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OK, let's start. So, first of all, some information. So, some information about the
test. So, most of you did better this time than on the first exam. That's good news.
The class median was 85. That means half of you got more than 85. Half of you got
less than 85. Passing is still at 65. So, roughly speaking, again, these letters don't
mean anything because what we do is we'll add all your scores together and see
based on that. But, if you want to know roughly what it means, I'd say A
corresponds to 90 or more. B corresponds to 80 or more, and C corresponds to 65
just to give you a rough feeling.

Now, of course, it depends a lot on how you do on homework and things like that.
So, if you got 78, it doesn't mean that you're a C student. It just means not much.
Also, so if you didn't pass, then you should take the makeup. There was one makeup
yesterday. Well, I guess it's too late for that one. There's another one today, and
there's two more on Monday and Tuesday. Also, if you were absent for some reason,
you couldn't make it, if you were sick on Tuesday then please take a makeup.

OK, so that's, I think, it for announcements. And, now we are going to get something
new and exciting. So, basically the last few weeks, we've been doing derivatives.

Now, we're going to integrals. So -- OK, so more precisely, we are going to be

talking about double integrals. OK, so just to motivate the notion, let me just remind
you that when you have a function of one variable -- -- say, f of x, and you take its
integrals from, say, a to b of f of x dx, well, that corresponds to the area below the
graph of f over the interval from a to b.

Vang, vi vay do 13, tdi nghi, phan danh cho cac théng béo. Va, bay gid chiing ta sé& chuyén
sang van dé mdi va li thd. Vi vay, vé cd ban trong vai tuan qua, ching ta da tinh dao ham.
Bay gid, chldng toi sé tinh tich phan. Vang, - vang, do dé chinh xac han, ching ta sé néi vé
tich phan kép. Vang, d&€ cd mét khai niém, tdi s& nhac cho ban nhé rang khi ban c6 ham
mot bién - - gia s, f x, va ban |18y tich phan cta né tlr, giad s, a dén b f x dx , vang, diéu
do tudng 'ng vdi dién tich bén dudi d6 thi cia ham f trong khoang tir a dén b.

OK, so the picture is something like you have a; you have b. You have the graph of
f, and then what the integral measures is the area of this region. And, when we say
the area of this region, of course, if f is positive, that's what happens. If f is
negative, then we count negatively the area below the x axis. OK, so, now, when you
have a function of two variables, then you can try to do the same thing. Namely, you
can plot its graph. Its graph will be a surface in space. And then, we can try to look
for the volume below the graph. And that's what we will call the double integral of
the function over a certain region.

Vang, do dé hinh sé giéng nhu la ban cé a, ban c6 b. Ban c6 do thi cua f, va thé thi tich
phan do dién tich cdia ving nay. Va, khi ching ta néi dién tich cia vung nay, tat nhién,
néu f dudng, diéu dé hoan toan hgp li. Néu f am, thi ching ta tinh trir dién tich bén dudi
truc x. Bugc roi, vi vy, bay gid, khi ban c6 ham hai bién, thi ban c6 thé thir lam diéu
tudng tu. Cu thé, ban cé thé vé& db thi nd. Db thi cia nd s& 1a mot bé mat trong khdng
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gian. Va sau dd, ching ta th( tim thé tich bén dudi d6 thi. Va dé chinh 1a tich phan kép
clia ham trén mot mién nhat dinh.

OK, so let's say that we have a function of two variables, x and y. Then, we'll look at
the volume that's below the graph z equals f of xy. OK, so, let's draw a picture for
what this means. I have a function of x and y. I can draw its graph. The graph will

be the surface with equation z equals f of x and y. And, well, I have to decide where

I will integrate the function. So, for that, I will choose some region in the xy plane.
Vang, gia s rang ching ta c6 ham hai bién, x va y. Thé thi, ching ta hdy nhin vao thé
tich bén dudi d6 thi z bang f xy. Vang, vi vay, ching ta hdy v& hinh dé thdy rd y nghia cla
diéu nay. T6i c6 mot ham cua x va y. Téi co thé v& db thi ctia nd. Db thi sé |a bé mat ng
véi phuong trinh z bdng f cla x va y. Va, vang, tdi phai chon xem tbi sé& |18y tich phan ham
tUr ddu dén dau. Vi vay, dé€ lam diéu dd, tdi s& chon mét vung nao doé trong mat phdng xy.

And, I will integrate the function on that region. So, it's over a region, R, in the xy
plane. So, I have this region R and I look at the piece of the graph that is above this
region. And, we'll try to compute the volume of this solid here. OK, that's what the
double integral will measure. So, we'll call that the double integral of our region, R,
of f of xy dA and I will have to explain what the notation means. So, dA here stands



for a piece of area. A stands for area. And, well, it's a double integral. So, that's why
we have two integral signs.

Va, toi sé& I3y tich phan trén vung d6. Vi vay, né phu trén mot vung, R, trong mat phang
xy. Vi vay, toi cé vung R nay va téi xét mot phan do thi trén ving nay. Va, ching ta sé thir
tinh thé tich cta khdi nay & day. Vang, dé chinh 1a tich phan kép. Vang, chiing ta s& goi dé
la tich phan kép cua vung cua ching ta, R, cla f xy dA va t6i sé phai giai thich y nghia cua
ki hiéu. Vi vay, dA & day chi mét phan dién tich nho. A chi dién tich. Va, a, dé la tich phan
kép. Vi vay, dé la ly do tai sao ching ta c6 hai dau tich phéan.

And, we'll have to indicate somehow the region over which we are integrating. OK,
we'll come up with more concrete notations when we see how to actually compute
these things. That's the basic definition. OK, so actually, how do we define it, that's
not really much of a definition yet. How do we actually define this rigorously? Well,
remember, the integral in one variable, you probably saw a definition where you take
your integral from a to b, and you cut it into little pieces.

Va, ching ta sé phai chi ra vung |y tich phan. Vang, ching ta sé lam toan vdi nhitng ki
hiéu cu thé& han khi ching ta th8y cach tinh todn thuc su nhitng th& nay. Pé 1a dinh nghia
cG ban. Vang, vi vay thuc su, chdng ta dinh nghia né nhu thé nao, dé chua thuc su la dinh
nghia. Lam thé& ndo dé€ chlng ta dinh nghia cai nay chat ch&? Vang, hdy nhé rang, trong
tich phdn ham mét bién, ban cb thé thdy mot dinh nghia trong dé ban 1y tich phan tur a
dén b, va ban cdt né thanh nhitng doan nhé.

And then, for each little piece, you take the value of a function, and you multiply by
the width of a piece. That gives you a rectangular slice, and then you sum all of
these rectangular slices together. So, here we'll do the same thing. So, well, let me
put a picture up and explain what it does. So, we're going to cut our origin into little
pieces, say, little rectangles or actually anything we want.

Va sau do, dbi vdi tirng doan nhd, ban Idy gia tri cia ham s, va ban nhan véi chiéu dai
cua doan nhd. N6 la mot hinh chi{t nhat, va sau dé ban cdng tat ca nhitng dién tich hinh
chit nhat nay lai v&i nhau. Vi vay, & day chiang ta sé lam diéu tuong tu. Vi vay, vang,
hay dé téi dua 1én mot hinh vé& va giai thich né. Vi vy, chlng ta s& cdt mat ban dau cla
chldng ta thanh nhitng manh nhd, chang han, cé dang hinh chit nhat hodc bat c hinh
dang gi ma chung ta muén.

And then, for each piece, with the small area, delta A, we'll take the area delta a
times the value of a function in there that will give us the volume of a small box that
sits under the graph. And then, we'll add all these boxes together. That gives us an
estimate of a volume. And then, to get actually the integral, the integral will be
defined as a limit as we subdivide into smaller and smaller boxes, and we sum more
and more pieces, OK?

Va sau d6, d6i véi mdi manh, véi dién tich nho, delta A, ching ta sé& 18y dién tich delta A
nhan gia tri cia ham & d6 s& cho chiing ta thé tich cia mot hép nhd ndm d udi dd thi. Va
sau dd, ching ta s& cong thé tich cha tat ca cac hdp nay vdi nhau. Diéu d6 cho ching ta
mét cach tinh thé tich. Va sau dd, dé thuc su nhan dudc tich phan, tich phan s& dudc xac
dinh nhu gidi han khi ching ta chia thanh cac hop ngay cang nhé han, va chdng ta cong
ngay cang nhiéu manh hon, dang khong?

So, actually, what we do, oh, I still have a board here. So, the actual definition
involves cutting R into small pieces of area that's called delta A or maybe delta Ai,
the area of the i'th piece. And then, OK, so maybe in the xy plane, we have our
region, and we'll cut it may be using some grade. OK, and then we'll have each small
piece. Each small piece will have area delta Ai and it will be at some point, let's call it
Xi, yi ... yi, xi.

Vi vay, trén thuc té&, nhitng gi chlng ta lam, oh, tdi van con c6 mot t&m bang & day. Vi
vay, dinh nghia thuc su lién quan dén viéc cat R thanh nhitng manh dién tich nhé dugc goi
Ia delta A hodc cé thé |a delta Ai, dién tich ca manh th{ i. Va rdi, vang, nhu vay cb |18
trong mat phang xy, ching ta cé mién I8y tich phan clta chlng ta, va ching ta sé& cat n6
thanh nhitng phan cuc ki nho. Vang, va sau dé chiing ta sé cé tirng manh nho. Mdi manh



nho sé& c dién tich delta Ai va nd s& nam tai diém nao dd, gia s cé toa d6 1a xi, yi ... yi,
Xi.

And then, we'll consider the sum over all the pieces of f at that point, xi, yi times the
area of a small piece. So, what that corresponds to in the three-dimensional picture
is just I sum the volumes of all of these little columns that sit under the graph. OK,
and then, so what I do is actually I take the limit as the size of the pieces tends to
zero. So, I have more and more smaller and smaller pieces.

Va sau dd, ching ta sé& xét tdng thé tich cla céc tich f tai diém xi, yi nhén dién tich cla
mot manh nhd tuong ng. Vi vay, hinh anh ba chiéu ctia né chinh 1a téng thé tich cla
tdt ca cac cot nho nay nam dudi do thi. Vang, va sau dd, toi 18y gidi han khi kich thudt
cua cac manh ti€n téi khong. Vi vay, téi cé cang nhiéu manh han va cdc manh ngay nho
han.

And, that gives me the double integral. OK, so that's not a very good sentence, but
whatever. So, OK, so that's the definition. Of course, we will have to see how to
compute it. We don't actually compute it. When you compute an integral in single
variable calculus, you don't do that. You don't cut into little pieces and sum the
pieces together. You've learned how to integrate functions using various formulas,
and similarly here, we'll learn how to actually compute these things without doing
that cutting into small pieces.

Va, diéu do cho tdi tich phan kép. Vang, vi vy dd khong phai 1a phat biéu chat ché,
nhung béat ci diéu gi. Vang, dudc rdi, vi vay dé la dinh nghia. Tat nhién, ching ta sé
hoc cach tinh né. Ching ta khong thuc sy tinh nd. Khi ban tinh tich phan trong giai
tich ham mot bién, ban khdéng lam diéu d6. Ban khdng cét thanh nhitng doan nhé va
ban cong cac doan lai véi nhau. Ban da hoc cach tinh tich phan cac ham dung cac
cong thic khac nhau va tudng tu & day, ching ta sé hoc cach tinh nhitng tich phan
nay ma khong lam viéc dé cét thanh nhitng manh nho.

OK, any questions first about the concept, or what the definition is? Yes? Well, so
we'll have to learn which tricks work, and how exactly. But, so what we'll do actually
is we'll reduce the calculation of a double integral to two calculations of single
integrals. And so, for V, certainly, all the tricks you've learned in single variable
calculus will come in handy. OK, so, yeah that's a strong suggestion that if you've
forgotten everything about single variable calculus, now would be a good time to
actually brush up on integrals. The usual integrals, and the usual substitution tricks
and easy trig in particular, these would be very useful. OK, so, yeah, how do we
compute these things?

Vang, cé ai hdi gi v& khai niém, hodc dinh nghia nay khong? Sao? A, vi vay chilng ta sé&
phai hoc nhitng thu thuat tinh toan, va chinh xac la nhu thé nao. Nhitng gi ching ta sé
lam la dua viéc tinh tich phan kép thanh tinh hai tich phan don. Va nhu vay, déi véi V,
chéc chdn, t&t ca céc thu thudt ma ching ta da hoc trong gidi tich ham mot bién sé dugc
tan dung. Vang, vi vay, vang dé la mot dé nghi cap thiét la néu ban da quén moi thl vé
gidi tich ham mot bién, bay gid sé |a thdi diém t6t dé thuc su dn lai cac tich phan. Cac tich
phan binh thudng, va tha thuat thé thong thudng va dac biét |a lugng giac, nhitng thit nay
sé& rat hitu ich. Vang, vi vy, ddng rdi, lam thé& nao dé ching ta tinh nhitng th nay?



That's what we would have to come up with. And, well, going back to what we did
with derivatives, to understand variations of functions and derivatives, what we did
was really we took slices parallel to an axis or another one. So, in fact, here, the key
is also the same. So, what we are going to do is instead of cutting into a lot of small
boxes like that and summing completely at random, we will actually somehow scan
through our region by parallel planes, OK?

Do la nhitng gi chuing ta phai giai quyét. Va, a, quay lai nhitng gi chdng ta da lam vdéi
cac dao ham, d€ hiéu cac bién thién clia cdc ham va dao ham, nhiing gi ching ta d& lam
la thuc su ching ta chon nhitng manh song song vgi moét truc hoac mét manh khac . Vi
vay, trén thuc t€, & day, chia khda ciing tuong tu. Vi vay, nhitng gi ching ta sé lam la
thay vi cit thanh nhidu hop nho nhu vay va 18y tdng hoan toan ngau nhién, ching ta sé
quét qua mién xac dinh cua ching ta bdng cdc mat phang song song, ding khdng?

So, let me put up, actually, a slightly different picture up here. So, what I'm going to
do is I'm going to take planes, say in this picture, parallel to the yz plane. I'll take a
moving plane that scans from the back to the front or from the front to the back. So,
that means I set the value of x, and I look at the slice, x equals x0, and then I will

do that for all values of x0. So, now in each slice, well, I get what looks a lot like a
single variable integral. OK, and that integral will tell me, what is the area in this?
Well, I guess it's supposed to be green, but it all comes as black, so, let's say the
black shaded slice. And then, when I add all of these areas together, as the value of

x changes, I will get the volume. OK, let me try to explain that again.

Vi vdy, hdy dé toi dat 1én, mot hinh hai khac 18n ddy. Vi vdy, nhitng gi tdi sé& l1am 13 toi sé
chon cdc mét phang, chdng han trong hinh nay, song song véi mat phang yz. Téi sé 18y
mot mat phdng chuyén dong quét tir sau ra trudc hodc tir trudc ra sau. Vi vay, cd nghia la
toi thiét 1ap gid tri cla x, va tdi xét manh, x bang x0, va sau d6 t6i sé& lam diéu do cho tat
ca cac gia tri cta x0. Vi vay, bay gid néu xét moi manh, vang, dién tich cia né dugc tinh
rat giong trong tich phan ham mot bién. Vang, va tich phan dé sé cho chung ta biét, dién
tich trong nay la gi? Vang, t6i doan né dugc gia s la mau xanh 1a cdy, nhung tat ca déu la
mau den, vang, gia sif manh dudc to den. Va sau do, khi tdi cong tat ca nhirng dién tich
nay vdi nhau, khi gia tri cia x thay ddi, téi s& nhan dugc thé tich. Vang, hdy dé toi thir giai
thich diéu dé lai mot lan nira.

So, to compute this integral, what we do is actually we take slices. So, let's consider,
let's call s of x the area of a slice, well, by a plane parallel to the yz plane. OK, so on
the picture, s of x is just the area of this thing in the vertical wall. Now, if you sum

all of these, well, why does that work? So, if you take the origin between two parallel
slices that are very close to each other, what's the volume in these two things?

Vi vay, dé€ tinh tich phan nay, nhitng gi ching ta Iam la chdng ta chon cdc manh. Vi vay,
chlng ta hdy xét, ching ta hdy goi s x la dién tich cia manh, vang, né 1a mdt mat phang
song song v3i mat phang yz. Vang, do dd trén hinh, s x la dién tich cha cai nay trong blc
tudng thang ding. Bay gid, néu ban cdng tat ca nhitng cai nay, vang, tai sao diéu dé
ding? Vi vay, néu ban chon céi ban ddu ndm gilta hai manh song song rat gan nhau, thé
tich trong hai cai nay sé la gi?

Well, it's essentially s of x times the thickness of this very thin slice, and the
thickness would be delta x0 dx if you take a limit with more and more slices. OK, so
the volume will be the integral of s of x dx from, well, what should be the range for
x? Well, we would have to start at the very lowest value of x that ever happens in
our origin, and we'd have to go all the way to the very largest value of x, from the
very far back to the very far front. So, in this picture, we probably start over here at
the back, and we'd end over here at the front.

Véng, vé cd ban dd 1a s x nhan dd day clia manh rdt nho nay, va dd day sé bang delta x0
dx néu ban |dy gidi han v3i ngay cang nhiéu manh hon. Vang, do do, thé tich sé la tich
phan s clia x dx tr, a, x nam trong khoang nao? Vang, ching ta sé& phai bat dau tir gia tri
thap nhat cla x da tirng xay ra & g6c toa do cua ching ta, va ching ta phai di hét dudng
dén gia tri I6n nhat cla x, tr rdt xa phia sau dén rat xa phia trudc. Vi vay, trong hinh nay,



chiing ta c6 thé bat dau & day, tai phia sau, va ching ta s& két thic ¢ day tai phia trudc.

So, let me just say from the minimum, x, to the maximum x. And now, how do we
find S of x? Well, S of x will be actually again an integral. But now, it's an integral of
the variable, y, because when we look at this slice, what changes from left to right is
y. So, well let me actually write that down. For a given, x, the area S of x you can
compute as an integral of f of x, y dy. OK, well, now x is a constant, and y will be the
variable of integration. What's the range for y? Well, it's from the leftmost point here
to the rightmost point here on the given slice.

Vi vay, gia s tdi ndi 1a tur cuc tiéu, x, dén cuc dai x. Va bay gid, ching ta tim S x nhu thé
nao? Vang, S x sé lai la mot tich phan. Nhung bay gid, né la mot tich phan cua bién sg, v,
bai vi khi chiing ta nhin vao manh ndy, nhitng gi thay ddi tur trdi sang phai Ia y. Vang, a
hay dé téi viét diéu d6 ra. BSi véi mot x cho trudc, dién tich S x ban cd thé tinh nhu 1a mét
tich phan cla f cda x, y dy. Vang, a, bay gid x la mot hang s6, va y sé& la bién cua tich
phan. y ndm trong khoang nao? Vang, né tr diém bén trai cung & day dén diém bén phai
clung & day trén manh nao do.

So, there is a big catch here. That's a very important thing to remember. What is the
range of integration? The range of integration for y depends actually on x. See, if I
take the slice that's pictured on that diagram, then the range for y goes all the way
from the very left to the very right. But, if I take a slice that, say, near the very
front, then in fact, only a very small segment of it will be in my region.

Vi vay, c6 mot cai biy & day. D6 1a mot didu rat quan trong can nhd. Khang 18y tich phan
la gi? Khoang lay tinh phan cla y thuc su phu thudc v ao x. Xem nao, néu téi chon manh
dudgc vé trén do thi do, thi pham vi cla y di toan bé dudng tur rat trai sang rat phai.
Nhung, néu tdi chon manh & dd, chdng han, rét gén phia trudc, thi qua thuc, chi cé6 mot
doan rat nhé cua né thuéc mién 1ay tich phan caa toi.

So, the range of values for y will be much less. Let me actually draw a 2D picture for
that. So, remember, we fix X, so, sorry, so we fix a value of x. OK, and for a given
value of x, what we will do is we'll slice our graph by this plane parallel to the yz
plane. So, now we mention the graph is sitting above that. OK, that's the region R.

We have the region, R, and I have the graph of a function above this region, R. And,
I'm trying to find the area between this segment and the graph above it in this

vertical plane. Well, to do that, I have to integrate from y going from here to here.

Vi vay, khoang gia tri cia y nho hon nhiéu. D€ téi v& anh hai chiéu cia n6. Vi vay, hdy nhé
rang, ching ta sé gitr x khéng d6i, vang, xin 10i, vang ching ta gill ¢ dinh mét gia tri cua
x. Vang, va d6i véi moi gia tri nhat dinh clia x, nhitng gi ching ta s& lam la chidng ta sé& cét
d6 thi clia chldng ta bdng mat phang song song v3i mat phang yz. Vang, bay gid chdng ta
sé dé cap dén do thi trén dé. Vang, dé la mién R. Chlang ta c6 mién lay tich phan, R, va toi
c6 do thi cia ham trén vung nay, R. Va, toi sé thir tim dién tich giita nhirng doan nay va
d6 thi trén nd trong mat phdng thdng dirng nay. Vang, dé Iam diéu do, téi phai I8y tich
phan y di tir day dén day.



I want the area of a piece that sits above this red segment. And, so in particular, the
endpoints, the extreme values for y depend on x because, see, if I slice here instead,
well, my bounds for y will be smaller. OK, so now, if I put the two things together,
what I will get -- -- is actually a formula where I have to integrate -- -- over x -- --
an integral over y. OK, and so this is called an iterated integral because we iterate
twice the process of taking an integral.

T6i muén dién tich cia manh nam trén doan mau do nay. Va, do dd, dac biét la, cac
diém mut, gia tri cia y tai bién phu thudc vao x bdi vi, xem nao, néu thay vao dé toi cat
G day, vang, cac bién clia y sé nho han. Vang, vay bay gig, néu téi dat hai th( véi nhau,
nhirng gi toi sé nhan dudgc - - that su la mot cong thic ma t6i phai 13y tich phan - - trén
x - -tich phan trén y. Vang, va vi thé day dudc goi la mot tich phan lap bdi vi ching ta
lap hai lan qua trinh 13y tich phan.

OK, so again, what's important to realize here, I mean, I'm going to say that several
times over the next few days but that's because it's the single most important thing
to remember about double integrals, the bounds here are just going to be numbers,
OK, because the question I'm asking myself here is, what is the first value of x by
which I might want to slice, and what is the last value of x? Which range of x do I
want to look at to take my red slices? And, the answer is I would go all the way from
here, that's my first slice, to somewhere here.

Véang, vi vay mét lan nita, diéu quan trong cén nhan ra ¢ day, y téi la, toi sé ndi réng
nhiéu Ian trong vai ngay tié€p theo nhung do la bdi vi né la diéu quan trong nhat can nhé
vé tich phan kép, cac bién & day sé la cac con sg, vang, vi cau héi ma to6i tu hoi & day |3,
gia tri dau tién cla x ma tdéi mudn cat qua la gi, va gia tri cubi cing cla x la gi? Khoang
nao cla x ma tdi muén xét d& chon cac mat cdt mau dé cla tdi? Va, ciu tra I5i 1a toi s& di
hét toan bd dudng tlir day, do la mat cat dau tién cda tdi, d&n mot noi nao d6 & day.

That's my last slice. For any value in between these, I will have some red segment,
and I will want to integrate over that that. On the other hand here, the bounds will
depend on the outer variable, x, because at a fixed value of x, what the values of y
will be depends on x in general. OK, so I think we should do lots of examples to
convince ourselves and see how it works. Yeah, it's called an iterated integral
because first we integrated over y, and then we integrate again over x, OK? So, we
can do that, well, I mean, y depends on x or x depends, no, actually x and y vary
independently of each other inside here. What is more complicated is how the
bounds on y depend on x.

Dé 1a mat cat cubi clung cla tdi. DGi v3i bat ky gia tri nao gilra nhiing cai nay, t6i sé co
doan mau do nao dé va téi mudn lay tich phan trén dd. Mat khac & day, cac bién sé phu
thudc vao bién bén ngoai, x, bdi vi tai mot gia tri cd dinh clia x, ndi chung khoang gia
tri cia y s& phu thudc vao x. Vang, vi vy ching ta sé lam nhiéu vi du dé tu thuyét phu
chung ta va xem quy luat ctia né nhu thé nao. Vang, né dugc goi la tich phan lap vi
trudc hét chang ta 13y tich phan theo y, va sau dé chung ta lay lai ldy tich phan theo x,
ddng khdng? Vi vay, chiing ta cé thé lam diéu dd, vang, y téi 1a, y phu thudc vao x hoac
x phu thudc, khéng, thuc su x va y bién d&i mot cach ddc 1ap nhau bén trong day. Van
dé phirc tap 6 day la su phu thudc cla cac bién cta y vao x.

But actually, you could also do the other way around: first integrate over x, and then
over y, and then the bounds for x will depend on y. We'll see that on an example.
Yes? So, for y, I'm using the range of values for y that corresponds to the given

value of x, OK? Remember, this is just like a plot in the xy plane. Above that, we
have the graph. Maybe I should draw a picture here instead. For a given value of x,
so that's a given slice, I have a range of values for y, that is, from this picture at the
leftmost point on that slice to the rightmost point on that slice. So, where start and
where I stop depends on the value of x. Does that make sense? OK.

Nhung thuc su, ban cling cé thé lam theo cach khac: dau tién I8y tich phan theo x, va sau
do theo y, va thé thi cac bién cla x sé phu thudc vao y. Chang ta sé thdy diéu dé qua mot
vi du. Sao? Vi vay, doi véiy, tdi sé sir dung khoang gia tri clia y tuong Ung vdi gia tri cho



trudc ctia x, dung khdéng? Hay nhé rdng, cdi nay giéng nhu dd thi trong mat phdng xy. Trén
dd, chung ta cé do thi. Co6 I€ t6i nén vé hinh & day. B6i v8i mot gia tri nhat dinh clda x, vi
vay dé la mot mat cat nhéat dinh, t6i c6 mot khoang gia tri cia y, nghia Ia, tu hinh vé& nay
tai diém trai cung trén mat cat dé dén diém bén phai cling trén mat cdt dé. Vi vay, ndi bat
dau va ngi két thiuc phu thudc vao gia tri cla x. Biéu d6 cé y nghia khong? bugc roi.

OK, no more questions? OK, so let's do our first example. So, let's say that we want
to integrate the function 1-x~2-y~2 over the region defined by x between 0 and 1,
and y between 0 and 1. So, what does that mean geometrically? Well, z = 1-x"2-
y~2, and it's a variation on, actually I think we plotted that one, right? That was our
first example of a function of two variables possibly. And, so, we saw that the graph
is this paraboloid pointing downwards. OK, it's what you get by taking a parabola
and rotating it.

Véng, c6 thém cau hoi nao khdéng? Vang, vay hay lam vi du dau tién. Vang, gia s rang
chlng ta mudn I8y tich phan ham 1-x ~ 2-y ~ 2 trén ving dudc xac dinh bdi x nam
gilta 0 va 1, va y gilra 0 va 1. Vang, y nghia hinh hoc ctia n6 la gi? Vang, z = 1-x » 2 -
y N 2, va do la mot su bién thién, thuc su téi nghi chdng ta da vé doé thi cai dé, dung
khéng? D6 cling la vi du dau tién vé ham hai bién. Va, nhu vay, ching ta thay d6 thi la
paraboloid hudng xuéng nhu thé€ nay. Vang, dd Ia nhirng gi ban nhdn dudc bang céch
|dy mot parabol va xoay né.

And now, what we are asking is, what is the volume between the paraboloid and the
xy plane over the square of side one in the xy plane over the square of side one in
the xy plane, x and y between zero and one. OK, so, what we'll do is we'll, so, see,
here I try to represent the square. And, we'll just sum the areas of the slices as, say,
x varies from zero to one. And here, of course, setting up the bounds will be easy
because no matter what x I take, y still goes from zero to one. See, it's easiest to do
double integrals what the region is just a rectangle on the xy plane because then you
don't have to worry too much about what are the ranges. OK, so let's do it. Well,
that would be the integral from zero to one of the integral from zero to one of 1-
XN2-y~2 dy dx.

Va bay gid, nhitng gi ching ta hoi 13, thé tich gilta paraboloid va méat phdng xy trén
mét canh cua hinh vudng trong mat phang xy, trén mot canh clia hinh vudng trong
mat phdng xy, x va y ndm gilra khdng va mét. Vang, vi vay, nhiing gi ching ta sé& lam
la ching ta s&, vang, thdy khong, & day to6i thir biéu dién mot hinh vudng. Va, ching
ta s& cong dién tich cia cdc mat cdt, giad s, khi x thay d6i tir khéng dén mot. Va &
day, tat nhién, dit cac bién s& dé bdi vi toi chon x b&ng bao nhiéu khéng quan trong, y
van con di tir khong dén mot. Xem nao, tinh tich phan kép trén mién xac dinh hinh
chit nhat trong mét phang xy |a dé nhat vi sau d6 ban khdng phai lo I&ng qua nhiéu vé
pham vi cla cac bién. Vang, vi vay hdy lam diéu dé. Vang, do sé la tich phan tir khéng
dén mot cda tich phan tir khong dén mot ciia 1 - x A 2-y A 2 dy dx.



So, I'm dropping the parentheses. But, if you still want to see them, I'm going to put
that in very thin so that you see what it means. But, actually, the convention is we
won't put this parentheses in there anymore. OK, so what this means is first I will
integrate 1-x”~2-y~2 over y, ranging from zero to one with x held fixed. So, what
that represents is the area in this slice. So, see here, I've drawn, well, what happens
is actually the function takes positive and negative values. So, in fact, I will be
counting positively this part of the area. And, I will be counting negatively this part

of the area, I mean, as usual when I do an integral.

Vi vay, toi s& bd ddu ngodc. Nhung, néu ban vadn mudn nhin thdy ching, toi s& dit no rat
mong dé cho ban thdy y nghia cta né. Tuy nhién, qua thuc, quy udc la ching ta sé& khéng
dat dau ngoac nay & do6 nita. Vang, vi vay nhitng gi cai nay mudn néi la dau tién to6i sé lay
tich phéan 1-x ~ 2-y ~ 2 theo y, chay tir khéng d&n mét véi x dudc gilt khéng ddi. Vi vay,
né biéu dién dién tich trong mat cit nay. Vi vay, thady khong & day, toéi da vé&, vang, nhing
gi xay ra thuc su la ham 138y cac gia tri duong va am. Vi vay, trén thuc té€, t6i sé tinh phan
dudng nay cua dién tich. Va, toi sé tinh phan am cuda dién tich nay, y tbi la, nhu thudng 1é
khi toi tinh tich phan.

OK, so what I will do to evaluate this, I will first do what's called the inner integral.
So, to do the inner integral, well, it's pretty easy. How do I integrate this? Well, it
becomes, so, what's the integral of one? It's y. Just anything to remember is we are
integrating this with respect to y, not to x. The integral of x~2 is x~2 times y. And,
the integral of y*2 is y»~3 over 3. OK, and that we plug in the bounds, which are
zero and one in this case. And so, when you plug y equals one, you will get one
minus x~2 minus one third minus, well, for y equals zero you get 0, 0, 0, so nothing
changes. OK, so you are left with two thirds minus x” 2.

Vang, vi vay toi sé tinh cai nay, dau tién toi sé lam nhitng gi dudc goi la tich phan bén
trong. Vi vay, dé |am tich bén trong, vang, né kha d&. Lam thé& ndo dé tinh tich phan cai
nay? Vang, né trg thanh, vang, tich phan ciia mét la gi? Bang y. Chi cdn nhd la ching ta
|dy tich phan cdi nay theo y, khong phai theo x. Tich phan clia x ~ 2 la x ~ 2 nhan y. Va,
tich phénciay ~ 2 lay » 3 trén 3. Vang, va ching ta thé cac can vao, dé la khong va
mot trong trudng hdp nay. Va nhu vy, khi ban thé y b&ng mét, ban s& nhan dugc mot trur
X A 2 trir mot phan ba trir, vdng, cho y bdng khéng ban s& nhén dugc 0, 0, 0, vi vay
khéng cé gi thay d6i. Vang, vi vdy ban dudc két qua cubi cung la hai phan ba trir x ~ 2.

OK, and that's a function of x only. Here, you shouldn't see any y's anymore because
y was your integration variable. But, you still have x. You still have x because the
area of this shaded slice depends, of course, on the value of x. And, so now, the
second thing to do is to do the outer integral. So, now we integrate from zero to one
what we got, which is two thirds minus x~2 dx. OK, and we know how to compute
that because that integrates to two thirds x minus one third x~3 between zero and
one.

Vang, va dé la mot ham chi theo x. O day, ban sé khong thdy bat ky y nao nira vi y la bién
tich phan cla ban. Tuy nhién, ban van con x. Ban van cé x bdi vi dién tich cia mat cit
dugc td nay phu thudc, tat nhién, vao gia tri clia x. Va, vi vy bay gid, diéu th& hai d& lam
la tinh tich phan bén ngoai. Vi véy, bay giG chung ta Ié’y tich phan tr khéng dén mét cta
két qua vlra ro6i, la hai phan ba trir x ~ 2 dx. Vang, va chung ta biét cach tinh né bgi vi né
bdng hai phan ba x tr&r mét phén ba x ~ 3 giita khdong va mot.

And, I'll let you do the computation. You will find it's one third. OK, so that's the final
answer. So, that's the general pattern. When we have a double integral to compute,
first we want to set it up carefully. We want to find, what will be the bounds in x and
y? And here, that was actually pretty easy because our equation was very simple.
Then, we want to compute the inner integral, and then we compute the outer
integral. And, that's it.

Va, t6i sé& dé€ cho ban tinh toan. Ban sé& tim dudgc né bang moét phan ba. Vang, do

do, dé la cau tra IGi cuGi cung. Vi vay, dé la mo hinh chung. Khi chdng ta céan tinh

tich phan kép, dau tién ching ta phai thiét 1ap né cin than. Ching ta muén tim,

cac can cla x va y 1a gi? Va & day, né thuc su kha dé bai vi phudng trinh clia ching



ta rat don gian. Thé thi, ching ta mudn tinh tich phan bén trong, va sau do chuing
ta tinh tich phan bén ngoai. Va, né nhu vay do.

OK, any questions at this point? No? OK, so, by the way, we started with dA in the
notation, right? Here we had dA. And, that somehow became a dy dx. OK, so, dA
became dy dx because when we do the iterated integral this way, what we're

actually doing is that we are slicing our origin into small rectangles. OK, that was the
area of this small rectangle here? Well, it's the product of its width times its height.
So, that's delta x times delta y. OK, so, delta a equals delta x delta y becomes...
Vang, cé bat ky cau hoi nao vao Idc nay khéng? Khdong cé a? Vang, vang, nhan day, chidng
ta bat dau véi dA trong ky hiéu, phai khong? O day ching ta d& cé dA. Va, né béng dx dy.
Vang, vi vay, dA thanh dy dx bai vi khi ching ta tinh cac tich phan lap lai theo cach nay,
nhiing gi ching ta dang thuc su lam la ching ta cét cai ban dau clia ching ta thanh cac
hinh ch{f nhat nha. Vang, dé la dién tich ctua hinh chir nhat nhé nay & day? Vang, dé la tich
clia chiéu rdng nhan chiéu cao cta nd. Vi vay, nd bang delta x nhan delta y. Vang, vi vay,
delta A bdng delta x delta y trd thanh ...

So actually, it's not just becomes, it's really equal. So, the small rectangles for. Now,

it became dy dx and not dx dy. Well, that's a question of, in which order we do the
iterated integral? It's up to us to decide whether we want to integrate x first, then vy,
or vy first, then x. But, as we'll see very soon, that is an important decision when it
comes to setting up the bounds of integration. Here, it doesn't matter, but in general
we have to be very careful about in which order we will do things. Yes? Well, in
principle it always works both ways.

Vi vay, trén thuc t€, né khéng chi trd thanh, nd thuc su bang. Vi vay, hinh chi nhat nhd
cho. Bay gid, nd trd thanh dy dx va khong phai dx dy. Vang, d6 la mot cau héi vé, ching ta
thuc hién tich phan 1ap theo th tu nao? N6 budc ching ta phai quyét dinh xem 13y tich
phan x trudc, roéi dén y hodc y trudc, sau doé dén x. Nhung, nhu chdng ta sé thdy ngay, dé
I& moOt quyét dinh quan trong khi dé&n phan thiét 1ap cac can cla tich phan. O day, n6 khéng
quan trong, nhung ndi chung ching ta phai rat cdn than vé viéc chlng ta sé& lam cac th(
theo th( tu ndo. Sao? Vang, vé nguyén tac nd ludn ludn cho cung mét két qua ddi vai ca
hai cach.

Sometimes it will be that because the region has a strange shape, you can actually
set it up more easily one way or the other. Sometimes it will also be that the
function here, you actually know how to integrate in one way, but not the other. So,
the theory is that it should work both ways. In practice, one of the two calculations



may be much harder. OK. Let's do another example. Let's say that what I wanted to
know was not actually what I computed, namely, the volume below the paraboloid, but
also the negative of some part that's now in the corner towards me. But let's say
really what I wanted was just the volume between the paraboloid and the xy plane,
so looking only at the part of it that sits above the xy plane.
Dai khi s& cé trudng hdp bdi vi mién xac dinh ¢ hinh dang la, ban cé thé thiét I&p né dé
dang han theo cach nay ch(& khéng phai cach khac. D6i khi cling la ham nay, ban thuc su
bi€t cach tinh tich phan theo mot cach, nhung khong phai cach khac. Vi vay, theo ly
thuyét nd sé dung theo ca hai cach. Trong thuc t&, mot trong hai tinh toan
cb thé khé hon nhiéu. Vang. Hay dé todi Iam mot vi du khac. Gia s rang nhitng gi toi
mudn biét d& khéng dudc thuc su dlng véi nhitng gi tdi tinh, cu thé 13, thé tich bén dudi
paraboloid, nhung cling la phan am cla phan nao dé bay gid & géc hudng vé toi. Nhung
gia sir réng tdi mudn tinh thé tich gilta paraboloid va mat phang xy, vang chi xét phan
clia né nam trén mat phang xy.

So, that means, instead of integrating over the entire square of size one, I should
just integrate over the quarter disk. I should stop integrating where my paraboloid
hits the xy plane. So, let me draw another picture. So, let's say I wanted to

integrate, actually -- So, let's call this example two. So, we are going to do the same
function but over a different region. And, the region will just be, now, this quarter
disk here. OK, so maybe I should draw a picture on the xy plane. That's your region,
R.

Vi vay, diéu do cb nghia la, thay vi 18y tich phan trén toan bd hinh vudng kich thudt béng
mot, tbi chi can 1ay tich phan trén mot phan tu dia. Toi nén ding viéc lay tich phan trong
dé paraboloid cham mat phang xy. Vi vy, hdy dé téi v& hinh khac. Vi vay, gia s rdng toi
mudn |3y tich phan, thuc su - Vi vay, hay goi day la vi du hai. Vi vay, chlng ta sé tinh tich
phan ham tuong tu nhung trén vung khac. Va, mién lay tich phan sé la, bay gid, mot phan
tu dia nay & day. Vang, vi vy cb 18 tdi nén vé hinh trén mat phang xy. D4 la mién I8y tich
phan cua ban, R.

OK, so in principle, it will be the same integral. But what changes is the bounds. Why
do the bounds change? Well, the bounds change because now if I set, if I fixed some
value of x, then I want to integrate this part of the slice that's above the xy plane
and I don't want to take this part that's actually outside of my disk. So, I should stop
integrating over y when y reaches this value here. OK, on that picture here, on this
picture, it tells me for a fixed value of x, the range of values for y should go only
from here to here. So, that's from here to less than one.

Vang, vi vy, vé& nguyén tdc, nd sé la tich phan tuong tu. Nhung nhitng gi thay déi la cac
can. Tai sao cac can thay dGi? Vang, cac can thay ddi bdi vi bay gid néu téi cho, néu tbi cd
dinh mot gia tri nao dé cla x, sau dé t6i mudn 18y tich phan phan nay cua mat cat trén
mat phang xy va tdi khdng muén 18y phan nay & bén ngoai dia clta tdi. Vi vay, tdi nén
dung viéc lay tich phan theo y khi y dat dén gia tri nay & day. Vang, trén hinh & day, trén
hinh nay, né cho toi gia tri xac dinh clda x, pham vi cac gia tri cia y chi nén di tir day dén
day. Vi vay, no di tir day dén nho hon mot.

OK, so for a given, x, the range of y is, well, so what's the lowest value of y that we
want to look at? It's still zero. From y equals zero to,what's the value of y here?

Well, T have to solve in the equation of a circle, OK? So, if I'm here, this is x~2 y"2
equals one. That means y is square root of one minus x~2. OK, so I will integrate
from y equals zero to y equals square root of one minus x~2. And, now you see how
the bound from y will depend on the value of x. OK, so while I erase, I will let you
think about, what is the bound for x now?

Vang, vi vay déi vGi x cho trudc, khoang gia tri cua y la, vang, vi vay gia tri nhé nhat cta y
ma ching ta muén xét 1a gi? N6 van la khéng. TU y bang khéng dén, gia tri cha y & day la
gi? Vang, t6i phai giai phuong trinh cia moét dudng tron, dang khéng? Vi vay, néu téi &
day, day la x ~ 2y A 2 bédng mét. Diéu d6 cd nghia y bdng cdn béc hai cia mdt trir x ~ 2.
Véng, vi vay toi sé |8y tich phan tlr y bdng khéng dén y bang can b&c hai ciia mot tror x ~
2. Va, bay gid ban sé thdy cac can cla y sé phu thubc vao x nhu thé nao. Vang, do do,
trong khi tdi x6a, téi sé& d€ cho ban suy nghi v&, can cla x by gid la gi?



It's a trick question. OK, so I claim that what we will do -- We write this as an
iterated integral first dy then dx. And, we said for a fixed value of x, the range fory
is from zero to square root of one minus x~2. What about the range for x? Well, the
range for x should just be numbers. OK, remember, the question I have to ask now
is if I look at all of these yellow slices, which one is the first one that I will consider?
Which one is the last one that I want to consider? So, the smallest value of x that I
want to consider is zero again.

D6 la mét cau hoi manh khde. Vang, vi vay tdi cho rang nhitng gi chdng ta sé& lam -
Chung ta viét cai nay nhu tich phan lap trudc hét la dy sau dé dén dx. Va, ching ta da
noi doi véi gia tri xac dinh clia x, khoadng gia tri cha y di tir khong dén can bac hai cua
mot trir x ~ 2. Thé con khodng gia tri clia x thi sao? Vang, khoang gia tri cia x sé la cac
con s8. Vang, hdy nhd, cdu hoi ma tdi phai hoi bay gid la néu tdi xét tat ca cdc mat cat
vang nay, cai nao la cai dau tién ma téi sé xét? Cai nao la cai cubi cung ma téi mudn
xét? Vi vay, gia tri nho nhat ciia x ma toi mudn xem xét lai la khong.

And then, I will have actually a pretty big slice. And I will get smaller, and smaller,

and smaller slices. And, it stops. I have to stop when x equals one. Afterwards,

there's nothing else to integrate. So, x goes from zero to one. OK, and now, see how
in the inner integral, the bounds depend on in the inner integral, the bounds depend
on X. In the outer one, you just get numbers because the questions that you have to
ask to set up this one and set up that one are different.

Va sau dé, t6i sé thuc su' cé mat cat kha 18n. Va tdi sé& nhén dudc nhitng mat cat ngay cang
nhoé hon. Va, né dirng lai. Téi phai dirng lai khi x bdng mdt. Sau dd, khdng ¢ gi khac dé
tinh tich phan. Vi vay, x di ti khong dén moét. Vang, va bay gid, xem trong tich phan bén
trong, cac can phu thubc nhu thé nao, cac can phu thubc vao x. Trong tich phan ngoai, ban
chi nh&n dudc cac s6 vi nhitng cdu hdi ma ban phai tra I5i d€ thiét 1ap cai nay va thiét 1ap
cai dé khac nhau.

Here, the question is, if I fix a given, x, if I look at a given slice, what's the range for
y? Here, the question is, what's the first slice? What is the last slice? Does that make
sense? Everyone happy with that? OK, very good. So, now, how do we compute
that? Well, we do the inner integral. So, that's an integral from zero to square root of
one minus x”2 of one minus x~2 minus y~2 dy. And, well, that integrates to y-
xN2y-y~ 3 over three from zero to square root of one minus x" 2.

O day, cau hdi la, néu tdi c6 dinh x nao do, néu téi xét mat cét nao db, khoang gié tri cla
y 1a gi? O déay, cau héi 1a, mat cit dau tién |1a gi? M3t cdt cudi cung la gi? Diéu d6 cd y
nghia gi khong? Moi ngudi déu hanh phuc véi diéu dé chi? Vang, rat tot. Vi vay, bay gid,
ching ta tinh né nhu thé nao? Vang, ching ta tich tich phan bén trong. Vi vay, dé la tich
phan tir khéng dén can bac hai cia mot trir x A 2 cila mot trr x ~ 2 triry ~ 2 dy. Va,
vang, tich phan ctia né la y-x ~ 2y-y ~ 3 trén ba tlr khong dén can bac hai cia mot trir x
N 2.



And then, that becomes, well, the root of one minus x~2 minus x”~2 root of one

minus X2 minus y minus x~2 to the three halves over three. And actually, if you

look at it for long enough, see, this says one minus x”2 times square root of one
minus x~2. So, actually, that's also, so, in fact, that simplifies to two thirds of one
minus xN2 to the three halves. OK, let me redo that, maybe, slightly differently. This
was one minus x~2 times y. So -

Va sau do, ndé sé& bang, vang, cdn bac hai ciia mot trir x ~ 2 trir x ~ 2 can cta mot trir x
A2 triry trr x ~ 2 mi ba phan hai. Va trén thuc té, néu ban nhin vao né du lau, xem
nao, diéu nay nghia la mét trir x ~ 2 nhan can bac hai cia mét trir x ~ 2. Vi vay, trén
thuc té, do ciing la, vi vay, qua thuc, né don gian hoa thanh hai phan ba cia mét trir x
2 dén ba phan hai. Vang, hay dé téi lam lai diéu dd, cé |18, hoi khac. Pay la mot trir x ~ 2
nhan vy. Vi vay -

-- one minus X" 2 times y becomes square root of one minus x~2 minus y”~3 over
three. And then, when I take y equals zero, I get zero. So, I don't subtract anything.
OK, so now you see this is one minus x~2 to the three halves minus a third of it. So,
you're left with two thirds. OK, so, that's the integral. The outer integral is the
integral from zero to one of two thirds of one minus x~2 to the three halves dx.

- mot trr x A 2 nhan y thanh can bac hai cia mét trr x ~ 2 trir y ~ 3 trén ba. Va sau do,
khi téi chon y bang khéng, tdi nhan dugc khéng. Vi vay, téi khdng trir bat clr cai gi. Vang,
vay bay gid ban thay day la moét trir x ~ 2 dén ba phan hai trir mot phan ba ctia né. Vi
vay, ban con lai hai phan ba. Vang, nhu vy, do |a tich phan. Tich phén bén ngoai béng
tich phan tir khong dé€n mot clia hai phan ba cia mot trr x ~ 2 dén ba phan hai dx.

And, well, I let you see if you remember single variable integrals by trying to figure out

what this actually comes out to be is it pi over two, or pi over eight, actually? I think
it's pi over eight. OK, well I guess we have to do it then. I wrote something on

my notes, but it's not very clear, OK? So, how do we compute this thing? Well, we
have to do trig substitution. That's the only way I know to compute an integral like
that, OK? So, we'll set x equal sine theta, and then square root of one minus x”2 will
be cosine theta.
Va, vang, tdi d& cho ban thdy néu ban nhd tich phdn ham mot bién bang cach thir tim ra
nhitng gi thuc su hién ra cé phai la pi trén hai, hodc pi trén tam khong? Toi nghi no la pi
trén tam. Vang, toi cling dodn chung ta phai lam né sau. Toi da viét moét cai gi do trén note
cua toi, nhung no khong rd rang, dung khéng? Vi vay, chdng ta tinh cai nay nhu thé nao?
Vang, ching téi phai thuc hién phép thé lugng gidc. D6 la cdch duy nhét toi biét dé tinh tich
phan nhu thé&, ding khdng? Vi vay, ching ta s& cho x bang sin theta, va sau d6 cadn bac hai
clia mot trir x ~ 2 s& bang cd sin theta.

We are using sine squared plus cosine squared equals one. And, so that will become
-- -- 50, two thirds remains two thirds. One minus x”2 to the three halves becomes
cosine cubed theta. dx, well, if x is sine theta, then dx is cosine theta d theta. So,
that's cosine theta d theta. And, well, if you do things with substitution, which is the
way I do them, then you should worry about the bounds for theta which will be zero
to pi over two. Or, you can also just plug in the bounds at the end.

Chung ta sé& dung sin binh c6ng cos binh bang mét. Va, do d6 nd sé tr§ thanh- - Vi vay,
hai phan ba van |13 hai phan ba. Mot trlif x ~ 2 d&n ba phan hai thanh c6 sin mii ba theta.
dx, a, néu x 13 sine theta, thi dx bdng cosin theta d theta. Vi vy, d6 1a cb sin theta d
theta. Va, vang, néu ban lam moi th( v&i phép thé, dé la cach téi lam ching, thi ban sé lo
I&ng vé cac can cla theta sé& 1a khéng dén pi trén hai. Hodc, ban cling cd thé thé cac bién
Vao sau clng.

So, now you have the two thirds times the integral from zero to pi over two of cosine
to the fourth theta d theta. And, how do you integrate that? Well, you have to use

double angle formulas. OK, so cosine to the fourth, remember, cosine squared theta
is one plus cosine two theta over two. And, we want the square of that. And, so that
will give us -- -- of, well, we'll have, it's actually one quarter plus one half cosine to
theta plus one quarter cosine square to theta d theta. And, how will you handle this



guy? Well, using, again, the double angle formula. OK, so it's getting slightly nasty.
So, but I don't know any simpler solution except for one simpler solution, which is
you have a table of integrals of this form inside the notes. Yes?

Vi vay, bay gid ban cé hai phan ba nhan tich phan tir khéng dén pi trén hai cta cosin cua 4
theta d theta. Va, chung ta Idy tich phan né nhu thé nao? Vang, ban phai stif dung cong
thdc ha bac ndng cung. Vang, vi vay cd sin th( tu, hdy nhg rang, cd sin binh theta bang
mot cong co sin hai theta trén hai. Va, ching ta mudén binh phuong né. Va, do dé diéu do
s& cho chlng ta - - cla, vang, ching ta sé& cd, nd thuc su bdng mot phan tu cdng mot
phan hai c6 sin theta c6ng mét phan tu cosin binh cla theta d theta. Va, ban x( li thang
nay nhu thé nao? Vang, moét lan nira, s dung céng thic ha bac nang cung. Vang, do do,
no tréd nén hgi khé chiu. Vang, nhung téi khéng biét bat ki nghiém dan gian nao ngoai trir
mot nghiém daon gian han, nd cé trong bang tich phan trong note. Sao?

No, I don't think so because if you take one half times cosine half times two, you will
still have half, OK? So, if you do, again, the double angle formula, I think I'm not
going to bother to do it. I claim you will get, at the end, pi over eight because I say
so. OK, so exercise, continue calculating and get pi over eight. OK, now what does the
show us? Well, this shows us, actually, that this is probably not the right way to
do this. OK, the right way to do this will be to integrate it in polar coordinates. And,
that's what we will learn how to do tomorrow.
Khong, toi khong nghi nhu vay bdi vi n€u ban 1dy mot phan hai nhan cosin mot phan hai
nhan hai, ban van sé cé dugc moét phan hai, ding khéng? Vi vy, néu ban 1am thé&, mot [&n
nifa, cdng thirc ha bac ndng cung, téi nghi t6i s& khéng ban tdm dé& lam diéu dd. Tdi cho
réng ban s& nhan dudc, lGc két thdc, pi trén tam vi tdi ndi nhu vay. Vang, vi vay bai tap,
ti€p tuc tinh toan va nhan dudc pi trén tam. Vang, bay gid diéu dé cho ching ta thay gi?
Vang, diéu nay cho ching ta théy, trén thuc té, cach nay cé |1& khéng phai |a cach ding dé
lam diéu nay. Vang, cach ding dé Iam diéu nay sé Ia 18y tich phan né trong hé toa dd cuc.
Va, chdng ta sé hoc van dé do vao ngay mai.

So, we will actually see how to do it with much less trig. So, that will be easier in
polar coordinates. So, we will see that tomorrow. OK, so we are almost there. I
mean, here you just use a double angle again and then you can get it. And, it's
pretty straightforward. OK, so one thing that's kind of interesting to know is we can
exchange the order of integration. Say we have an integral given to us in the order
dy dx, we can switch it to dx dy. But, we have to be extremely careful with the
bounds. So, you certainly cannot just swap the bounds of the inner and outer



because there you would end up having this square root of one minus x~2 on the
outside, and you would never get a number out of that.

Vi vay, ching ta thyc su sé thdy cach lam nd it dung lugng gidc han nhiéu. Vi vay, cai
do6 s& dé hon trong hé toa dd cuc. Vang, ching ta s& thay didéu dé vao ngay mai. Vang,
vi vay chling ta gan nhu & d6. Y t6i 1a, & day ban chi can st dung lai cong thirc ha bac
nang cung va sau d6 ban cé thé nhan dudgc né. Va, né kha dan gian. Vang, do do, cé
mot diéu Ii thi ma cac ban nén biét |a ching ta ¢ thé hodn ddi thd tu cla tich phan.
Gia sUr ching ta cé moét tich phan dugc cho theo thd tu dy dx, ching ta cé thé chu yén
né thanh dx dy. Nhung, chlng ta phai cuc ky cén than vdi cac can. Vi vy, chdc chén
ban khéng thé chi don thuén hodn ddi cac can cua tich phan bén trong va bén ngoai b di
vi @ d6 ban sé dudc két qua cé can bac hai cia moét trir x ~ 2 bén ngoai, va ban sé
khéng bao giG nhan dudc s6 ngoai dé.

So, that cannot work. It's more complicated than that. OK, so, well, here's a first
baby example. Certainly, if I do integral from zero to one, integral from zero to two
dx dy, there, I can certainly switch the bounds without thinking too much. What's

the reason for that? Well, the reason for that is this corresponds in both cases to
integrating x from zero to two, and y from zero to one. It's a rectangle. So, if I slice
it this way, you see that y goes from zero to one for any x between zero and two.

It's this guy. If I slice it that way, then x goes from zero to two for any value of y
between zero and one. And, it's this one. So, here it works. But in general, I have to
draw picture of my region, and see how the slices look like both ways.

Vi vy, diéu do khéng thé dling. N6 phirc tap haon cai dé. Vang, vi vay, a, day la mét vi du
nho dau tién. Chac chan, néu téi 18y tich phan tir khéng dén mét, tich phan tir khong dén
hai dxdy, & dd, tdi chac chan cé thé chuyén ddi cdc cdn ma khdng can suy nghi nhiéu. Tai
sao vay? Vang, nguyén nhan la cai nay tudng Ung vdi ca hai trudng hgp cua tich phan
theo x tUr khdong dén hai, va y tir khong dé€n mot. D6 la mot hinh chir nhat. Vi vay, néu toi
cdt no theo cach nay, ban thdy rang y di t&r khdng dé€n mot ddi véi bat ki x nao nam giira
khong va hai. D6 la thdng nay. Né&u tdi cat no theo cach dd, thi x di tir khong dén hai ddi
véi bat ky gia tri nao clia y ndm gilra khdng va mét. Va, no la cai nay. Vi vay, 6 day no
ding. Nhung ndi chung, tdi phai v& hinh mién I3y tich phan cla tbi, va xem cac mat cat cé
dang nhu thé nao trong ca hai cach.

OK, so let's do a more interesting one. Let's say that I want to compute an integral
from zero to one of integral from x to square root of x of e~y over y dy dx. So, why
did I choose this guy? Which is the guy because as far as I can tell, there's no way to
integrate e”™y over y. So, this is an integral that you cannot compute this way. So,
it's a good example for why this can be useful. So, if you do it this way, you are
stuck immediately. So, instead, we will try to switch the order. But, to switch the
order, we have to understand, what do these bounds mean? OK, so let's draw a
picture of the region. Well what I am saying is y equals x to y equals square root of
X.
Véng, ching ta hay lam mot diéu thu vi. Gia s rang téi mudn tinh tich phan tir khéng dén
mot cua tich phan tir x dén can bac hai cla x cia e ~ y trén y dy dx. Vang, tai sao toi
chon thdng nay? D6 1a thang bdi vi theo nhu téi biét, khdng cé cadch nao dé 1ay tich phan e
Ay trén y. Vi vdy, ddy |a mot tich phdn ma ban khéng thé tinh theo cach nay. Vi vay, dd
la mot vi du tot vé viéc tai sao diéu nay hitu dung. Vi vay, néu ban lam nd theo cach nay,
ban sa lay ngay. Vi vy, thay vao do, ching ta sé& thir chuyén th( tu. Tuy nhién, dé
chuyén dé&i th( tu, ching ta phai hi€u, y nghia cta cac can nay? Vang, vi vay hay dé toi vé
hinh mién 18y tich phan. Vang nhitng gi t6i s& ndi la y bang x dén y b&ng can bac hai ctia
X.

Well, let's draw y equals x, and y equals square root of x. Well, maybe I should
actually put this here, y equals x to y equals square root of x. OK, and so I will go,
for each value of x I will go from y equals xo to y equals square root of x. And then,
we'll do that for values of x that go from x equals zero to x equals one, which
happens to be exactly where these things intersect. So, my region will consist of all
this, OK? So now, if I want to do it the other way around, I have to decompose my



region.

Vang, chung ta hdy vé& y bang x, va y bdng can béac hai cia x. Vang, cé |& t6i nén thuc su
dat cai nay & day, y bang x dén y bang cén bac hai cia x. Vang, va vi vay tbi sé di, doi
vGi mdi gid tri clia x toi s& di tir y b&ng xo dén y bang cdn bac hai clia x. Va sau do,
ching ta sé& lam diéu do cho cac gia tri ctia x di t&r x bdng khéng dén x bang mét, no
ngau nhién ndm & ngay nhitng nai nhitng thr nay giao nhau. Vi vay, mién 13y tich phan
cua toi bao gom tat ca cai nay, dung khong? Vi vay, bay gid, néu téi mubn lam diéu dé
theo cach khac, t6i phai phan tich mién xac dinh cua toi.

The other way around, I have to, so my goal, now, is to rewrite this as an integral.
Well, it's still the same function. It's still e to the y over y. But now, I want to
integrate dx dy. So, how do I integrate over x? Well, I fix a value of y. And, for that
value of y, what's the range of x? Well, the range for x is from here to here. OK,
what's the value of x here? Let's start with an easy one.

Céch khac, ma t0| phai, do dé muc tiéu cua toi, bay gig, la viét lai cai nay nhu moét tich
phan. Vang, né van cung moét ham. N6 van 1a e mii y trén y. Nhung bay gid, t6i mudn lay
tich phan dy dx. Vang, toi 18y tich phan theo x nhu thé nao? Vang, téi gilf gia tri y khéng
d6i. Va, ddi véi gid tri d6 cua y, x ndm trong khoang nao? Vang, pham vi cua x |a tir day
dén day. Vang, gid tri clia x & day |a gi? H3y bat dau véi mot cai dé dang.

This is x equals y. What about this one? It's x equals y~2. OK, so, x goes from y2 to
y, and then what about y? Well, I have to start at the bottom of my region. That's y
equals zero to the top, which is at y equals one. So, y goes from zero to one. So,
switching the bounds is not completely obvious. That took a little bit of work. But
now that we've done that, well, just to see how it goes, it's actually going to be
much easier to integrate because the inner integral, well, what's the integral of eny
over y with respect to x? It's just that times x, right, from x equals y~2 to vy.

Déy la x bang y. Con cai nay thi sao? Dé la x badng y ~ 2. Vang, vi vay, x di tlr y2 dén v,
va thé& con y thi sao? Vang, t6i phai bat dau & phia dudi mién xac dinh cla toi. B6 lay
bang khéng dén bén trén, (ng vGi y bang mot. Vi vay, y di tlr khdng dén mot. Vi vay, viéc
chuyén céc cdn khdéng hoan toan hién nhién. Piéu dé hai tdn chit cdng sic. Nhung bay
gid chlng ta da thuc hién no, vang, chi dé thdy nd di nhu thé ndo, né thuc su sé dé dang
hon nhiéu dé tinh tich phan bdi vi tich phan bén trong, vang, tich phdn ctae ~ y trény
theo x la gi? No chi la cai d6 nhén x, ding khéng, tir x bang y ~ 2 dén .

So, that will be, well, if I plug x equals y, I will get e to the y minus, if I plug x
equals y~2, I will get e to the y over y times y~2 into the y times y, OK? So, now, if
I do the outer integral, I will have the integral from zero to one of e to the y minus
y~e to the y dy. And, that one actually is a little bit easier. So, we know how to
integrate e”™y. We don't quite know how to integrate ye”y. But, let's try. So, let's
see, what's the derivative of ye”~y? Well, there's a product rule that's one times e”y
plus y times the derivative of e”y is ye”y.

Vi vay, né sé la, vang, néu tbi thé x bang y, tdi s& nhan dudgc e md y trir, néu toi thé x
bang y ~ 2, tdi s& nhan dudc e mii y trén y nhdn y ~ 2 vao y nhén y, dang khéng? Vi vay,
bay gid, néu tbi tinh tich phan ngoai, t6i sé cé tich phan tir khong dén mét cia e mi y trur
y A e clay dy. Va, cai dé thuc su hoi dé& han mdt chit. Vi vy, ching ta biét cach tinh tich
phan e ~ y. Chdng ta khong hoan toan biét cach tinh tich phan ye ~ y. Nhung, chdng ta
hay thir. Vang, ching ta hdy xét, dao ham cua y e Ay la gi? Vang, c6 mét quy tc tich dé
la mot nhadn e ~ y cdng y nhan dao ham cla e Ay bang y e y.



So, if we do, OK, let's put a minus sign in front. Well, that's almost what we want,
except we have a minus e”y instead of a plus e”y. So, we need to add 2e”y. And, I
claim that's the antiderivative. OK, if you got lost, you can also integrate by
integrating by parts, by taking the derivative of y and integrating these guys. Or,
but, you know, that works. Just, your first guess would be, maybe, let's try minus
y~e to they.

Vang, néu ching ta lam, vang, ching ta hday dat dau trir ¢ phia trudc. Vang, dé hau
nhu la nhitng gi chiing ta mudn, ngoai trir chiing ta cé trire ~ y thay vicong e ~ y. Vi
vay, chlng ta can phai thém 2e ~ y. Va, tbi cho réng la nguyén ham. Vang, néu ban
bi m&t, ban cling cé thé 1dy tich phan bang cach I8y tich phén tirng phéan, bang céach
I8y dao ham cla y va lay tich phadn nhitng thdng nay. Hodc, nhung, ban da biét, diéu
dé dang. Chi can, du dodn dau tién cua ban sé 1a, c thé, hdy thir trir y» e md .

Take the derivative of that, compare, see what you need to do to fix. And so, if you
take that between zero and one, you'll actually get e minus two. OK, so, tomorrow
we are going to see how to do double integrals in polar coordinates, and also
applications of double integrals, how to use them for interesting things.

L8y dao ham cua cdi dd, so sanh, xem nhiing gi ban can lam dé& gilt khéng ddi. Va

vi vay, néu ban |8y cai do6 gilra khéng va mét, ban thuc su sé nhan dudgc e trur hai.
Vang, vi vay, ngay mai ching ta sé hoc cach tinh tich phan kép trong hé toa do

cuc, va cac ng dung cua tich phan kép, cach dung chidng cho cac th & Ii tha.



