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Trugng gradient va ham thé
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

We were looking at vector fields last time. Last time we saw that if a vector field
happens to be a gradient field -- -- then the line integral can be computed actually

by taking the change in value of the potential between the end point and the starting
point of the curve. If we have a curve ¢, from a point p0 to a point p1 then the line
integral for work depends only on the end points and not on the actual path we
chose.

Lan trudc ching ta dang xét trudng vector. Lan trudc ching ta d& thdy rang néu mot
trudng vector ddng thdi 1a mét trudng gradient - - thi tich phan dudng cé thé dudc tinh
qua su thay ddi gid tri cla thé gilta diém bat dau v a diém két thic cua dudng cong. Néu
chiing ta c6 dudng cong c, tir mot diém p0 dén diém p1 thi tich phdn dudng cho cdng chi
phu thudc vao cac diém mut va khdng phu thudc vao hinh dang dudng di.

We say that the line integral is path independent. And we also said that the vector
field is conservative because of conservation of energy which tells you if you start at

a point and you come back to the same point then you haven't gotten any work out

of that force. If we have a closed curve then the line integral for work is just zero.
And, basically, we say that these properties are equivalent being a gradient field or
being path independent or being conservative. And what I promised to you is that
today we would see a criterion to decide whether a vector field is a gradient field or
not and how to find the potential function if it is a gradient field.

Chung ta néi rang tich phan dudng khdng phu thubc dudng di. Va chidng ta dd néi rang
trudng vector 13 bado toan bdi vi bdo toan nang lugng cho ching ta biét néu ban bat dau
tai mot diém va ban quay lai cung diém dé thi ban khdéng nhan dudc bat ki cong nao do
luc d6. N&u ching ta c6 mbt dudng cong kin thi tich phan dudng clia céng ding bang
khéng. Va, vé cd ban, ching ta ndi rang nhitng tinh chat nay tuong ducng va&i mot trudng
gradient hoac khong phu thudc dudng di hoac bao toan. Va téi hra véi ban |a hom nay toi
s& ndi vé diéu kién dé xac dinh xem mot trudng vector cé phai la trudng gradient hay
khong va cach tim ham th € néu né la trudng gradient.

So, that is the topic for today. The question is testing whether a given vector field,
let's say M and N compliments, is a gradient field. For that, well, let's start with an
observation. Say that it is a gradient field. That means that the first component of a
field is just the partial of f with respect to some variable x and the second component
is the partial of f with respect to y. Now we have seen an interesting property of the
second partial derivatives of the function, which is if you take the partial derivative
first with respect to x, then with respect to y, or first with respect to y, then with
respect to x you get the same thing.

Vi vay, dd la chu dé cta ngay hém nay. V&n dé dat ra la kiém tra mét trudng vector cho
trudc chdng han c6 cac thanh phén 1a M va N, cé phai la trudng gradient hay khdng. Vang,
dé lam diéu dd, ching ta hdy bat dau vdéi mot quan sat. Gia s réng nd la mdt trudng
gradient. Diéu dé cé nghia |a thanh phan dau tién cua trudng chi la dao ham riéng cua f
theo mot bién x nao d6 va thanh phan th({ hai la dao ham riéng cua f theo y. Hién tai
ching ta da thay mot tinh chat li thd ciia dao ham riéng cap hai cia mot ham, do6 la néu
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ban 1dy dao ham riéng trudc hét theo x, rbi sau do theo y, hodc dau tién theo y, va sau do
theo x ban nhan dugc cung moét két qua.

We know f sub xy equals f sub yx, and that means M sub y equals N sub x. If you
have a gradient field then it should have this property. You take the y component,
take the derivative with respect to x, take the x component, differentiate with
respect to y, you should get the same answer. And that is important to know. So, I
am going to put that in a box. It is a broken box. The claim that I want to make is
that there is a converse of sorts. This is actually basically all we need to check.
Chung ta biét f xy bang f yx, va diéu d6 c6 nghia la M y bang N x. N&u ban c¢d trudng
gradient thi né sé cé tinh chat nay. Ban lay thanh phan y, 1dy dao ham theo x, lay
thanh phan x, 18y dao ham theo y, ban sé nhan dugc cung mot két qua. Va do diéu
quan trong can biét. Vi vay, toi s& dit nd vao trong mét hdp. N6 1a hop bé. Tdi mudn
xac nhén rang cé su bao toan. Vé co ban, ching ta can phai kiém tra diéu nay.

Conversely, if, and I am going to put here a condition, My equals Nx, then F is a
gradient field. What is the condition that I need to put here? Well, we will see a more
precise version of that next week. But for now let's just say if our vector field is

defined and differentiable everywhere in the plane. We need, actually, a vector field
that is well-defined everywhere. You are not allowed to have somehow places where

it is not well-defined. Otherwise, actually, you have a counter example on your
problem set this week. If you look at the last problem on the problem set this week,

it gives you a vector field that satisfies this condition everywhere where it is defined.
But, actually, there is a point where it is not defined. And that causes it, actually, to
somehow -

Ngudc lai, néu, va tdi sé& dat ¢ day mot diéu kién, My bang Nx, thé& thi F la mot trudng
gradient. Toi can dat vao day diéu kién gi? Vang, ching ta sé thay mot phién ban chinh
xac hon vao tuan tdi. Nhung bay gid gia sur rang néu trudng vector cua tdi xac dinh va
kha vi 8 khdp moi noi trong mat phdng. Thuc su, ching ta cdn mot trudng vector xac
dinh & moi ngi. Néu c6 mét naci nao dé ma né khéng xac dinh thi khéng dugc. Ban gap
diéu dé trong xap bai tap tuan nay. Néu ban nhin vao bai tap cudi cung trong xap bai tap
tuan nay, trong dé trudng vector théa man diéu kién nay tdc la né xac dinh ¢ moi nai.
Tuy nhién, thuc su, cd mot di€ém ma né khoéng xac dinh. Va diéu d6 1am cho nd -

I mean everything that I am going to say today breaks down for that example
because of that. I mean, we will shed more light on this a bit later with the notion of



simply connected regions and so on. But for now let's just say if it is defined
everywhere and it satisfies this criterion then it is a gradient field. If you ignore the
technical condition, being a gradient field means essentially the same thing as having
this property. That is what we need to check.

Y t6i 1& moi th&r ma tbi s& ndi hdm nay khdng ding cho vi du dé bdi vi nhu thé. Y toi 1a
ching ta sé lam sang to thém vé diéu nay mot chdt sau nay véi khai niém vé mién daon
lién va v.v..... Nhung bay giG gia st rang néu nd dudc xac dinh 8 moi ngi va nd thda man
diéu kién nay thi né la mét trudng gradient. Néu ban bd qua diéu kién ky thuat, la trudng
gradient cé nghia la vé cd ban giéng nhu cé tinh chat nay. Ching ta can kiém tra diéu dé.

Let's look at an example. Well, one vector field that we have been looking at a lot
was - yi xj. Remember that was the vector field that looked like a rotation at the unit
speed. I think last time we already decided that this guy should not be allowed to be
a gradient field and should not be conservative because if we integrate on the unit
circle then we would get a positive answer. But let's check that indeed it fails our
test. Well, let's call this M and let's call this guy N.

Hay xét mot vi du. Vang, mot trudng vector ma ching ta da xét nhiéu la - yi xj. Hay nhé
réng doé la trudng vector giéng nhu quay vdi t6c dd dan vi. T6i nhd 1a 1an trudc ching ta
dd chiing minh thang nay khdng phai la trudng gradient va khdng bao toan bdi vi néu
chung ta lay tich phan trén dudng tron daon vi thi ching ta sé nhan dugc két qua duang.
Nhung ching ta hdy kiém tra thir xem ndé cé ding |a nhu vay trong phép kiém tra mdi
khéng. Vang, ching ta hdy goi ddy la M va ching ta hdy goi thang nay la N.

If you look at partial M, partial y, that is going to be a negative one. If you take

partial N, partial x, that is going to be one. These are not the same. So, indeed, this

is not a gradient field. Any questions about that? Yes? Your question is if I have the
property M sub y equals N sub x only in a certain part of a plane for some values of x
and y, can I conclude these things? And it is a gradient field in that part of the plane
and conservative and so on.

NEéu ban xét dao ham riéng M, theo y, né sé la moét s6 am. Néu ban xét dao ham riéng cua
N theo x, né s& bang mdt. Ching qua thuc 1a khac nhau. Vi vy, qud that vdy, day khdng
phai la trudng gradient. Cé ai thac mac vé diéu do khdng? Vang? Cau hoi cua ban la néu
chiing ta cé tinh ch&t M y badng N x chi trong mét phan nhat dinh cia mat phang ddi véi mét
s6 gid tri clia x va y, tdi cd thé két ludn nhitng diéu nay khong? Va nd cé 1a trudng gradient
trong phan d6 cta mat phang va cé tinh chat bao toan va v.v....khéng?

The answer for now is, in general, no. And when we spend a bit more time on it,
actually, maybe I should move that up. Maybe we will talk about it later this week
instead of when I had planned. There is a notion what it means for a region to be
without holes. Basically, if you have that kind of property in a region that doesn't

have any holes inside it then things will work. The problem comes from a vector field
satisfying this criterion in a region but it has a hole in it. Because what you don't

know is whether your potential is actually well-defined and takes the same value

when you move all around the hole. It might come back to take a different value. If
you look carefully and think hard about the example in the problem sets that is
exactly what happens there.

Cau tra I8i bay gid |a, ndi chung la khdng. Va néu ching ta danh mét chit thdi gian dé xét
no, thuc su, c6 1& t6i nén di chuyén cdi do Ién. C6 18 ching ta s& ndi vé nd sau trong tuan
nay theo nhu phan phé&i chuong trinh. C6 mét khai niém phat biéu cho mdt ving khdng cé
cac 16. V& cd ban, néu ban cb loai tinh chat d6 trong vung khdéng cé béat c 16 nao bén
trong nd thi cac th& sé dung. Kho khan nay sinh khi mot trudng vector thda man diéu kién
nay trong mét ving nhung cé moét 16 trong nd. B&i vi nhitng gi ban khdéng biét Ia thé cla
ban cé thuc su xac dinh va nhan cling gid tri khi ban di chuyén xung quanh 18 hay khdng.
N6 cb thé quay lai d€ 18y mot gia tri khac. Néu ban xem xét can than va suy nghi ki vé vi
du trong xap bai tap thi day dung la nhirng gi xay ra & do.

Again, I will say more about that later. For now we basically need our function to be,
I mean, I should still say if you have this property for a vector field that is not quite



defined everywhere, you are more than welcome, you know, you should probably

still try to look for a potential using methods that we will see. But something might
go wrong later. You might end up with a potential that is not well-defined.

vang, t6i sé dé cap dén van dé do sau. Con bay giG vé cd ban ching ta can ham cua
ching ta 13, y t6i 13, tdi vAn phai néi néu ban cé6 mot trudng vector cé tinh chat nay ma
khong hoan toan xac dinh & moi ngi, ban sé dudc chao dén nhiéu han, ban biét, cé Ié ban
cling c6 thé thur tim thé& dung cac phuong phdp ma ching ta s& thdy. Nhung diéu gi do sé
sai vé sau. C6 thé€ 1a két qua ban nhan dudc 1a mot thé khdong xac dinh.

Let's do another example. Let's say that I give you this vector field. And this a here

is @ number. The question is for which value of a is this going to be possibly a
gradient? If you have your flashcards then that is a good time to use them to vote,
assuming that the number is small enough to be made with. Let's try to think about

it. We want to call this guy M. We want to call that guy N.

Hay xét mot vi du khac. Gia s réng tdi cho ban trudng vector nay. Va a & day la mot so.
Cau hdi dat ra la Ung vdi gia tri nao cla a thi cai nay la gradient? Néu ban cé cac flashcard
thi d6 Ia thdi diém tét d€ bo phiéu, gia si rdng sd nay du nhd. Ching ta hdy th& suy nghi
vé nd. Hay goi thdng nay la M. Goi thdng nay la N.

And we want to test M sub y versus N sub x. I don't see anyone. I see people doing

it with their hands, and that works very well. OK. The question is for which value of a

is this a gradient? I see various people with the correct answer. OK. That a strange
answer. That is a good answer. OK. The vote seems to be for a equals eight. Let's
see. What if I take M sub y? That is going to be just ax. And N sub x? That is 8x. I
would like a equals eight. By the way, when you set these two equal to each other,
they really have to be equal everywhere. You don't want to somehow solve for x or
anything like that. You just want these expressions, in terms of x and y, to be the
same quantities. I mean you cannot say if x equals z they are always equal.

Va chlng ta can kiém tra M y so vdi N x. Tdi khéng thdy ai ca. Tdi thdy moi ngudi thuc
hién ndé badng tay, va diéu dé rat tét. Vang. Cau héi dat ra 1a gid tri cia a béng bao nhiéu
thi cai nay la gradient? To6i thay nhitng ngudi khac cé cau tra 18i ding. Vang. Do la cau tra
I6i haoi la. D6 1a mét cdu tra 158i tét. VAng. Pa s bo phiéu cho a bdng 8. Xem nao. Néu nhu
tdi chon M y thi sao? N6 chinh la ax. Va N x? D6 la 8x. Vay la a bang tdém. Nhan day, khi
ban cho hai céi nay bang nhau, chliing phai bédng nhau & moi ndi. Ban khdng muén giai dé
tim x hodc bat c diéu gi gi6bng nhu thé. Ban chi mudn cac bi€u thirc nay, theo x va y, la
cac dai lugng b&ng nhau. Y tdi 1a ban khdéng thé ndéi néu x bang z chlng ludn ludn bang
nhau.



Yeah, that is true. But that is not what we are asking. Now we come to the next

logical question. Let's say that we have passed the test. We have put a equals eight

in here. Now it should be a gradient field. The question is how do we find the
potential? That becomes eight from now on. The question is how do we find the
function which has this as gradient? One option is to try to guess. Actually, quite

often you will succeed that way. But that is not a valid method on next week's test.
We are going to see two different systematic methods. And you should be using one
of these because guessing doesn't always work.

Vang, dé la su that. Nhung do khéng phai la nhitng gi ching toi dang héi. Bay giG ching
ta di dén ciu hoi logic ti€p theo. Gia s rang ching ta d& vuct qua phan kiém tra. Chlng
ta da dat tdam & day. Bay gid nd sé la mét trudng gradient. Cau hai la ching ta tim thé nhu
th&€ nao? N6 bang tam tlr bay gid. Cau hoi la ching ta tim ham c6 gradient bang cai nay
nhu thé&€ nao? M6t lua chon la doan thir. Thuc su, thudng la ban s& thanh céng béng céch
dé. Nhung dé khéng phai la mdt phudng phap hop & trong bai kiém tra vao tuan tdi.
Chung ta sé thay hai phudng phap cé hé thong khac nhau. Va ban nén str dung mot trong
sO nay vi du doan khong phai luc nao cling dung.

And, actually, I can come up with examples where if you try to guess you will surely
fail. I can come up with trick ones, but I don't want to put that on the test. The next
stage is finding the potential. And let me just emphasize that we can only do that if
step one was successful. If we have a vector field that cannot possibly be a gradient
then we shouldn't try to look for a potential. It is kind of obvious but is probably
worth pointing out. There are two methods. The first method that we will see is
computing line integrals.

Va, thuc su, tdi cd thé dua ra cac vi du ma néu ban thr doan ban chdc chén sé& sai.
T6i cé thé dua ra nhing cai by, nhung téi khdng muén dua né vao bai kiém tra.
Budc ti€p theo I1a tim thé&. Va t6i nhdn manh rdng ching ta chi cé thé 1am diéu dé néu
budc mot da thanh cong. Néu chung ta cd mot trudng vector khéng phai la trudng
gradient thi chling ta khéng thé tim th&. N6 rat dé thdy nhung téi phai chi ra. Cé hai
phudng phap. Phuong phap dau tién ma chidng ta sé thdy la tinh cac tich phan
dudng.

Let's see how that works. Let's say that I take some path that starts at the origin.

Or, actually, anywhere you want, but let's take the origin. That is my favorite point.
And let's go to a point with coordinates (x1, y1). And let's take my favorite curve

and compute the line integral of that field, you know, the work done along the curve.
Well, by the fundamental theorem, that should be equal to the value of the potential
at the end point minus the value at the origin. That means I can actually write f of
(x1, y1) equals -

Hay xét nd. Gia sl rdng tdi chon mdt dudng nao do bat dau tai géc toa d6. Hodc, trén thuc
té, bat c noi ndao ban mudn, nhung chidng ta hdy chon géc toa dd. P4 la diém yéu thich
cla téi. Va ching ta hdy dén diém cé toa dd (x1, y1). Va hady chon dudng cong yéu thich
cua téi va tinh tich phan dudng cua trudng dd, ban da biét, cong dudc thuc hién doc theo
dudng cong. Vang, qua dinh ly cd ban, né sé& bang gid tri cia thé tai diém cudi trir gid tri
tai diém dau. Diéu dd cd nghia 1a thuc su tdi ¢ thé viét f (x1, y1) bang -

-- that line integral plus the value at the origin. And that is just a constant. We don't
know what it is. And, actually, we can choose what it is. Because if you have a
potential, say that you have some potential function. And let's say that you add one

to it. It is still a potential function. Adding one doesn't change the gradient. You can
even add 18 or any number that you want. This is just going to be an integration
constant. It is the same thing as, in one variable calculus, when you take the anti-
derivative of a function it is only defined up to adding the constant. We have this
integration constant, but apart from that we know that we should be able to get a
potential from this.

- tich phan dudng d6 cdng gia tri tai gbc toa do. Va doé chi la mét hdng s6. Chang ta khéng
biét nd 1a gi. Va, trén thuc t&, ching ta c6 thé chon nd. B&i vi néu ban cé6 mot thé, gia sur
ban cé ham thé& nao dé. Va gid s r&ng ban cong mot vao nd. N6 van 1a mot ham thé.



Cdng mot khdng thay d6i gradient. Thdm chi ban cé thé cong 18 hodc bat ky s6 nao ma
ban mudn. Day chi [a mdt héng s8 tich phdn. Gidng nhu, trong giai tich ham mét bién, khi
I8y tich phén cia mdt ham nd dudc xac dinh sai khac mot hang s6. Chidng ta c6 hdng sb
tich phan nay, nhung ngoai trir viéc ching ta biét rdng chidng ta sé& cé thé nhan dudc mét
thé tir cai nay.

And this we can compute using the definition of the line integral. And we don't know
what little f is, but we know what the vector field is so we can compute that. Of
course, to do the calculation we probably don't want to use this kind of path. I mean
if that is your favorite path then that is fine, but it is not very easy to compute the
line integral along this, especially since I didn't tell you what the definition is. There
are easier favorite paths to have.
Va cdi nay ching ta cé thé tinh bang cach s dung dinh nghia vé tich phan dudng. Va
ching ta khdng biét f nho 1a gi, nhung chlng ta biét trudng vector vi vy chlng ta cé thé
tinh nd. T4t nhién, dé thuc hién tinh todn cd I& ching ta khéng muén d ung loai dudng nay.
Y tdi 1a néu d6 1a dudng yéu thich cua ban thi diéu dé tdt, nhung tinh tich phan dudng doc
theo cai nay khéng dé&, ddc biét 13 bdi vi tdi khéng cho ban biét dinh nghia. Cé nhitng
dudng khac de han.

For example, you can go on a straight line from the origin to that point. That would
be slightly easier. But then there is one easier. The easiest of all, probably, is to just
go first along the x-axis to (x1, 0) and then go up parallel to the y-axis. Why is that
easy? Well, that is because when we do the line integral it becomes M dx N dy. And
then, on each of these pieces, one-half just goes away because X, y is constant.

Vi du, ban cé thé di trén moét dudng thang tr goc toa do dén diém dé. Nhu vay sé dé
hon. Nhung réi cd mot cai dé hon. Cac dé nhéat trong tat ca, co 1§, 1a trudc hét di doc
theo truc x dén (x1, 0) va sau dé di Ién song song v 6i truc y. Tai sao nhu th& dé han?
Vang, do la bdi vi khi ching ta tinh tich phdn dudng n6 bang M dx N dy. Va sau do, trén
mdi phan ndy, mot nira sé triét tiéu vi x, y 1a héng s6.

Let's try to use that method in our example. Let's say that I want to go along this
path from the origin, first along the x-axis to (x1, 0) and then vertically to (x1, y1).
And so I want to compute for the line integral along that curve. Let's say I want to

do it for this vector field. I want to find the potential for this vector field. Let me copy
it because I will have to erase at some point. 4x squared plus 8xy and 3y squared



plus 4x squared. That will become the integral of 4x squared plus 8 xy times dx plus
3y squared plus 4x squared times dy.

Hay thir sir dung phuong phap dé trong vi du cla ching ta. Gia s rdng tdéi muén di doc
theo dudng nay tUr gbéc toa d6, trudc hét di doc theo truc x (x1, 0) va sau dé theo chiéu
doc dén (x1, y1). Va vi vay téi mudn tinh tich phan dudng doc theo dudng cong dé. Gia sir
rang téi mudn lam viéc d6 cho trudng vector nay. T6i muén tim thé cua trudng vector nay.
Hay chép nd bdi vi toi sé xda vao luc nao dé. 4x binh cong 8xy va 3 y binh cong 4x binh.
No sé trd thanh tich phan cua 4 x binh cdéng 8 xy nhan dx cong 3y binh cdng 4x binh nhan
dy.

To evaluate on this broken line, I will, of course, evaluate separately on each of the
two segments. I will start with this segment that I will call c1 and then I will do this
one that I will call c2. On c1, how do I evaluate my integral? Well, if I am on c1 then

x varies from zero to x1. Well, actually, I don't know if x1 is positive or not so I
shouldn't write this. I really should say just x goes from zero to x1. And what about
y? vy is just 0. I will set y equal to zero and also dy equal to zero. I get that the line
integral on cl1 -

D& tinh dudng nét dut nay, téi s&, tat nhién, tinh riéng ting doan. Toi s& bat dau véi
doan nay t6i goi la c1 va sau d6 toi sé lam diéu nay trén dudng ma tbi sé goi la c2. Trén
cl1, téi tinh tich phan cua tdi nhu thé& ndo? Vang, néu tdi & trén cl thi x thay ddi tir khéng
dén x1. Vang, thuc su, toi khdong biét x1 cé dudng hay khong vi vay toi sé khong viét cai
nay. Thuc su toi sé néi x di tir khong dén x1. Va con y thi sao? y chinh la 0. T6i sé cho y
béng khéng va tuong tu dy cling bdng khdng. D6 1a két qua cua tich phan dudng trén cl

Well, a lot of stuff goes away. The entire second term with dy goes away because dy
is zero. And, in the first term, 8xy goes away because y is zero as well. I just have

an integral of 4x squared dx from zero to x1. By the way, now you see why I have
been using an x1 and a y1 for my point and not just x and y. It is to avoid confusion.
I am using x and y as my integration variables and x1, yl as constants that are
representing the end point of my path. And so, if I integrate this, I should get four-
thirds x1 cubed. That is the first part. Next I need to do the second segment.

Véng, rat nhiéu th( bi€n mat. Toan bd sd hang th( hai cung vdéi dy bi€n méat vi dy bang
khong. Va, trong s6 hang th&r nhat, 8xy bién mat bdi vi y cling bang khdng. Tbi chi con lai
tich phan cta 4x binh dx tir khong dén x1. Qua day, bay giG ban thdy dudc ly do tai sao
téi sir dung x1 va a y1 cho diém cua toi ch khdng phai la x va y. Dé 1a dé€ trdnh nham
IAn. To6i dang str dung x va y 1a bién tich phan va x1, y1 13 cic héng sd dai dién cho cac
diém mut cta dudng |8y tich phan. Va nhu vy, néu tdi tinh tich phan cai nay, téi dugc
két qua bon phan ba x1 mi ba. D6 la phan dau tién. Ti€p theo tdi can phai tinh doan thi
hai.

If I am on c2, y goes from zero to y1. And what about x? x is constant equal to x1 so
dx becomes just zero. It is a constant. If I take the line integral of c2, F dot dr then I
will get the integral from zero to y1. The entire first term with dx goes away and

then I have 3y squared plus 4x1 squared times dy. That integrates to y cubed plus
4x1 squared y from zero to yl. Or, if you prefer, that is y1 cubed plus 4x1 squared
yl.

NE&u tbi G trén c2, y di tu khdng dén y1. Va thé&€ con x thi sao? x la hang s6 bang x1 vi vay
dx bang khéng. N6 la mot hang s6. Néu tbi 18y tich phan dudng doc theo c2, F nhén vo
hudng dr thi t6i sé dudgc tich phan tir khong dén y1. Toan b s6 hang dau véi dx bién mat
va roi toi c6 3y binh cong véi 4x1 binh nhan dy. Tich phan dé tré thanh y mii ba céng
4x1 binh y tir khéng dén y1. Hoac, néu ban thich, dé la y1 mii ba cdng 4x1 binh y1.

Now that we have done both of them we can just add them together, and that will
give us the formula for the potential. F of x1 and y1 is four-thirds x1 cubed plus y1
cubed plus 4x1 squared yl plus a constant. That constant is just the integration
constant that we had from the beginning. Now you can drop the subscripts if you
prefer. You can just say f is four-thirds x cubed plus y cubed plus 4x squared y plus



constant. And you can check. If you take the gradient of this, you should get again
this vector field over there. Any questions about this method? Yes?

Bay gid chung ta da tinh ca hai cai chdng ta chi can cong chidng véi nhau, va dé chinh la
thé. F cia x1 va y1 badng bén phan ba x1 mii ba céng y1 mi ba cdng 4x1 binh y1 cdng vdi
moét hang s6. Hang s8 dd chi la hdng sb tich phan ma ching ta da co Iic ban dau. Bay gis
chiing ta c6 thé& bd chi s6 dudi néu ban thich. Ban can néi f badng bén phan ba x mi ba
cdng y mii ba cdng 4x binh y cdng hdng s6. Va ban cé thé kiém tra. Néu ban 18y gradient
clia cdi nay, mét lan nira ban s& nhan dugc trudng vector nay tai ddy. C6 ai thdc méc vé
phuang phap nay khong? M&i ban?

No. Well, it depends whether you are just trying to find one potential or if you are
trying to find all the possible potentials. If a problem just says find a potential then

you don't have to use the constant. This guy without the constant is a valid potential.
You just have others. If your neighbor comes to you and say your answer must be
wrong because I got this plus 18, well, both answers are correct. By the way.

Khéng. Vang, né phu thubc vao viéc ban chi tim mo6t thé hay ban dang tim tat ca cac thé
kha di. NEu bai todn yéu cau tim mot thé& thi ban khéng can dung héng s6. Thadng nay ma
khéng c6 héng sb 1a th& sdn cd. Ban cd nhitng cai khac. Néu ngudi ngdi canh ban dén va noi
v@i ban cau tra IGi clia ban sai vi anh ta nhan dugc két qua la cong 18, vang, ca hai cau tra
IGi déu dung. Nhan day.

Instead of going first along the x-axis vertically, you could do it the other way
around. Of course, start along the y-axis and then horizontally. That is the same
level of difficulty. You just exchange roles of x and y. In some cases, it is actually
even making more sense maybe to go radially, start out from the origin to your end
point. But usually this setting is easier just because each of these two guys were
very easy to compute.

Thay vi dau tién di doc theo truc x, ban cé thé lam né theo cich khac. T4t nhién, bat
dau di doc theo truc y va sau do theo chiéu ngang. Miic d6 khdé nhu nhau. Chi la hoan
dGi vai trd clia x va y. Trong mét s8 trudng hgp, nhiéu khi s& cé y nghia hon khi di
hudng tdm, khai dau & gbc toa dd dén diém cudi cia ban. Nhung thudng thiét 14p nay
dé& hon bai vi mbi thdng nay rat dé tinh toan.

But somehow maybe if you suspect that polar coordinates will be involved somehow

in the answer then maybe it makes sense to choose different paths. Maybe a straight
line is better. Now we have another method to look at which is using anti-

derivatives. The goal is the same, still to find the potential function. And you see that
finding the potential is really the multivariable analog of finding the anti-derivative in
the one variable.

Nhung néu ban nghi ngd cac toa do cuc sé dinh vao két qua thi chon theo dudng khac sé
cé y nghia hon. C6 18 mét dudng thdng la tét hon. Bay gid ching ta cé mét phuang phap
khac dé& xét 1a dung cac nguyén ham. Muc tiéu 13 gidng nhau, van 13 tim ham thé&. Va ban
thdy rang viéc tim thé trong giai tich ham nhiéu bién giéng tucng tu nhu tim nguyén ham
trong giai tich ham mot bién.



Here we did it basically by hand by computing the integral. The other thing you could
try to say is, wait, I already know how to take anti-derivatives. Let's use that instead
of computing integrals. And it works but you have to be careful about how you do it.
Let's see how that works. Let's still do it with the same example. We want to solve
the equations. We want a function such that f sub x is 4x squared plus 8xy and f sub
y is 3y squared plus 4x squared. Let's just look at one of these at a time. If we look
at this one, well, we know how to solve this because it is just telling us we have to
integrate this with respect to x.

O day vé cd ban ching ta da thuc hién né bdng tay bang cach tinh tich phan. Mot tha
khac ban c6 thé thir la, khoan, toi da biét cach tinh cadc nguyén ham. Ching ta hdy dung
né thay vi tinh cac tich phan. Va né dling nhung ban phai cin than vé cach ban lam né.
Hay xét nd. VAn xét vi du ndy. Ching ta mudn giai cadc phuong trinh. Ching ta mudn cé
mét ham sao cho f x bdng 4x binh cdng 8xy va f y bang 3y binh céng 4x binh. H3y xét
mdi 1An Mot trong s6 nhitng cdi ndy. N&u ching ta xét thdng nay, vang, ching ta biét
cach giai cai nay vi né bao vdi chling ta rdng ching ta phai 18y ich phan cai n ay theo x.

Well, let's call them one and two because I will have to refer to them again. Let's
start with equation one and lets integrate with respect to x. Well, it tells us that f
should be, what do I get when I integrate this with respect to x, four-thirds x cubed
plus, when I integrate 8xy, y is just a constant, so I will get 4x squared y. And that

is not quite the end to it because there is an integration constant. And here, when I
say there is an integration constant, it just means the extra term does not depend

on X. That is what it means to be a constant in this setting. But maybe my constant
still depends on y so it is not actually a true constant. A constant that depends on y

is not really a constant. It is actually a function of y.

Véng, hdy goi ching Ia mét va hai vi tdi s& phai xem lai. H3y bt dau véi phuong trinh moét
va |3y tich phan theo x. Vang, nd cho ching ta biét rang f s& bdng, téi nhan dugc két qua
la gi khi toi 18y tich phan cdi nay theo x, bon phan ba x m{ ba cdng, khi tdi Idy tich phan
8xy, y chi la mot hang s6, vi vay tbi s& dugc 4x binh y. Va & day, khi toi ndi c6 mdt hang
s6 tich phan, no6 chi cé nghia la s6 hang thém vao khéng phu thubéc x. D6 la y nghia cla
h&ng s6 trong cach thiét 1ap nay. Nhung cé 18 hdng s6 cla tdi vin phu thudc vao y vi vay
né khoéng phai la hang s thuc su. No thuc sy la mot ham cda vy.

The good news that we have is that this function normally depends on x. We have
made some progress. We have part of the answer and we have simplified the
problem. If we have anything that looks like this, it will satisfy the first condition.
Now we need to look at the second condition. We want f sub y to be that. But we
know what fis, so let's compute f sub y from this. From this I get f sub y. What do I
get if I differentiate this with respect to y? Well, I get zero plus 4x squared plus the
derivative of g.

Tin tét la ham nay thudng phu thudc vao x. Chung téi da thuc hién moét sé tha tuc. Chang
ta c6 mot phan cua cau trad IGi va chidng ta da don gidn hoa van dé. Néu chdng ta cé bat
cUr thr gi gibng nhu thé nay, nd sé thdoa man diéu kién dau tién. Bay gid chung ta can
phai xét diéu kién th( hai. Chung ta mudn f y & d6. Nhung chidng ta biét f la gi, vi vay
hay tinh f y tlr cdi nay. TU cai nay t6i nhan dugc f y. Toi nhan dudc gi néu téi 1dy vi phan
cai nay theo y? Vang, t6i dugc khéng cong 4x binh cong dao ham cua g.

I would like to match this with what I had. If I match this with equation two then
that will tell me what the derivative of g should be. If we compare the two things
there, we get 4x squared plus g prime of y should be equal to 3y squared by 4x
squared. And, of course, the 4x squares go away. That tells you g prime is 3y

squared. And that integrates to y cubed plus constant. Now, this time the constant is

a true constant because g did not depend on anything other than y. And the constant
does not depend on y so it is a real constant now. Now we just plug this back into

this guy. Let's call him star.

T6i mudn ghép cdi nay vdéi nhitng gi téi da co6. NEu tdi két hgp cai nay vdi phudng trinh hai
thi diéu dé cho tbi biét dao ham cla g sé& bdng cai gi. NEu ching ta so sanh hai cai 6 do,



ching ta dudc 4x binh cdng g phdy cla y sé& bang 3y binh qua 4x binh. Va, tat nhién, 4x
binh bién m&t. VAy g phdy bang 3y binh. Va tich phan cta né |a y mi ba c6ng hang s6.
Bay gid, cai nay nhén hang sé ding la mot hang sb thuc su vi g khdng phu thudc vao bét
cr cai gi khac ngoai y. Va hang s8 khéng phu thudc vao y vi vay bay gid nd la hang s6
thuc. Bay gid ching ta chi can thé& cai nay vao thang nay. Hay goi nd la sao.

If we plug this into star, we get f equals four-thirds x cubed plus 4x squared y plus y
cubed plus constant. I mean, of course, again, now this constant is optional. The
advantage of this method is you don't have to write any integrals. The small

drawback is you have to follow this procedure carefully. By the way, one common

pitfall that is tempting. After you have done this, what is very tempting is to just say,
well, let's do the same with this guy. Let's integrate this with respect to y. You will

get another expression for f up to a constant that depends on x. And then let's

match them.

NEu ching ta thé& cai nay vao sao, ching ta nhén dudc f bdng bén phan ba x mi{ ba cng
4x binh phudng y cong y mii ba cong hdng s8. Y tdi 1a, t&t nhién, mot Ian nifa, bay gid
hang s& nay la tuy chon. Uu diém cua phuong phdp nay la ban khdng can phai viét bat ky
tich phdn nao. Nhudc diém la ban phai tudn theo thu tuc nay cdn than. Nhan day, mot
trong nhitng cdi by phé bién 1a su hdp dan. Sau khi ban d& lam didu nay, ban cé thé cé y
nghi la hdy lam tudng tu vdi thdng nay. Hay |18y tich phan thang nay theo y. Ban s& nhén
dugc mét bi€u thic khac cua f khdc nhau mot hdng s6 phu thudc x. Va sau dé ban khdp
ching.

Well, the difficulty is matching is actually quite tricky because you don't know in
advance whether they will be the same expression. It could be you could say let's
just take the terms that are here and missing there and combine the terms, you
know, take all the terms that appear in either one. That is actually not a good way to
do it, because if I put sufficiently complicated trig functions in there then you might
not be able to see that two terms are the same. Take an easy one.

Vang, vén dé l1a viéc khdp thuc su khd khé vi ban khéng biét trudc chiing cé phai 1a biéu
thlrc gidng nhau khdng. Cé thé la ban s& ndi ching ta chi 18y cic s6 hang 6 ddy va bo &
dé va két hgp cac s6 hang, ban biét, 18y tat ca cac s6 hang xuat hién trong ca hai cai.
Thuc su d6 khdng phai 1a mot cach tét dé thuc hién nd, bdi vi néu tdi dat cac ham lugng
giac phuc tap vao dé thi ban khéng thé thdy dudc hai s6 hang giéng nhau. Hay chon cai
de.



Let's say that here I have one plus tangent square and here I have a secan square
then you might not actually notice that there is a difference. But there is no
difference. Whatever. Anyway, I am saying do it this way, don't do it any other way
because there is a risk of making a mistake otherwise. I mean, on the other hand,
you could start with integrating with respect to y and then differentiate and match
with respect to x.

Gia s rang & day tdi c6 mot cdng vdi tang binh va & day toi c6 secan binh thi cd thé
ban khong thay dugc cé su khac nhau. Nhung khong cé su khac nhau. Bat cr diéu gi.
Du sao di nita, t6i néi nén lam theo cach nay, khong lam theo cach nao khac vi cé mot
nguy cd bi sai. Y tdi 1a, mat khac, ban cd thé bat dau vdi viéc 18y tich phan theo y va
sau doé lay vi phan va khép déi véi x.

But what I am saying is just take one of them, integrate, get an answer that involves

a function of the other variable, then differentiate that answer and compare and see
what you get. By the way, here, of course, after we simplified there were only y's

here. There were no x's. And that is kind of good news. I mean, if you had had an x
here in this expression that would have told you that something is going wrong.

Nhung chi 18y mot trong sé ching, tinh tich phan, dudc két qua lién quan dén mét ham
cua bién khac, sau dé lay vi phan két qua va so sanh va xem nhan dugc gi. Nhan tién, &
day, tat nhién, sau khi ching ta ddon gian hda chi cé cac y & day. Khong c6 cac x. Va dé la
loai tin t8t. Y tdi 13, néu ban cé mot x & day trong biéu thlc nay thi coi chirng sai.

g is a function of y only. If you get an x here, maybe you want to go back and check
whether it is really a gradient field. Yes? Yes, this will work with functions of more

than two variables. Both methods work with more than two variables. We are going

to see it in the case where more than two means three. We are going to see that in
two or three weeks from now. I mean, basically starting at the end of next week, we
are going to do triple integrals, line integrals in space and so on.

g chi 1a mot ham cta y. N&u ban cé x & day, ban can quay lai va kiém tra xem né cé thuc
su la mot trudng gradient hay khong. MGi ban? Dlng, diéu nay cling sé dung vdi cac ham
nhiéu hdn hai bién. Ca hai phucong phap déu dang cho cdc ham nhiéu han hai bién. Chung
ta sé thay nd trong trudng hgp nhiéu hon hai cé nghia la ba. Ching ta sé thay diéu dé
trong hai hodc ba tuan nifa. Y t6i 13, v& cd ban b&t dau vao cudi tuan tdi, ching ta sé tinh
tich phan ba Id8p, tich phan dudng trong khong gian va vv....

The format is first we do everything in two variables. Then we will do three variables.
And then what happens with more than three will be left to your imagination. Any
other questions about either of these methods? A quick poll. Who prefers the first
method? Who prefers the second method? Wow. OK. Anyway, you will get to use
whichever one you want. And I would agree with you, but the second method is
slightly more effective in that you are writing less stuff. You don't have to set up all
these line integrals. On the other hand, it does require a little bit more attention.
Phuong phap chung la dau tién ching ta lam moi th& véi hai bién. Sau do6, ching ta sé
lam ba bién. Va sau dé cac quy téc nay van ap dung dudc cho ham nhiéu hon ba bién. C6
ai héi gi vé cac phudng phap nay khong? Mot cuéc tham do nhanh. Ai thich phuong phap
dau tién? Ai thich phuong phap thr hai? Wow. Dudc rbi. Du sao di nifa, ban sé dung bat
cUr cai nao ban mudn. Va téi sé déng y vdi ban, nhung phucgng phap th hai hiéu qua han
vi ban viét it hdn. Ban khong can phai thiét lap tat ca cac tich phan dudng nay. Mat khac,
no6 doi hoi phai cht y mét chut.

Let's move on a bit. Let me start by actually doing a small recap. We said we have
various notions. One is to say that the vector field is a gradient in a certain region of

a plane. And we have another notion which is being conservative. It says that the

line integral is zero along any closed curve. Actually, let me introduce a new piece of
notation. To remind ourselves that we are doing it along a closed curve, very often

we put just a circle for the integral to tell us this is a curve that closes on itself. It

ends where it started. I mean it doesn't change anything concerning the definition or
how you compute it or anything. It just reminds you that you are doing it on a closed



curve.
Hay thay d8i mot chit. Hay dé tdi bat dau bang cdch tdm tdt. Chidng ta d3 ndi rang
ching ta cé cac ki hiéu khac nhau. Mot la trudng vector la mot gradient trong mot vung
nao dé cua mat phadng. Va ching ta cé mdét ki hiéu khac 1a bao toan. Giad su rang tich
phan dudng bang khdng doc theo bat ki dudng cong kin. Ching ta hdy dua vao moét ki
hiéu mdi. P& tu nhdc nhd réng ching ta sé thuc hién ndé doc theo d udng cong kin, thudng
ching ta dat mot vong tron dudi diu tich phan dé& cho biét rdng day la dudng cong tu
khép kin. Né két thic & nci nd bat dau. Y tdi 1a khdng cé su thay ddi bat c thir gi lién
quan dén dinh nghia hodc cach tinh n6é hay bat cr diéu gi. N6 chi nhac nhg ban rang ban
dang thuc hién né trén mét dudng cong khép kin.

It is actually useful for various physical applications. And also, when you state
theorems in that way, it reminds you,oh.. I need to be on a closed curve to do it.
And so we have said these two things are equivalent. Now we have a third thing

which is N sub x equals M sub y at every point. Just to summarize the discussion. We
have said if we have a gradient field then we have this. And the converse is true in
suitable regions. We have a converse if F is defined in the entire plane. Or, as we will
see soon, in a simply connected region.

N6 rat hitu dung cho cac Ung dung vét li khac nhau. Va tudng tu, khi ban phat biéu dinh Ii
theo cach dd, né nhic nhd ban, oh .. Téi can phai & trén dudng cong kin dé thuc hién né. Va
vi vay chlng ta da néi hai diéu nay la tudng dudng. Bay gid ching ta cé cai thr ba la N x
bang M y tai moi diém. Chi la su tém tdt cac thao ludn. Ching ta d& ndi rang néu ching ta
c6 mot trudng gradient thi ching ta c6 cdi nay. Va ngudc lai la dang trong cac vung phu
hgp. Chlng ta c6 mdt su ddng quy néu F xdc dinh trong toan mat phang. Hodc, nhu ching
ta sé thay ngay, trong mot mién dan lién.

I guess some of you cannot see what I am writing here, but it doesn't matter
because you are not officially supposed to know it yet. That will be next week.

Anyway, I said the fact that Nx equals My implies that we have a gradient field and is
only if a vector field is defined in the entire plane or in a region that is called simply
connected. And more about that later. Now let me just introduce a quantity that
probably a lot of you have heard about in physics that measures precisely fairly

ought to be conservative. That is called the curl of a vector field.

To6i dodn modt s8 ban chua hi€u nhitng diéu téi dang viét & day, nhung né khdéng quan
trong bdi vi nhitng diéu nay khdng bat budc phai biét. N6 s& xuat hién vao tuan tdi. Du sao
di nira, toi da ndi rang viéc Nx bdng My am chi rdng ching ta c6 mét tr udng gradient va
chi néu mét trudng vector dudc xac dinh trong toan bd mat phadng hodc trong mét mién
don lién. Va sau nay chdng ta sé noi chi ti€t vé diéu dé. Bay gid hay téi sé gidi thiéu mot
dai lugng ma cé Ié rat nhiéu ban da nghe noéi dén trong vat ly do kha chinh xac tinh chét
bao toan. N6 dudc goi la curl cia mét trudng vector.



For the definition we say that the curl of F is the quantity N sub x - M sub y. It is just
replicating the information we had but in a way that is a single quantity. In this new
language, the conditions that we had over there, this condition says curl F equals
zero. That is the new version of Nx equals My. It measures failure of a vector field to
be conservative. The test for conservativeness is that the curl of F should be zero. I
should probably tell you a little bit about what the curl is, what it measures and what
it does because that is something that is probably useful. It is a very strange
quantity if you put it in that form. Yes?

Theo dinh nghia, curl cia F bang N x - M y. D6 chi la su sao chép cac théng tin
ching ta da cé nhung theo cach mét dai lugng duy nhat. Trong ngén nglr mdéi nay,

diéu kién ma chlng ta d& c6 dang kia, diéu kién nay nodi rang curl F bang khong.

D6 1a phién ban méi cia NX bdng My. N6 do su sai léch tinh chat bao toan cia mbt
trudng vector. Phép kiém tra su bao toan sé Ia curl F sé& bang khdng. C6 1& tdi nén

noi cho ban biét mét chut vé curl la gi, né do cai gi va nd lam gi bdi vi dé la th&

hitu dung. N¢ la dai lugng rat la néu ban dat né dugi dang do. MGi ban?

I think it is the same as the physics one, but I haven't checked the physics textbook.

I believe it is the same. Yes, I think it is the same as the physics one. It is not the
opposite this time. Of course, in physics maybe you have seen curl in space. We are
going to see curl in space in two or three weeks. Yes? Yes. Well, you can also use it.

If you fail this test then you know for sure that you are not gradient field so you

might as well do that. If you satisfy the test but you are not defined everywhere then
there is still a bit of ambiguity and you don't know for sure. OK.

Toi nghi né gidng nhu trong vt li, nhung téi da khdng kiém tra sach gido khoa vt ly.T6i tin
né nhu nhau. Vang, tdi nghi rdng nd gidng nhu cai trong vat li. N6 khdng phai la ngudc lai
lGc nay. T4t nhién, trong vat ly c6 thé ban d& cé curl trong khéng gian. Ching ta sé& thdy
curl trong khéng gian trong hai hodc ba tuan. M&i ban? Plng. Vang, ban ciing cé thé ding
né. Néu nd khéng qua dudc phép kiém tra nay thi ban biét chdc chdn rdng trudng cua ban
khéng phai Ia trudng gradient vi vdy ban cling ¢ thé |am diéu d6. Néu nd dap (ng bai kiém
tra nhung khéng xac dinh & moi ndi thi van con mdt chit ma hd va ban khdng biét chic.
budc roi.

Let's try to see a little bit what the curl measures. Just to give you some intuition,
let's first think about a velocity field. The curl measures the rotation component of a
motion. If you want a fancy word, it measures the vorticity of a motion. It tells you
how much twisting is taking place at a given point. For example, if I take a constant
vector field where my fluid is just all moving in the same direction where this is just
constants then, of course, the curl is zero.

Hay th xét xem curl do cdi gi. Chi d&€ cung cdp cho ban mét truc giac, trudc tién hay
suy nghi v& mot trudng van tdc. Curl do thanh phan quay cta chuyén ddng. Hay theo
ngdn ng{l binh dan, né do su xody cia mdt chuyén déng. N6 s& cho ban biét su xody tai
mét diém nhét dinh 1& bao nhiéu. Vi du, néu tdi chon mdt trudng vectd khong ddi & dé
tat ca chét 1dng cla toi déu di chuyén cung mét hudng, day chi 1a hdng s thé thi, tét
nhién, curl bang khéng.

Because if you take the partials you get zero. And, indeed, that is not what you

would call swirling. There is no vortex in here. Let's do another one where this is still
nothing going on. Let's say that I take the radial vector field where everything just
flows away from the origin. That is f equals x, y. Well, if I take the curl, I have to

take partial over partial x of the second component, which is y, minus partial over
partial y of the first component, which is x. I will get zero. And, indeed, if you think
about what is going on here, there is no rotation involved. On the other hand, if you
consider our favorite rotation vector field -

Bd&i vi néu ban 18y dao ham riéng thi két qua bang khéng. Va, qua that vay, dé khdng phai
la x0dy. Khdng cé xody & day. Hay 1am mot bai khac & dé van khong cé gi xay ra. Giad su
rang toi chon trudng vector xuyén tdm & d6 moi th& chay ra ngoai tir g6c toa db. Bé la f
bang x, y. Vang, néu tdi 18y curl, tdi phai I8y dao ham riéng theo x cla thanh phén th hai,



dd la y, trir dao ham riéng theo y cua thanh phan th& nhat, dé la x. K&t qua bang khoéng.
Va, qua that vay, néu ban nghi vé nhitng gi dang xay ra & day, khong co lién quan dén su
quay. Mat khac, néu ban xét trudng vector quay yéu thich cta ban -

-- negative y and x then this curl is going to be N sub x minus M sub y, one plus one
equals two. That corresponds to the fact that we are rotating. Actually, we are

rotating at unit angular speed. The curl actually measures twice the angular speed of

a rotation part of a motion at any given point. Now, if you have an actual motion, a
more complicated field than these then no matter where you are you can think of a
motion as a combination of translation effects, maybe dilation effects, maybe

rotation effects, possibly other things like that.

- trir y va x thé& thi curl nay sé& Ia N x trr M y, mot cdng véi mbt bang hai. Diéu dé tuong
rng vdi viéc chiang ta sé quay. Trén thuc té, ching ta sé quay vdéi téc do goc dan vi. Curl
do hai Ian t6c d6 gdc cua phan quay cla chuyén déng tai diém nao d6. Bay gid, néu ban cd
mot chuyén ddng thuc t&, mét trudng phirc tap han nhitng céi nay thé thi ban & dau khéng
quan trong ban cé thé nghi chuyén dong nhu su két hop cla cac hiéu (ng tinh tién, hiéu
('ng gidn nd, cb thé la hiéu &ng quay, cb thé Ia nhitng th khac giéng nhu thé.

And what a curl will measure is how intense the rotation effect is at that particular
point. I am not going to try to make a much more precise statement. A precise
statement is what a curl measures is really this quantity up there. But the intuition

you should have is it measures how much rotation is taking place at any given point.
And, of course, in a complicated motion you might have more rotation at some point
than at some others, which is why the curl will depend on x and y. It is not just a
constant because how much you rotate depends on where you are.

Va nhitng gi mét curl s& do 1a hiéu 'ng quay manh nhu thé nao tai diém cu thé dé. Toi sé&
khéng c6 gdng tao ra phat bi€éu chinh xac hon. Mot phat biéu chinh xac la curl sé& do dai
lugng nay trén dé. Tuy nhién, truc giac ma ban nén cé la né do su quay nhiéu bao nhiéu tai
diém cho trudc. Va, tat nhién, trong moét chuyén ddng phic tap, ban cé thé cé su quay tai
mot diém nao do 1a nhiéu hon tai nhitng diém khac, d6 1a ly do tai sao curl phu thudc vao x
va y. N6 khdéng chi 1a mdt hdng s6 bdi vi ban quay bao nhiéu phu thudc vao ban dang &
dau.

If you are looking at actual wind velocities in weather prediction then the regions
with high curl tend to be hurricanes or tornadoes or things like that. They are not
very pleasant things. And the sign of a curl tells you whether you are going clockwise



or counterclockwise. Curl measures twice the angular velocity of the rotation
component of a velocity field. Now, what about a force field? Because, after all, how
we got to this was coming from and trying to understand forces and the work they

do. So I should tell you what it means for a force. Well, the curl of a force field -

Néu ban xét van toc gié thuc su trong du bao thdi tiét thi nhitng vung cé curl cao cé
khuynh hudng bdo hay I6¢c xody hay thi gi d6 tudng ty thé. Chung khéng phai la nhiing
thr dé chiu. Va dau cua curl cho ban biét ban di cung chiéu kim dong hé hay ngudc chiéu
kim dong ho6. Curl do hai lan van téc gbéc cla thanh phan quay cia mot trudng van téc.
Bay gid, thé con cac trudng luc thi sao? Bdi vi, sau hét, cach ma chung ta dén dudc diéu
nay xuédt phat tir viéc c6 gdng tim hiéu cac luc va céng do ching thuc hién. Vi vay, toi sé&
cho ban biét y nghia ctia n6 déi véi trudng luc. Vang, cac curl cta mot trudng luc -

-- measures the torque exerted on a test object that you put at any point.
Remember, torque is the rotational analog of the force. We had this analogy about
velocity versus angular velocity and mass versus moment of inertia. And then, in

that analogy, force divided by the mass is what will cause acceleration, which is the
derivative of velocity. Torque divided by moment of inertia is what will cause the
angular acceleration, namely the derivative of angular velocity. Maybe I should write
that down.

- do mb-men xo0dn tac dung trén mdét vat th ma ban dit tai bat ki diém nao. Hay nhd
réng, md-men xodn giéng véi su quay cua luc. Clng giéng nhu vén t6c tuong (ng vdi van
toc goéc va khadi lugng v8i moment quan tinh. Va thé thi, trong su tucng tu do, luc dugc chia
cho khéi lugng la nhiing gi gay ra gia t8c, nd la dao ham cla van tdc. M6-men xo0an chia
cho moment quén tinh gay ra gia t&c gdc, cu thé |a dao ham cua vén téc gbc. CO 18 tdi nén
viét diéu dé ra.

Torque divided by moment of inertia is going to be d over dt of angular velocity. I
leave it up to your physics teachers to decide what letters to use for all these things.
That is the analog of force divided by mass equals acceleration, which is d over dt of
velocity. And so now you see if the curl of a velocity field measure the angular
velocity of its rotation then, by this analogy, the curl of a force field should measure
the torque it exerts on a mass per unit moment of inertia.

Md&-men xo0dn chia cho moment qudn tinh s& 1a d trén dt clda van téc goc. Tdi d€ cho cac
gido vién vat li cia ban quyét dinh xem phai d ung ki hiéu gi cho nhitng th nay. N6 tudng
tu nhu luc chia cho khdi lugng bang gia tdc, chinh 1a d trén dt cda van tdc. Va vi vdy bay
gi& ban thdy néu curl cia mdét trudng vén téc do van t8c goc cla su quay thi, bédng su
tuong tu nay, curl cita mét trudng luc s& do md-men xodn tac dung 1én mot vat ndng trén
mot don vi moment quan tinh.

Concretely, if you imagine that you are putting something in there, you know, if you
are in a velocity field the curl will tell you how fast your guy is spinning at a given
time. If you put something that floats, for example, in your fluid, something very

light then it is going to start spinning. And the curl of a velocity field tells you how

fast it is spinning at any given time up to a factor of two. And the curl of a force field
tells you how quickly the angular velocity is going to increase or decrease. OK.

Cu thé, néu ban tudng tudng rang ban dang dat cai gi & d6, ban da biét, néu ban dang &
trong mot trudng van toc curl sé cho ban biét vat cia ban dang quay nhanh nhu thé nao
tai mot thdi gian nhat dinh. Néu ban d3t mét cai gi dé ndi, vi du, trong chét 16ng, véat gi dé
rat nhe thi né sé& bat dau quay. Va curl cia mét trudng van téc cho ban biét né quay nhanh
nhu thé& nao tai mot thdi diém cho trudc 1én dén mot hé sé hai. Va curl ctia mdt trudng luc
cho ban biét van t6c géc sé tang hodc giam nhanh nhu thé nao. bugc roi.

Well, next time we are going to see Green's theorem which is actually going to tell us

a lot more about curl and failure of conservativeness.

Vang, budi sau ching ta s& hoc dinh li Green , nd s& cho ching ta biét thém vé curl va su
khong bao toan.



