c6
mdt cach dién giai hinh hoc don gian. Gia nhu toi cho ban mot dudng cong thuc su
phrc tap vathé thi ban sé gap khé khan trong viéc tim vector phap tuyén? Thiét lap cac
thit theo cach nay rat phién nhiéu. Trén thuc t&, c6 mot cach t6t hon dé thuc hién né
trong toa do.

Just as we do work, when we compute this line integral, usually we don't do it
geometrically like this. Most of the time we just integrate M dx plus N dy in
coordinates. That is a similar way to do it because it is, again, a line integral so it
should work the same way. Let's try to figure that out. How do we do the calculation

in coordinates, or | should say using components? That is the general method of
calculation when we don't have something geometric to do. Remember, when we
were doing things for work we said this vector dr, or if you prefer T ds, we said just
becomes symbolically dx and dy. When you do the line integral of F dot dr you get
lineintegral of n dx plus n dy.

Giong nhu khi tinh cdng, khi ching ta tinh tich phan dwong nay, thong thuong ching ta
khong lam né theo phuong phap hinh hoc nhw thé nay. Hau nhu moi lGc ching ta chi can
tinh tich phén M dx cong N dy trong toa dd. D6 la cach tuong ty dé lam nd vi né cling la
mdt tich phan dwdng vi vay no sé theo quy tac twong tw. Hay thir chi ra digu d6. Lam thé
nao dé ching tatinh trong hé toa do, hay néi cach khac la ding cac thanh phan? D6 la
phuong phap tinh toan chung khi chiing ta khong thé ap dung phuong phap hinh hoc. Hay
nh¢ rang, khi chiing ta |am céc thit d6i véi cong ching ta d& néi vector ndy dr, hoic néu
ban thich T ds, ching ta da néi chi tré thanh twgng treng dx vady. Khi ban tinh tich phén
dwdng cla F nhan vé hudng dr ban duoc tich phan dwdng cdia n dx cong n dy.

Now let's think for a second about how we would express n ds. Well, what is n ds
compared to T ds? Well, M isjust T rotated by 90 degrees, so ndsis T ds rotated by

90 degrees. That might sound a little bit outrageous because these are really symbolic
notations but it works. | am not going to spend too much time trying to convince you
carefully. But if you go back to where we wrote this and how we tried

to justify this and you work your way through it, you will see that n ds can be



analyzed the sameway. N is T rotated 90 degrees clockwise. That tells us that n ds
is—

Hay suy nghi xem ching ta sé biéu dién n ds nh thé n&o. Vang, n dslagi so vGi T ds?
Vang, M chi la T xoay 90 d0, do d6 nds laT ds dwgc quay 90 dd. Diéu do co vé thai qua
mot chat vi day thuwe su la nhitng ky hiéu twong treng nhing né phu hop. Toi sé khéng sk
dung quéa nhiéu thoi gian dé thuyét phuc ban. Nh wng néu ban quay lai noi chiing ta daviét
cai nay va cach ching ta chiring minh diéu nay va ban lam viéc theo cach cta ban thong
quand, ban sé thdy rang n ds co thé dwoc phan tich theo cling mot cach. N 1a T dwoc xoay
90 d6 ciing chiéu kim ddng ho. Piéu do6 cho ching ta biét rang nds la-

How do we rotate a vector by 90 degrees? Well, we swept the two components and
we put a minus sign. You have dy and dx. And you have to be careful where to put
the minus sign. Well, if you are doing it clockwise, it is in front of dx. Well,
actually, let me just convince you quickly. Let's say we have a small piece of C. If
we do T delta S, that is also vector delta r. That is going to be just the vector that
goes along the curve given by this. Its components will be indeed the change in x,
delta x, and the change in y, deltay.

Chiing ta quay mot vector 90 do nhuv thé nao? Vang, ching ta quét hai thanh phan va
ching ta dat mot dau trir. Ban ¢ dy va dx. Vaban phai can than noi dat du trlr. Vang,
néu ban dang lam né theo chiéu kim dong ho, né & trwdc dx. Vang, thuc s, hdy dé toi
chting minh cho ban thdy. Gia si¥ rang ching ta c6 mot doan nhé clia C. Néu ching ta
tinh T delta S, d6 cling la vector delta r. D6 sé chi la vector di doc theo dwdng cong duoc
cho bdi cai nay. Céac thanh phan clia né sé la sy thay doi clia x, delta x, va sy thay ddi cla
y, deltay.

And now, if | want to get n delta S, well, 1 claim now that it is perfectly valid and
rigorous to just rotate that by 90 degrees. If | want to rotate this by 90 degrees
clockwise then the x component will become the same as the old y component. And
the y component will be minus delta x. Then you take the limit when the segment
becomes shorter and shorter, and that is how you can justify this. That is the key to
computing things in practice. It means, actually, you aready know how to compute
lineintegrals for flux. Let me just write it explicitly.

Va bay gio, néu tdi mubn nhan dugc n delta S, vang, bay gio téi cho rang nd hoan toan
hop 1é va chat ché dé quay cai do 90 do. Néu t6i mudn quay cé nay 90 d6 cung chiéu kim
dong ho thi thanh phan x sé tré thanh giéng nhu thanh phan y cii. Vathanh phan y sé latrlv
delta x. Sau dd, ban I8y gi¢i han khi doan tré nén ngay cang ngan hon, va do 1a cach ban
¢ thé chirng minh diéu nay. D4 la chia khda dé tinh céc thit trong thuc t€. N6 c6 nghia 13,
trén thuc t€, ban dabiét cach tinh tich phan dwong cho théng lugng. Hay dé t6i viét nd mot
céch rd rang.

Let's say that our vector field has two components. And let me just confuse you a
little bit and not call them M and N for this time just to stress the fact that we are
doing adifferent lineintegral. Let me call them P and Q for now. Then theline
integral of F dot n ds will be the line integral of <P, Q> dot product <dy,- dx>. That
will be theintegral of - Q dx P dy. Wdll, | am running out of space here. It isintegral
along C of negative Q dx plus P dy.

Gia st rang truong vector clia ching ta ¢6 hai thanh phan. Va hay dé t6i lam cho ban
nham 1an mot chiat va khéng goi M va N Idc nay chi dé nhdn manh mot viéc |1a ching ta
dang tinh tich phan duong khac. Bay gio, hdy dé toi goi ching la P va Q. Thé thi, tich



phan duong clia F dot n ds s8 latich phan dudng cua <P, Q> dot <dy,- dx>. N6 & latich
phan clia — Q dx P dy. Vang, toi chay ra khdi khéng gian & day. N6 khong phai latich
phan doc theo C cla trir Q dx cdng P dy.

And from that point onwards you just do it the usual way. Remember, here you have
two variables x and y but you are integrating along a curve. If you are integrating

along a curve x and y are related. They depend on each other or maybe on some
other parameter like T or theta or whatever. You express everything in terms of a
single variable and then you do a usual single integral. Any questions about that? |

see alot of confused faces so maybe | shouldn't have called my component P and Q.
Vatir diém doé vé trwde ban chi can 1am no theo cach binh thudng. Hay nho rang, & day
ban cé hai bién x vay nhung ban dang lay tich phan doc theo mot dudng cong. Néu ban
dang lay tich phan doc theo dudng cong x vay c6 lién quan. Ching phu thudc vao nhau
hodc theo mot tham s6 khéac chdng han nhw t hodc theta hay gi d6. Ban biéu dién moi thi
theo mdt bién va sau do6 ban tinh tich phan mot bién thong th wong. Cé cau héi nao veé diéu
do6 khéng? Tai thdy rat nhiéu khuén mat bdi rdi co Ié tdi khdng nén goi cac thanh phan clia
t6i laPvaQ.

If you prefer, if you are really sentimentally attached to M and N then this new line
integral becomes the integral of - N dx M dy. If a problem tells you compute flux
instead of saying compute work, the only thing you change is instead of doing M dx
plus N dy you do minus N dx plusM dy. And | am sorry to say that | don't have any
good way of helping you remember which one of the two gets the minus sign, so you
just have to remember this formula by heart. That isthe only way | know.

Néu ban thich, néu ban d& gan bo thuc sw véi M va N thi tich phan duong méi nay tre
thanh tich phan ctia - N dx M dy. Néu bai toan yéu can ban tinh thong lwgng thay vi tinh
cong, thir duy nhat ban can chd y lathay vi Mdx cong N dy ban ddi thanh trir Ndx cong M
dy. Vatoi rét tiéc la khong cé cach nao dé gitp ban nhé cai nao trong hai céi ¢ dau trir, vi
vay ban phai hoc thudc 10ng cong thirc nay. D6 la cach duy nhat toi biét.

WEell, you can try to go through this argument again, but it is really best if you just
remember that formula. | am not going to do an example because we already know
how to do line integrals. Hopefully you will get to see one at least in recitation on
Monday. That is all pretty good. Let me tell you now what if | have to compute flux
along a closed curve and | don't want to compute it? Well, remember in the case of
work we had Green's theorem. We saw yesterday Green's theorem. Let's us replace
alineintegral along a closed curve by a doubleintegral. Well, hereit is the same.

We have a line integral along a curve. If it is a closed curve, we should be able to
replace it by adoubleintegral. Thereis aversion of Green's theorem for flux.

Vvang, ban co thé lam lai 1ap luan nay, nhung t6t hon ca la ban nén nhé cong thikc do.
T6i s8 khdng lam vi du vi chiing ta da biét cach tinh tich phan duwong roi. Hy vong ban
<& duoc lam mot vi du vao budi tra loi cau hoi miéng vao thir hai. Diéu d6 kha tét. Hay
dé t6i ndi cho ban biét ngay bay gio' gia du nhw toi dwoc yéu cau tinh théng lwvong doc
theo dudng cong kin vatdi khdng mudn tinh n6? Vang, hdy nhé rang trong trueong hop
cta cong ching ta da co dinh ly Green. Hom qua chdng ta da hoc dinh Ii Green. Ching
ta hdy thay tich phan duong doc theo dudng cong kin bang tich phan kép. Vang, & day
cling tuong tw. Chang ta c6 tich phan dwong doc theo duong cong. Néu n6 la mot
dudng cong khép kin, chiing ta s ¢6 thé thay n6 bang mot tich phan kép. Cé mot phién
ban khac cta dinh ly Green cho théng lwgng.



And you will seeit is not scarier than the other one. It is perhaps less scarier or perhaps
just as scary or just not as scary, depending on how you feel about it, but it works pretty
much the same way. What does Green's theorem for flux say? It says if



C isacurve that encloses a region R counterclockwise and if | have a vector field
that is defined everywhere, not just on C but also inside, so also on R.

Vaban sé thdy n6 khong dang so hon cai con lai. C6 |é lait dang so hon hodc cé thé la
dang so hay khéng phu thudc vao cdm giac clia ban, nhung quy luét clia n6 gidng nhau
nhiéu. Binh ly Green cho théng luvgng noéi gi? N6 néi néu C la mét duwong cong bao
guanh mét vung R nguoc chiéu kim déng hd vanéu toi c6 mot truong vector xac dinh
& moi noi, khéng chi trén C macon bén trong, do dé R ciing vay.

Well, maybe | should give names to the components. If you will forgive me for a
second, | will still use P and Q for now. You will see why. It is defined and
differentiablein R. Then | can actually -- -- replace the line integral for flux by a
double integral over R of some function. And that function is called the divergence of
F dA. Thisisthedivergence of F. And | haveto define for you what this guy is.

Vang, co |& ti nén dit tén cho céc thanh phan. Néu ban tha thir cho t6i 1an hai, toi van sé
sr dung P va Q. Ban sé biét Ii do. N6 dwoc xac dinh vakha vi trong R. Thé thi t6i c6 thé -
- thay tich phan duong dbi vai thong lwgng béi tich phan kép trén R clia ham nao d6. Va
ham dé dwoc goi la divergence ctia F dA. Pay la divergence cta F. Va tbi phai xac dinh
cho ban thang nay lagi.

The divergence of a vector field with components P and Q isjust P sub x Q sub y.
Thisoneis actually easier to remember than curl because you just take the x
component, take its partial with respect to x, take the y component, take its partial with
respect to y and add them together. No signs. No switching things around. This one is
pretty straightforward. The picture again is if | have my curve C going
counterclockwise around a region R and | want to find the flux of some vector field F
that is everywherein here.

Divergence clia mot trvdng vecto voi cac thanh phan P vaQ chi laP x Q y. Ca nay thuc
s dé nhd hon curl bai vi ban chi can 1dy thanh phan x, 1dy dao ham riéng clia né theo X,
lay thanh phan vy, 1y dao ham riéng ctia n6 theo y va cdng lai. Khéng cé dau. Khong co6
chuyén doi cac thir. Céi nay khatruc tiép. M6t 1an nita y twdng lai lanéu toi cd duwdng cong
C di nguoc chiéu kim dong hé quanh vung R va téi mudn tim théng lugng cua trudng
vector F nao dé & moi noi trong day.

Maybe some parts of C will contribute positively and some parts will contribute
negatively. Just to reiterate what | said, positively here means, because we are

going counterclockwise, the normal vector points out of the region. This guy here is
the flux out of R through C. That is the formula. Any questions about what the
statement says or how to use it concretely? No. OK. It is pretty similar to Green's
theorem for work. Actually, | should say —

C6 18 mot s6 phan clia C s& dwong va mdt s6 phan s& &m. Chi l1a nhac lai nhitng gi téi da
noi, duwong & day c6 nghia I3, bdi vi & day ching ta di nguoc chiéu kim dong ho, vector
phap tuyén huéng ra ngoai ving. Thang nay & day la thong lvong do R qua C. D6 la cong
thirc. C6 cau hdi nao vé y nghia clia phat biéu nay hodc cach dung nd trong treong hop cu
thé khong? Khong. Dugc roi. N6 kha giong voi dinh 1i Green cho cong. Thuc ra, tdi nén
noi -

This is called Green's theorem in normal form also. Not that the other one is
abnormal, but just that the old one for work was, you could say, in tangential form.
That just means, well, Green's theorem, as seen yesterday was for the line integral F



dot T ds, integrating the tangent component of F. The one today is for integrating
the normal component of F. OK. Let's prove this. Good news. It is much easier to
prove than the one we did yesterday because we are just going to show that it is the
same thing just using different notations.

Pay dwoc goi ladinh Iy Green dudi dang chudn tic. Khéng phai dang kia 1a khéng chuén
tic, céi cii do dé tinh cong, ban c6 thé ndi, dudi hinh thirc tiép tuyén. Dieu d6 cb nghia I3,
vang, dinh ly Green, nhr dathdy hdm qua la cho tich phan dwong F dot T ds, ldy tich phan
thanh phan ti€p tuyén cta F. Cai hém nay la ldy tich phan thanh phan phap tuyén cua F.
Puoc rdi. Hay chitng minh diéu nay. Tin tét. N6 dé hon ching minh ma ching ta d& lam
hém quavi ching ta chi can lam twong tv nhung dung ky hiéu khac.

How do | proveit? Well, maybe actually it would help if first, before proving it, |
actually rewrite what it means in components. We said the line integral of F dot n ds
isactually thelineintegral of - Q dx P dy. And we want to show that thisis equal to
the double integral of P sub x Q sub y dA. Thisisreally one of the features of Green's
theorem. No matter which form it is, it relates aline integral to a double integral.
Let'sjust try to seeif we can reduce it to the one we had yesterday. L et me forget
what these things mean physically and just focus on the math. On the math it isa
line integral of something dx plus something dy.

T6i chirng minh diéu d6 nhu thé nao? Vang, co |1é thuc si n6é sé gilp néu dau tién,
truéc khi chiing minh nd, tdi viét lai n6 theo cac thanh phan. Chilng ta danéi tich phan
dwdng cua F dot n ds thyc sy latich phan duong cla - Q dx P dy. Va ching ta muén
chting minh rang cai nay bang tich phan kép clia P x Q y dA. Day thuc s lamdt trong
nhitng tinh chét cta dinh li Green. N6 & dang nao khong quan trong, no thiét Iap moi
quan hé gilra tich phan dwong véi tich phan kép. Hay thir xem chiing ta cd thé rat nd
Ve cai ching ta da c6 hdm qua khéng. Hay dé toi quén di y nghia vat Ii clia nd va chi
tap trung vao toan hoc. Vé toan hoc n6 latich phan dudng cla cai gi do dx cong cai gi
do dy.

Let's call thisguy M and let's call thisguy N. Let M equal negative Q and N equal
P. Then this guy here becomes integral of M dx plus N dy. And | know from
yesterday what this is equal to, namely using the tangential form of Green's
theorem. Green for work. This is the double integral of curl of thisguy. That is Nx
minus My dA. But now let's think about what thisisin termsof M and N. Well, we
said that M is negative Q so thisis negative My. And we said P isthe sameas N, so

thisis Nx.

Hay goi. thang nay laM vathang nay laN. Cho M bang trr Q vaN bang P. Thé thi, 0 day
thang nay trd thanh tich phan clia M dx cong N dy. Vatoi biét tr hom qua céi nay bang gl

cu the la'sir dung dang tiép tuyén cua dinh ly ctua Green. Green cho cong. Day la tich phan
kep cla curl cta thang nay. D0 la Nx trix My dA. Nhung bay gio ching ta hay xem day la
gi theo M vaN. Vang, chung ta dandi rang M latrir Q vi vay day latr My. Va ching ta
dandi Pgiong nhv N, vi vay day laNx.

Just by renaming the components, | go from one form to the other one. So itis

really the same theorem. That's why it is also called Green's theorem. But the way we
think about it when we use it is different, because one of them computes the

work done by a force along a closed curve, the other one computes the flux maybe

of avelocity field out of region. Questions? Y es? That is correct. If you are trying to



compute a line integral for flux, wait, where did | put it? A line integral for flux
just becomes this. And once you are here you know how to compute that kind of
thing. The double integral side does not even have any kind of renaming to do.

Chi can bang cach d6i tén céc thanh phan, toi di tir dang ndy sang dang khéc. Vi vay,
no thue s la cung mot dinh ly. Bé laly do tai sao nd cling dwgc goi la Binh ly Green.
Nhuwng cach ma chiing ta nght vé né khi ching ta dung né la khac, béi vi mot trong s6
ching tinh céng dwgc thuc hién bdi mot luc doc theo dwong cong kin, trong khi cai kia
tinh thong lwgng c6 thé la ciia mot truong van tée ra khéi mot viang. Cau hdi? Xin
m&i? Bung vay. Néu ban thtt tinh tich phan cho théng lwgng, chd chit, toi dat né &
dau? Tich phan dwong cda théng luvong tré thanh ca nay. Va mot khi ban & day ban
biét cach tinh thir d6. Bén vé tich phan kép khong can phai dat lai t én.

Y ou know how to compute a double integral of afunction. Thisisjust a particular

kind of function that you get out of a vector field, but it is like any function. The way
you would evaluate these double integrals is just the usual way. Namely, you have a
function of x and y, you have a region and you set up the bounds for the isolated
integral. The way you would evaluate the double integrals is really the usual way, by
dicing the region and setting up the bounds for iterated integrals in dx, dy or dydx or
maybe rd, rd theta or whatever you want.

Ban khong biét cach tinh tich phan kép ctia mot ham. Bay chi Ia mot loai ham dac biét ma
ban 14y ra tir trvdng vector, nhung no ciing giéng nhuv bat ky ham nao. Ban tinh tich phan
kép nay theo cach binh thwong. Cu thé, ban ¢cd mot ham clia x vay, ban c6 mot ving va ban
thiét 1ap céc bién cho tich phan co 1ap. Ban tinh tich phan kép theo cach binh thudng, bang
céch cat ving vatim céc can cla céc tich phan 13p theo dx, dy hodc dydx hodc rd, rd theta
hodc bat clr cai nao ban muon.

In fact, in terms of computing integrals, we just have two sets of skills. One is
setting up and evaluating double integrals. The other one is setting up and
evaluating line integrals. And whether these line integrals or double integrals are
representing work, flux, integral of a curve, whatever, the way that we actually
compute them is the same. Let's do an example. Oh, first. Sorry. This renaming
here, see, that iswhy actually | call my components P and Q because the argument
would have gotten very messy if | had told you now | call M ,N and | call N minus
M and so on.

Trong thuc té, qua viéc tinh céc tinh phan, ching ta ¢c6 hai k§ nang. M6t lathiét 1ap va
tinh tich phan kép. Ca kia la thiét 1ap va tinh tich phan dudng. Va cho du la céac tich
phan duong hoic tich phan kép nay biéu dién cong, thong lwong, tich phan cla dudng
cong, bat ct cai gi, cach ching tatinh cling nhu nhau. Hay xét mot vi du. Oh, tréc hét.
Xin 16i. Cai nay ddi tén & day, thdy khong, do la 1y do tai sao toi goi cac thanh phan cia
t6i laP va Q béi vi cac lap luan sB trg nén rat 16n xon néu bay gio tdi bao ban tdi goi M,
N vatéi goi N trit Mvav.v...

But, now that we are through with this, if you still like M and N better, you know,
what this says -- The formulation of Green's theorem in this language is just integral

of minus N dx plus M dy isthe doubleintegral over R of Mx plus Ny dA. Now let's do
an example. Let'slook at this picture again, the flux of xi plusyj out of the circle of
radius A. We did the calculation directly using geometry, and it wasn't all that bad.
But let's see what Green's theorem does for us here.



Nhung, bay git chling ta thong qua diéu nay, néu ban van thdy M va N tét hon, ban
biét, diéu nay cho biét - Viéc xay dung dinh ly Green trong ngbn ngit nay chi latinh
tich phan clia trir Ndx cong v&i M dy bang tich phan kép trén R clia Mx cong Ny dA.
Béy gi¢ hay lam mot vi du. Lai xét hinh nay, théng lvgng cla xi cong yj rakhéi dudng
tron ban kinh a. Chuing ta da tinh toan truc tiép bang cach st dung hinh hoc, va no
khong xdu gi cd. Nhung hay xem dinh li Green gilp ich cho ching ta diéu gi & day.

Example. Let's take the same example as last time. F equals xi yj. C equals circle of
radius a counterclockwise. How do we set up Green's theorem. Well, let's first figure
out the divergence of F. The divergence of thisfield, | take the x component, which
IsX, and | take its partial respect to x. And then | do the same with they

component, and | will get one plus one equals two. So, the divergence of thisfield is
two. Now, Green's theorem tells us that the flux out of this region is going to be the
double integral of 2 dA. What isR now?

Vi du. Chung ta hay 1dy vi du twong ty nhw 1an truée. F bang xi yj. C la duong tron ban
kinh a ngugc chiéu kim dong hd. Chang ta thiét 1ap dinh li Green nhw thé nao. Vang,
truéc hét hay chi ra divergence cla F. Divergence cla trudng nay, toi 1ay thanh phan x,
no lax, vatoi 1y dao ham riéng clia né theo x. Va sau dé t6i lam nhuv vay véi thanh
phan y, va toi sé dwoc mot cong vai mot bang hai. Vi vay, divergence cla tredng nay
bang hai. By gi0, dinh Ii Green cho chiing ta biét rang théng Iugng ra khdi ving nay sé
latich phan kép ctia 2 dA. Béy gio Rlagi?

Well, R istheregion enclosed by C. So if Cisthecircle, R isthe disk of radius A. Of
course, we can compute it, but we don't have to because double integral of 2dA is
just twice the double integral of dA so it istwice the area of R. And we know the area
of acircleof radiusA. That ispiA2. So, itis2piA2. That is the same answer that we
got directly, which is good news. Now we can even do better. Let's say that my circle
is not at the origin. Let's say that it is out here. Well, then it becomes harder to
calculate the flux directly. And it is harder even to guess exactly what will happen
because on this side here the vector field will go into the region so the contribution

to flux will be negative here. Here it will be positive because it is going out of the
region.

Vang, R la vung dwoc bao quanh bdi C. Vi vay, néu C laduwong tron, R la dia ban kinh

a. Tt nhién, ching ta cé thé tinh no, nhung khdng can thiét vi tich phan kép cta 2dA
chinh Ia bang hai 1an ctia dA vi vay n6 bang hai Ian dién tich R. Va chiing ta biét dién
tich duong tron ban kinh a. D6 la pia2. Vi vay, no la 2pia2. Do la cau tra 1oi twong tu
ma chiing ta nhan duoc truc tiép, do la tin tot. Bay gio ching ta tham chi c6 thé lam tot
hon. Gia st rang duong tron clia téi khdng & gdc toa do. Gia st rang né & ngoai day.
Vang, thé thi s8 khd tinh théng lwgng mot cach truc ti€p. Vatham chi kho doan nhirng

gi Xay ra hon bdi vi & phia nay trwong vector sé di vao trong ving vi vay déng gop vao
thong lwong sé 1aam & day. O day n6 s& dwong béi vi nd sé di ra ngoa ving.

There are positive and negative terms. Well, it looks like positive should win because
here the vector field is much larger than over there. But, short of computing it, we
won't actually know what it is. If you want to do it by direct calculation then you

have to parametize this circle and figure out what the line integral will be. But if you
use Green's theorem, well, we never used the fact that it is the circle of radius A at

the origin.

Do la céac s6 hang duong va am. Vang, co vé nhu phan dwong sé thing vi & day trudong



vector 1¢n hon nhiéu so v@i & do. Tuy nhién, néu khong tinh, ching ta s& khong biét nd la
gi. Néu ban mudn lam diéu d6 bang cach tinh trirc tiép thi ban phai tham s6 héa duong
tron nay va chi ra tich phan duong sé la gi. Nhung néu ban s dung dinh Iy Green, vang,
chiing ta khdng bao gi o dung dit kién né la dudng tron ban kinh a tal géc toa do.



It istrue actually for any closed curve that the flux out of it isgoing to be twice the

area of theregion inside. It still will be 2piA2 even if my circleis anywhere elsein

the plane. If | had asked you atrick question where do you want to place this circle
so that that the flux is the largest? Well, the answer is it doesn't matter. Now, let's just
finish quickly by answering a question that some of you, | am sure, must have, which
iswhat does divergence mean and what does it measure? | mean, we said for

curl, curl measures how much things are rotating somehow. What does divergence
mean? Well, the answer is divergence measures how much things are diverging.
Let's be more explicit.

Diéu d6 1a dung cho bt ki duong cong kin ndo ma théng luvong ra ngodi nd sé bang
hai 1an dién tich cla ving bén trong. N6 van sé la 2pia2 cho di dwong tron cla toi &
bat civ dau trong mat phéng. Néu toi hdi ban mot cau hdi hdéc bla ban s dat duong
tron nay & dau dé cho thong luvong Ién nhat? Vang, cau tra 10i la khong c6 van dé gi.
Bay gi0, chling ta hdy nhanh chong két thiic bang céach tra 1o cu hdi mamot sé ban,
t6i chac chan, phai co, dé lay nghia clia divergence va n6 do gi? Y toi 13, chiing ta d&
na6i vé curl, curl do cac thir quay nhiéu bao nhiéu. Y nghia cla divergence 1agi? Vang,
cau tra 1oi la divergence do cac tht phan ki nhiéu bao nhiéu. T6i s& lam rd van dé nay
hon.

Interpretation of divergence. Y ou can think of it, you know, what do | want to say
first? If you take a vector field that is a constant vector field where everything just
translates then there is no divergence involved because the derivatives will be zero.

If you take the guy that rotates things around you will also compute and find zero for
divergence. This is not sensitive to translation motions where everything moves
together or to rotation motions, but instead it is sensitive to explaining motions. A
possible answer is that it measures how much the flow is expanding areas.

Giai thich sw phan ky. Ban c6 thé nghT vé nd, ban biét, trudc tién tdi mubn ndi gi? Néu ban
chon mot trudng vecto [& mdt trudng vecto hang s6 & dé moi thir chi dich chuyén thi khong
O st phan ki lién quan bai vi dao ham s& bang khong. Néu ban chon thang quay cac thi
xung quanh ban ciing sé tinh vathiy rang divergence ciing bang khéng . Céi nay khdng nhay
vOi chuyén dong tinh tién & dé moi thir chuyén dong c ing nhau hodc quay cuing nhau,
nhung né nhay véi cac chuyén dong cé gidn nd. Mot cau tra 10i cd thé cd land do dong
dang lam gian dién tich nhiéu bao nhiéu.

If you imagine this flow that we have here on the picture, things are moving away
from the origin and they fill out the plane. If we mention this fluid flowing out there,

it is occupying more and more space. And so that is what it means to have positive
divergence. If you took the opposite vector field that contracts everything to the

origin that will have negative divergence. That is a good way to think about it if you
are thinking of a gas maybe that can expand to fill out more volume. If you thinking

of water, well, water doesn't really shrink or expand. The fact that it is taking more

and more space actually means that there is more and more water. The other way to
think about it is divergence is the source rate, it is the amount of fluid that is being
inserted into the system, that is being pumped into the system per unit time per unit
area.

Néu ban twdng tugng rang dong ma chiing ta co & day trén hinh, cac thir di ra xa goc toa do
va chiing phong ra trong mat phang. Néu chat 16ng nay chay ra khoi do, né s& chiém ngay
cang nhiéu khéng gian hon. Vavi vay do chinh la divergence dwong. Néu ban chon trudng



vector ngwoc lai co moi thir vao gdc toa do thi s& ¢ divergence am. D6 la mdt cach hay dé
nghT vé nd, néu ban dang nght dén mot chat khi lam phong to thé tich. Néu ban nght dén
nuwéc, vang, nwéc khong co lai hodc gidn né. Viéc né chiém cang nhiéu khong gian hon ¢
nghta la c6 cang nhiéu nwdc hon. Mot cach khac dé nght vé no la divergence la toc do
nguodn, do la lvgng chat 1dng dwoc dua vao hé thong, dang dwgc bom vao hé théng trén mot
don vi thoi gian trén mot don vi dién tich.

What div F equals two here means is that here you actually have matter being
created or being pumped into the system so that you have more and more water
filling more and more space as it flows. But, actually, divergenceis not two just at

the origin. It istwo everywhere. So, in fact, to have this you need to have a system

of pumps that actually isin something water absolutely everywhere uniformly.

div F bang hai & day c6 nghta |a & day ban thuc s c6 vat chat duoc tao ra hodc dang dwoc
bom vao hé thong dé ban c6 ngay cang nhiéu nwéc hon ngay cang lam day khong gian
hon khi n6 chay. Tuy nhién, trén thuc té, divergence khong bang hai ngay tai géc toa do.
N6 bang hai @ moi noi. Vi vay, trén thuc t€, dé co diéu nay, ban can phai c6 mot hé théng
bom la nwéc tuyét doi dong déu & moi noi.

That is the only way to do this. | mean if you imagine that you just have one spring

at the origin then, sure, water will flow out, but as you go further and further away it
will do so more and more slowly. Wdll, here it is flowing away faster and faster. And
that means everywhere you are still pumping more water into it. So, that is what
divergence measures.

D6 1a cach duy nhét dé 1am diéu nay. Y téi 1anéu ban tudng tugng rang ban c6 mot dong
sudi & goc toa do thi, chac chén, nwdc sé chay ra, nhung khi ban di ngay cang xa hon no s&
chdy ngay cang cham hon. Vang, & day nd chay ra ngay cang nhanh hon. Va diéu dé co
nghia 1& & khdp moi noi ban van dang bom thém nwéc vao né. Vi vay, do la nhitng gi
divergence do.



