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OK. Let's start. To start with, I would like to welcome the parents who are here to
see how their kids are being tortured by us evil MIT Profs. And, I guess, well, a good
example of how we torture your kids is we have exams all the time. One of them is
on Tuesday. I hope still that you will have time to spend with them during the
weekend. Tell them to work hard on Monday and enjoy the weekend before it.
Anyway, on Tuesday there is a second exam. And it is in Walker or here, depending
on your last name, same as last time. There are still two practice exams. We are
going to go over one of them today. The other one you will go over in recitation on
Monday.

There used to be spare copies. There still are a few spare copies of practice 2A.
Otherwise, you can find it on the Web. Let me start by basically listing the main
things we have learned over the past three weeks or so. And I will add a few
complements of information about that because there are a few small details that I
didn't quite clarify and that I should probably make a bit clearer, especially what
happened at the very end of yesterday's class.

Here is a list of things that should be on your review sheet for the exam. The first
thing we learned about, the main topic of this unit is about functions of several
variables. We have learned how to think of functions of two or three variables in
terms of plotting them. In particular, well, not only the graph but also the contour
plot and how to read a contour plot. And we have learned how to study variations of
these functions using partial derivatives.

Dudi day la danh sach nhitng th & trong t& ndi dung 6n tap dé thi. Van dé dau tién ching
ta da hoc, cha dé chinh cia mon nay la cac ham nhiéu bién. Ching ta da hoc dugc cach
doc d6 thi cac ham hai bién va ba bién. Pac biét, vang, khéng chi do6 thi ma con do thi
contour va cach doc do thi contour. Va ching ta d& hoc cach xét su bién thién cla nhiing
ham nay dung cac dao ham riéng.

Remember, we have defined the partial of f with respect to some variable, say, x to
be the rate of change with respect to x when we hold all the other variables

constant. If you have a function of x and y, this symbol means you differentiate with
respect to x treating y as a constant. And we have learned how to package partial
derivatives into a vector,the gradient vector. For example, if we have a function of
three variables, the vector whose components are the partial derivatives. And we
have seen how to use the gradient vector or the partial derivatives to derive various
things such as approximation formulas.

Hay nhé rang, ching ta d3 dinh nghia dao ham riéng cla f theo bién ndo d6, vi du, theo x
d€ chi t8c dd bién thién theo x khi chlng ta gilr tit ca cac bién con lai khéng ddi. Néu ban
c6 mdt ham cua x va y, ki hiéu nay cé nghia Ia ban I8y vi phan d6i véi x xem y khéng dai.
Va chung ta da hoc dugc cach dong goi cac dao ham riéng thanh mot vector, vecto
gradient. Vi du, néu chung ta c6 ham ba bién, vector c6 thanh phan cta né la cadc dao ham
riéng. Va ching ta da th8y cach s dung cac vector gradient hodc dao ham riéng dé rut ra
cac thr khac nhau chang han nhu cac cdng thirc gan ding.
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The change in f, when we change x, y, z slightly, is approximately equal to, well,
there are several terms. And I can rewrite this in vector form as the gradient dot
product the amount by which the position vector has changed. Basically, what causes
f to change is that I am changing x, y and z by small amounts and how sensitive f is
to each variable is precisely what the partial derivatives measure. And, in particular,
this approximation is called the tangent plane approximation because it tells us, in
fact, it amounts to identifying the graph of the function with its tangent plane.

Su thay d6i cla f, khi chidng ta thay ddi x, y, z mdt chit, gan bang, vang, cé mot vai sé
hang. Va t6i c6 thé viét lai cai nay dudi dang vector la gradient nhan v6 hudng véi lugng
thay d6i cua vector vi tri. V& cd ban, nhitng gi 1am cho f thay ddi la tdi thay déi x, y va z
mot lugng nhoé va dao ham riéng sé& do f nhay nhu thé nao vai mdi bién. Va, dic biét, phép
gan dung nay dudc goi l1a phép gan dling mat phang ti€p tuyén bdi vi thuc su, nd cho
ching biét, rét cudc |a dé xac dinh dd thi ca ham véi mat phdng ti€p tuyén cua no.

It means that we assume that the function depends more or less linearly on x, y and
z. And, if we set these things equal, what we get is actually, we are replacing the
function by its linear approximation. We are replacing the graph by its tangent plane.
Except, of course, we haven't see the graph of a function of three variables because



that would live in 4-dimensional space. So, when we think of a graph, really, itis a
function of two variables.

Diéu dd c6 nghia la ching ta gia s rang ham it nhiéu phu thuéc tuyén tinh vao x, y va z.
Va, néu ching ta dat nhirng cai nay bang nhau, thuc su nhiing gi ching ta nhén dugc la
, chiing ta sé& thay th& ham bang gan didng tuyén tinh clia nd. Chung ta sé& thay thé& do
thi bdng mat phang tiép tuyén cta né. Ngoai trir |13, tat nhién, ching ta d& khéng th8y do
thi ciia ham ba bién bdi vi nd6 nam trong khdng gian 4 chiéu. Vi vay, khi ching ta nghi vé
mot do thi, thuc su, dé la ham hai bién.

That also tells us how to find tangent planes to level surfaces. Recall that the tangent
plane to a surface, given by the equation f of x, y, z equals z, at a given point can be
found by looking first for its normal vector. And we know that the normal vector is
actually, well, one normal vector is given by the gradient of a function because we
know that the gradient is actually pointing perpendicularly to the level sets towards
higher values of a function. And it gives us the direction of fastest increase of a
function. OK.

Diéu dd cling cho ching ta biét cach tim cdc mat phang ti€p tuyén clia cac bé mat

déng murc. Nhé rang mat phang ti€p tuyén ctia mot bé mat, dudc cho bdi phuong

trinh f x, y, z béng z, tai mot diém nhat dinh cd thé dugc tim thdy bang cach dau tién
tim vector phap tuyén cta né. Va ching ta biét rang vector phap tuyén thuc su 13,

vang, mdt vector phap tuyén chinh |a gradient ctia ham bdi vi chiing ta biét réng
gradient thuc su chi vuéng gdc véi cac tap hgp mirc hudng vé gia tri cao han cua

ham. Va né cho chung ta biét hudng tang nhanh nhat cta ham. budc roi.

Any questions about these topics? No. OK. Let me add, actually, a cultural note to
what we have seen so far about partial derivatives and how to use them, which is
maybe something I should have mentioned a couple of weeks ago. Why do we like
partial derivatives? Well, one obvious reason is we can do all these things. But
another reason is that, really, you need partial derivatives to do physics and to
understand much of the world that is around you because a lot of things actually are
governed by what is called partial differentiation equations.

C6 céu hoi nao vé nhitng van dé nay khéng? Khdng. Budc rdi. Hiy dé tdi thém, thuc su,
mot ghi chu vé nhitng gi ma ching ta da hoc cho dén nay vé cac dao ham riéng va cach
dung chdng, né cb thé la th gi d6 ma t6i da dé cap vai tudn trudc. Tai sao ching ta thich
cac dao ham riéng? Vang, mot ly do hién nhién la chlng ta cé thé I1am tat ca nhitng diéu
nay. Nhung mét ly do khac |a, thuc su, ban can cac dao ham riéng dé€ lam vat ly va dé
hi€u vé thé gidi xung quanh ban bdi vi rat nhiéu th{ bi chi phéi bdi cadc phuang trinh vi
phan riéng.

So if you want a cultural remark about what this is good for. A partial differential
equation is an equation that involves the partial derivatives of a function. So you
have some function that is unknown that depends on a bunch of variables. And a
partial differential equation is some relation between its partial derivatives. Let me
see. These are equations involving the partial derivatives -

Vi vay, néu ban mudn cé mot nhan xét vé viéc cai nay tét cho viéc gi. Mot phuadng trinh
vi phan riéng lién quan dén cac dao ham riéng cia mot ham. Vang, ban cé mét ham
chua biét ndo dé phu thudc vao mot chudi cac bién. Va mot PTVP dao ham riéng la méi
quan hé nao dé giita cac dao ham riéng clia nd. D€ t6i xem nao. Pay la nhitng phuang
trinh lién quan dén dao ham riéng -

-- of an unknown function. Let me give you an example to see how that works. For
example, the heat equation is one example of a partial differential equation. It is the
equation -- Well, let me write for you the space version of it. It is the equation
partial f over partial t equals some constant times the sum of the second partials
with respect to x, y and z. So this is an equation where we are trying to solve for a
function f that depends, actually, on four variables, x, vy, z, t.

- cila mot ham chua biét. P& t6i cho ban mot vi du d& xem né hoat ddng nhu thé nao. Vi



du, phudng trinh nhiét la moét trong nhitng vi du vé PTVP dao ham riéng. N6 la phuadng
trinh - Vang, hdy dé tdi viét cho ban phién ban khdng gian cta nd. N6 |a phuong trinh
dao ham riéng cua f theo t bdng héng s6 nao dé nhén tdng cla cac dao ham riéng cép
hai d8i vdi x, y va z. Vi vy, day |& mét phuong trinh ma ching ta dang giai dé tim f thuc
su la, phu thudc vao bén bién x, vy, z, t.

And what should you have in mind? Well, this equation governs temperature. If you
think that f of x, y, z, t will be the temperature at a point in space at position x, y, z
and at time t, then this tells you how temperature changes over time. It tells you
that at any given point, the rate of change of temperature over time is given by this
complicated expression in the partial derivatives in terms of the space coordinates x,
Y, Z.

Va nhitng gi ban nén cé trong dau? Vang, phudng trinh nay diéu khién nhiét d6. Néu ban
xem f cla X, y, z, t s& |a nhiét dd tai mot diém trong khdng gian tai vi tri x, y, z va vao
thdi diém t, thi cdi nay cho ban biét nhiét do thay ddi theo thdi gian nhu thé& nao. N6 cho
ban biét tai mot diém cho trudc, t6c dd bién thién cta nhiét dd theo thdi gian dudc cho bdi
biéu thlc phirc tap cua cac dao ham riéng theo cac toa d6 khdng gian x,y, z.

If you know, for example, the initial distribution of temperature in this room, and if
you assume that nothing is generating heat or taking heat away, so if you don't have
any air conditioning or heating going on, then it will tell you how the temperature will
change over time and eventually stabilize to some final value. Yes? Why do we take
the partial derivative twice? Well, that is a question, I would say, for a physics
person. But in a few weeks we will actually see a derivation of where this equation
comes from and try to justify it. But, really, that is something you will see in a
physics class. The reason for that is basically physics of how heat is transported
between particles in fluid, or actually any medium.

Néu ban biét, vi du, phan b6 ban dau cua nhiét do trong phong nay, va néu ban gia sur
rang khéng co gi tao ra nhiét hodc I8y nhiét di, vdng néu ban khdng cé bat ky may diéu
hoa khéng khi hoac 16 suGi nao dang hoat déng, thi né sé cho ban biét nhiét do sé thay
déi theo thdi gian nhu thé& nao va cudi cung én dinh & mot gid tri cubi cung nao db. Sao?
Tai sao chung ta 1ay dao ham riéng hai lan? Vang, dé la mot cau hoi, to6i sé ndi, cho mot
nha vat li. Nhung trong mét vai tuan ching ta thuc su sé thdy cach rat ra phudng trinh
nay va ¢8 gdng chirng minh né. Nhung, thuc su, dé la mot cai gi d6 ma ban sé& thdy

trong mot 16p vat ly. Nguyén nhan cla viéc d6 vé ca ban la do ban chat vat Ii cua qua
trinh nhiét lugng dudc van chuyén giita cac hat trong chét 16ng hodc trong bat ki méi
trudng nao.

This constant k actually is called the heat conductivity. It tells you how well the heat
flows through the material that you are looking at. Anyway, I am giving it to you just
to show you an example of a real life problem where, in fact, you have to solve one

of these things. Now, how to solve partial differential equations is not a topic for this



class. It is not even a topic for 18.03 which is called Differential Equations, without
partial, which means there actually you will learn tools to study and solve these
equations but when there is only one variable involved.

Thuc su héng s6 k nay dudc goi 1a dd din nhiét. N6 cho ban biét nhiét lugng chay qua
vat liéu ma ban dang xét t6t nhu thé nao. DU sao di nita, t6i dua nd ra chi d€ cho ban
thdy mot vi du vé mét bai toan thuc té ¢ dé, thuc su, ban phai giai moét trong nhitng thr
nay. Bay gid, cach giai cac PTVP dao ham riéng khong thudc pham vi cia mon hoc nay.
Tham chi né cling khong thudc vé moén 18.03 PTVP, khéng cé dao ham riéng, cé nghia la
& d6 thuc su ban sé& tim hiéu cac céng cu dé nghién cu va giai nhitng phuong trinh nay
nhung khi chi cé mét bién cé lién quan.

And you will see it is already quite hard. And, if you want more on that one, we have
many fine classes about partial differential equations. But one thing at a time. I
wanted to point out to you that very often functions that you see in real life satisfy
many nice relations between the partial derivatives. That was in case you were
wondering why on the syllabus for today it said partial differential equations. Now we
have officially covered the topic. That is basically all we need to know about it. But
we will come back to that a bit later. You will see. OK. If there are no further
questions, let me continue and go back to my list of topics. Oh, sorry. I should have
written down that this equation is solved by temperature for point X, y, z at time t.

Va ban sé thay n6 da kha kho roi. Va, néu ban muén biét thém vé cai do, ching tbi cé
nhiéu mon tinh t& cé dé cip dén cac PTVP dao h am riéng. Nhung mét diéu tai thdi diém
nay. T6i mudn chi ra cho ban dé la rat thudng xuyén cac ham ma ban gap trong cudc séng
thuc tuan theo cac hé thirc gilta cac dao ham riéng. D6 la IGi giadi thich néu ban dang ngac
nhién vé viéc tai sao tua bai cia ngay hom nay la cac PTVP dao ham riéng. Vé cg ban,
chiing ta da nghién clru qua tat cad cac chu dé. Do la tat cad nhitng gi ching ta can biét vé
n6. Nhung chdng ta sé quay lai diéu dé mot Iat sau. Ban sé thdy. Vang. Néu khong c6 cau
hoi ndo nira, hdy dé tdi ti€p tuc va trd lai danh sach cac chu dé. Oh, xin 16i. Toi d viét ra
phuong trinh nay dudc thda méan bdi nhiét dd cho diém x, y, z vao thdi diém t.

OK. And there are, actually, many other interesting partial differential equations you
will maybe sometimes learn about the wave equation that governs how waves
propagate in space, about the diffusion equation, when you have maybe a mixture of
two fluids, how they somehow mix over time and so on. Basically, to every problem
you might want to consider there is a partial differential equation to solve. OK.
Anyway. Sorry. Back to my list of topics. One important application we have seen of
partial derivatives is to try to optimize things, try to solve minimum/maximum
problems.

Vang. Va cé, trén thuc té, cé nhiéu PTVP dao ham riéng li thi ma cé 1é thinh thodng ban
da hoc nhu cac phuong trinh sdng thé hién quy luat truyén trong khdng gian cla séng, va
cac phuong trinh khuéch tan, khi ban cé hon hgp cla hai chat 1dng, béng cach nao ching
hoa vao nhau theo thdi gian va v.v... V& cd ban, moi van dé& ma ban mudn xem xét cé mot
PTVP dao ham riéng dé giai. Bugc roi. DU sao. Xin 16i. Quay lai danh sach cac chu d&. Mot
('ng dung quan trong ma ching ta da thdy cla cac dao ham riéng 1a dé tdi uvu hda cac thd,
dé giai cac bai toan cuc tiu/cuc dai.

Remember that we have introduced the notion of critical points of a function. A
critical point is when all the partial derivatives are zero. And then there are various
kinds of critical points. There is maxima and there is minimum, but there is also
saddle points. And we have seen a method using second derivatives -- -- to decide
which kind of critical point we have. I should say that is for a function of two
variables to try to decide whether a given critical point is @ minimum, a maximum or
a saddle point.

Hay nhd rang ching ta d& dua vao khai niém vé diém tdi han cia mét ham. Mot diém tai
han 13 khi t&t ca cac dao ham riéng bang khdng. Va rdi cé cac diém tdi han khac nhau. Cé
cuc dai va c6 cuc ti€u, nhung ciling cé cac diém yén ngua. Va ching ta d3 thdy mét
phudng phap s dung cac dao ham bac hai - - d€ xac dinh loai diém tdi han. T6i s& noi dé



& mét ham hai bién dé thir xac dinh xem mét diém td&i han cho tr udc 1a cuc tiéu, cuc dai
hay diém yén ngua.

And we have also seen that actually that is not enough to find the minimum of a
maximum of a function because the minimum of a maximum could occur on the
boundary. Just to give you a small reminder, when you have a function of one
variables, if you are trying to find the minimum and the maximum of a function
whose graph looks like this, well, you are going to tell me, quite obviously, that the
maximum is this point up here.

Va chidng ta ciing thay rang thuc sy diéu dé khong du dé tim ra cuc ti€u hodc cuc dai cua
mét ham vi cuc tiéu hodc cuc dai cé thé xuét hién & bién. Chi Ia d€ nhéc lai sd ludc cho
ban, khi ban c6 mot ham mot bién, néu ban thr tim cuc ti€u va cuc dai ciia ham ma db thj
cla né nhu thé nay, vang, ban sé& cho tdi biét, kha rd rang, rang cuc dai la diém nay trén
day.

And that is a point where the first derivative is zero. That is a critical point. And we
used the second derivative to see that this critical point is a local maximum. But
then, when we are looking for the minimum of a function, well, it is not at a critical
point. It is actually here at the boundary of the domain, you know, the range of
values that we are going to consider. Here the minimum is at the boundary.

Va dé la moét diém ma tai d6 dao ham béc nhat bdng khdng. D6 1a mot diém tdi han. Va
ching ta d3 s dung dao ham béac hai d€ thdy réng diém t&i han nay la mét cuc dai dia
phuong. Nhung sau dd, khi chiing ta dang tim cuc tiéu cia ham, a, né khdng phai 1a diém
tGi han. N6 thuc su & day tai bién ciia mién xac dinh, ban biét, pham vi cla cac gia tri sé
dugc xét. O day cuc tiéu & ngay tai bién.

And the maximum is at a critical point. Similarly, when you have a function of
several variables, say of two variables, for example, then the minimum and the
maximum will be achieved either at a critical point. And then we can use these
methods to find where they are. Or, somewhere on the boundary of a set of values
that are allowed. It could be that we actually achieve a minimum by making x and y
as small as possible.

Va cuc dai & tai mét diém tdi han. Tuong tu, khi ban c6 mot ham nhiéu bién, gia s hai
bién, thi cuc tiéu va cuc dai sé dat dugc mot trong hai tai diém t&i han. Va thé thi chidng ta
c6 thé sir dung nhitng phuong phap nay dé tim xem ching & dau. Hodc, mdt nadi nao do
trén bién cua tap hop céc gia tri dugc phép. Coé thé chiing thuc su dat dudc cuc tiéu bang
cach l1am cho x va y nho nhu cé thé.

Maybe letting them go to zero if they had to be positive or maybe by making them
go to infinity. So, we have to keep our minds open and look at various possibilities.



We are going to do a problem like that. We are going to go over a practice problem
from the practice test to clarify this. Another important cultural application of
minimum/maximum problems in two variables that we have seen in class is the least
squared method to find the best fit line, or the best fit anything, really, to find when
you have a set of data points what is the best linear approximately for these data
points.

C6 1& dé cho chung tién tdéi khdng néu ching phai la duong hodc ¢ thé bang cach 1am cho
ching ti€n dén vob cung. Vi vay, ching ta phai gilr cho tam tri chiing ta mé va xem xét cac
kha nang khac nhau. Chung ta sé lam mot bai tap nhu thé. Chiang ta sé xét mot bai tap
thuc hanh tir bai kiém tra thir d€ 1am rd diéu nay. Mot ('ng dung van hda quan trong khac
cla cdc bai toan cuc ti€u /cuc dai hai bién ma ching ta da gap trong I8p |a phuong phap
binh phuong tdi thiéu dé tim dudng cong khép t6t nhat, hodc bat cr thr gi d6 khdp tét
nhat, thuc su, d€ tim khi ban c6 mot tap hop cac diém di liéu gan ding tuyén tinh tdt nhat
cho cac diém dir liéu nay 1a gi.

And here I have some good news for you. While you should definitely know what this
is about, it will not be on the test. [APPLAUSE] That doesn't mean that you should
forget everything we have seen about it, OK? Now what is next on my list of topics?
We have seen differentials. Remember the differential of f, by definition, would be
this kind of quantity. At first it looks just like a new way to package partial
derivatives together into some new kind of object.

Va & day tdi cd6 mot sb tin tét cho ban. Mot mat, ban nén ndm rd diéu nay,

nhung né sé khdng cé trong bai thi. [V tay] Didu dé khong cé nghia 1a ban nén

quén di tat ca moi th& ching ta da hoc vé né, dung khong? Bay giG cai gi tiép

theo trong danh sach cac ch dé&? Chdng ta da gap cac vi phan. Hay nhé rang vi

phan cua f, theo dinh nghia, sé la loai dai lugng nay. Luc dau, né tréng giéng

nhu mét cdch méi dé déng goi cac dao ham riéng vai nhau thanh mot loai ddi

tugng mai.

Now, what is this good for? Well, it is a good way to remember approximation
formulas. It is a good way to also study how variations in X, y, z relate to variations
in f. In particular, we can divide this by variations, actually, by dx or by dy or by dz
in any situation that we want, or by d of some other variable to get chain rules. The
chain rule says, for example, there are many situations. But, for example, if x, y and
z depend on some other variable, say of variables maybe even u and v, then that
means that f becomes a function of u and v.

Bay gi¥, cai nay dung dé lam gi? Vang, d6 1a mot cach tét d€ ghi nhd cac cdng thirc gan
dung. P4 ciling 1a mét cach tét d€ nghién cliu su bién thién cua x, y, z lién quan dén su
bién thién cua f nhu thé nao. Péc biét, ching ta cé thé chia cai nay cho cac bién thién,
thuc su, dx hodc dy hodc dz trong bat ky trudng hgp nao ma ching ta mudn, hodc cho
d cua bién khac nao dé d€ nhan dudc cac quy tdc day chuyén. Noi dung cua quy tac
day chuyén |3, vi du, cé nhiéu tinh huéng. Nhung, vi du, néu x, y va z phu thudc vao
moét s6 bién khéac, gia sir cac bién ¢ thé 1a u va v, thi diéu dé c6 nghia la f sé tré thanh
mot ham cla u va v.

And then we can ask ourselves, how sensitive is f to a value of u? Well, we can
answer that. The chain rule is something like this. And let me explain to you again
where this comes from. Basically, what this quantity means is if we change u and
keep v constant, what happens to the value of f? Well, why would the value of f
change in the first place when f is just a function of x, y, z and not directly of you?
Well, it changes because x, y and z depend on u. First we have to figure out how
quickly x, y and z change when we change u. Well, how quickly they do that is
precisely partial x over partial u, partial y over partial u, partial z over partial u.

Va thé thi ching ta cé thé tu hdi, f nhay nhu thé nao ddi véi gid tri cia u? Vang, ching
ta co thé tra I6i diéu d6. Quy tdc day chuyén la diéu gi dé giéng nhu thé nay. Va hay dé
toi gidi thich lai cho ban cai nay dén tur dau. Vé ca ban, y nghia clda dai lugng nay la néu
chiing ta thay d6i u va gilr v khéng d6i, diéu gi xay ra vdi gia tri cia f? Vang, tai sao gia



tri cia f thay d6i & noi dau tién khi f chi 18 mét ham cula x, y, z va khdng truc tiép cua
ban? Vang, né thay d6i, vi x, y va z phu thudc vao u. Trudc tién ching ta phai chira x, y
va z thay d6i nhanh nhu thé& nao khi ching ta thay d8i u. Vang, chldng lam diéu d6 nhanh
nhu thé nao chinh la dao ham riéng cla x theo u, dao ham riéng cua y theo u, dao ham
riéng cla z theo u.

These are the rates of change of x, y, z when we change u. And now, when we
change x, y and z, that causes f to change. How much does f change? Well, partial f
over partial x tells us how quickly f changes if I just change x. I get this. That is the
change in f caused just by the fact that x changes when u changes. But then y also
changes. y changes at this rate. And that causes f to change at that rate.

DAy la nhitng téc dd bién thién cla x, y, z khi ching ta thay d6i u. Va bay gid, khi
ching ta thay déi x, y va z, diéu d6 lam cho f thay ddi. f thay d&i bao nhiéu? Vang, dao
ham riéng cua f theo x cho ching ta biét f thay d6i nhanh nh u th& nao néu tdi chi thay
dGi x. T6i nhan dudgc diéu nay. D6 1a su thay d6i cla f do x thay d8i khi thay dé&i u.
Nhung thé thi y cling thay déi. y thay d6i & t8c dd nay. Va diéu dé lam cho f thay déi vdi
toc do dé.

And z changes as well, and that causes f to change at that rate. And the effects add
up together. Does that make sense? OK. And so, in particular, we can use the chain
rule to do changes of variables. If we have, say, a function in terms of polar
coordinates on theta and we like to switch it to rectangular coordinates x and y then
we can use chain rules to relate the partial derivatives. And finally, last but not least,
we have seen how to deal with non-independent variables.

Va z cling thay ddi, va diéu dé lam cho f thay ddi véi tdc d6 db. Va nhitng tac dong nay
cdng véi nhau. Diéu d6 cé nghia gi khdng? Budc rodi. Va nhu vay, ddc biét, ching ta cé thé
st dung quy tdc day chuyén dé thuc hién su thay d6i cla cac bién. Néu ching ta cd, gia
s, mét ham theo toa dd cuc theta va ching ta muén chuyén nd sang cac toa dé Dé Céc x
va y thé thi ching ta cd thé dung cac quy tdc day chuyén dé thiét 1ap mdi quan hé gilra
cac dao ham riéng. Va cudi cung, cudi cung nhung khéng kém quan trong, chidng ta da hoc
cach giai cac bai toan véi cac bién khéng doc lap.

When our variables say X, y, z related by some equation. One way we can deal with
this is to solve for one of the variables and go back to two independent variables, but
we cannot always do that. Of course, on the exam, you can be sure that I will make
sure that you cannot solve for a variable you want to remove because that would be
too easy. Then when we have to look at all of them, we will have to take into
account this relation, we have seen two useful methods.

Khi cac bién cla ching ta gia s x, y, z cé lién quan vG&i nhau theo phuadng trinh

nao dd. Mot cach dé khao sat van dé nay la chidng ta cé thé gidi cho mét trong cac

bién va quay lai hai bién ddc 1ap, nhung ching ta khdng thé ludn ludn lam diéu dé.

T&t nhién, trong bai thi, ban c6 thé chdc chin réng tdi s& bao dam réng ban khong

thé giai d6i v6i bién ma ban mudn loai bdi vi didu d6 qua dé. Do dé khi chiing ta

phai xét tat cd chdng, chung ta sé& phai tinh dén hé thic nay, ching ta da thay hai
phudng phap hitu ich.

One of them is to find the minimum of a maximum of a function when the variables
are not independent, and that is the method of Lagrange multipliers. Remember, to



find the minimum or the maximum of the function f, subject to the constraint g

equals constant, well, we write down equations that say that the gradient of f is
actually proportional to the gradient of g. There is a new variable here, lambda, the
multiplier.

Mt trong s6 ching 1a tim cuc tiéu hodc cuc dai cia ham khi cac bién khdng doc lap, va do
la phudng phap nhan t&r Lagrange. Hay nhd réng, dé tim cuc tiéu hodc cuc dai cia ham f,
chiu diéu kién rang bubc g bang hang sé, a, ching ta viét ra nhitng phuong trinh gia st
gradient cula f ti |é vGi gradient ciia g. C6 moét bién mdi & day, lambda, cac nhan tu.

And so, for example, well, I guess here I had functions of three variables, so this
becomes three equations. f sub x equals lambda g sub x, f sub y equals lambda g
sub y, and f sub z equals lambda g sub z. And, when we plug in the formulas for f
and g, well, we are left with three equations involving the four variables, x, y, z and
lambda. What is wrong? Well, we don't have actually four independent variables.

Va nhu vay, vi du, vang, téi doan & day toéi c6 cac ham ba bién, do dd, cai nay trd thanh
ba phuadng trinh. f x béng lambda g x, f y bang lambda g vy, f z bang lambda g z. Va, khi
chung ta thé vao cac cong thirc déi véi f va g, a, ching ta con lai ba phuang trinh lién
quan dén bén bién, x, y, z va lambda. Cé gi khéng 6n a? Vang, chiing ta khéng thuc su ¢
bon bién doc lap.

We also have this relation, whatever the constraint was relating x, y and z together.
Then we can try to solve this. And, depending on the situation, it is sometimes easy.
And it sometimes it is very hard or even impossible. But on the test, I haven't
decided yet, but it could well be that the problem about Lagrange multipliers just
asks you to write the equations and not to solve them. [APPLAUSE]

Chung ta ciling c6 hé thirc nay, bat cir diéu gi rang budc sé thiét lap moi quan hé gilra

X, Y va z v8i nhau. Rbi sau dd, ching ta cé thé thir giai cai nay. Va, tuy trudng hop, cb
khi né dé. Va doi khi né rat khé hodc tham chi khéng thé. Nh ung trong bai thi, tdi chua
quyét dinh, nhung néu trong bai thi cé ra cac bai vé nhan tr Lagrange thi cling chi &
muc do yéu ciu ban viét cidc phuang trinh va khdéng giai ching. [V tay]

Well, I don't know yet. I am not promising anything. But, before you start solving,
check whether the problem asks you to solve them or not. If it doesn't then probably
you shouldn't. Another topic that we solved just yesterday is constrained partial
derivatives. And I guess I have to re-explain a little bit because my guess is that
things were not extremely clear at the end of class yesterday. Now we are in the
same situation. We have a function, let's say, f of X, y, z where variables x, y and z
are not independent but are constrained by some relation of this form.

Véng, tdi chua biét. T6i khdng hira hen bat cr diéu gi. Tuy nhién, trudc khi ban bat dau
giai, hdy kiém tra xem dé cé yéu cau giai chiing hay khéng. Néu khéng thi théi. Mot van
dé khac ma ching ta da giai ngay mdi hom qua la cac dao ham riéng rang budc. Va toi
doan toi phai giai thich lai mét chdt bai vi toi cam thay cac thr chua that rd & cudi bai
gidng hom qua. Bay giG ching ta & trong tr udng hgp tuong tu. Ching ta c6 mot ham, gia
su, fcla x, y, z, 8 d6 cac bién x, y va z khong dbc l1ap ma bi rang bubc bédi hé thic nao
do6 dang nay.

Some quantity involving X, y and z is equal to maybe zero or some other constant.
And then, what we want to know, is what is the rate of change of f with respect to
one of the variables, say, x, y or z when I keep the others constant? Well, I cannot
keep all the other constant because that would not be compatible with this condition.
I mean that would be the usual or so-called formal partial derivative of f ignoring the
constraint. To take this into account means that if we vary one variable while
keeping another one fixed then the third one, since it depends on them, must also
change somehow. And we must take that into account. Let's say, for example, we
want to find -

M6t s6 dai lugng lién quan dén x, y va z badng cb |1€ 1a khdng hay hdng s8 khac nao dé.
Va thé thi, nhitng gi chdng ta mudén biét, la t6c do bién thién cla f d6i véi mot trong
cac bién, gid su, x, y hodc z 1a gi khi tdi gilt nhitng cai con lai khéng d6i? Vang, toi



khong thé gilr tat ca nhitng cdi con lai khdng d6i bdi vi diéu dé khdng tuong thich véi
didu kién nay. Y tdi 1a d6 s& 1a dao ham riéng binh thudng hodc hinh thirc clia f bd qua
diéu kién rang budc. Tinh dén diéu nay cé nghia la néu ching ta thay d8i mot bién
trong khi gilt cai khac khdng ddi thi cai th(r ba, vi né phu thudc vao ching, cling phai
thay d&i theo cach nao dd. Va chlng ta phai tinh dén diéu d6. Chdng han ching ta
muodn tim -

I am going to do a different example from yesterday. So, if you really didn't like that
one, you don't have to see it again. Let's say that we want to find the partial
derivative of f with respect to z keeping y constant. What does that mean? That
means y is constant, z varies and x somehow is mysteriously a function of y and z
for this equation. And then, of course because it depends on y, that means x will
vary. Sorry, depends on y and z and z varies. Now we are asking ourselves what is
the rate of change of f with respect to z in this situation?

T6i sé lam mot vi du khac véi hdm qua. Vi vay, néu ban thuc su khoéng thich cai dé, ban
khdng can phai xem lai nd. Gia s rang ching ta mudn tim dao ham riéng cla f theo z
gitr y khdng d6i. Biéu d6 nghia la gi? Diéu d6 cé nghia la y hdng s6, z thay déi va x la
ham hoi bi 8n cua y va z cho phudng trinh ndy. Va sau dd, tat nhién vi né phu thudc vao
y, €6 nghia 13 x s& thay d&i. Xin 16i, phu thudc vao y va z va z thay ddi. Bay gid ching ta
tu hoi téc do bién thién cua f dbi vdi z trong trudng hgp nay la gi?

And so we have two methods to do that. Let me start with the one with differentials
that hopefully you kind of understood yesterday, but if not here is a second chance.
Using differentials means that we will try to express df in terms of dz in this

particular situation. What do we know about df in general? Well, we know that df is f
sub x dx plus f sub y dy plus f sub z dz. That is the general statement. But, of

course, we are in a special case. We are in a special case where first y is constant. y

is constant means that we can set dy to be zero.

Va vi v8y ching ta cé hai phuong phap dé lam diéu dé. Hay dé tdi bat dau véi cai cd vi
phan ma hi vong |a ban d& hi€éu phan nao hdm qua, nhung néu khéng thi day la co hdi th
hai. S dung cdc vi phan cé nghia 1a chiing ta sé& c¢6 ging biéu dién df theo dz trong trudng
hop cu thé nay. Ching ta biét gi vé df ndi chung? Vang, ching ta biét rédng df bang f x dx
cdng vai f y dy cong véi f z dz. D6 la phat biéu téng quat. Nhung, tat nhién, ching ta dang
G trong mot trudng hgp dac biét. Chung ta dang & trong moét trudng hgp dac biét trong do
y dau tién khéng déi. y khdng ddi cé nghia Ia ching ta cé thé cho dy bdng khong.

This goes away and becomes zero. The second thing is actually we don't care about
x. We would like to get rid of x because it is this dependent variable. What we really



want to do is express df only in terms of dz. What we need is to relate dx with dz.
Well, to do that, we need to look at how the variables are related so we need to look
at the constraint g. Well, how do we do that? We look at the differential g. So dg is g
sub x dx plus g sub y dy plus g sub z dz. And that is zero because we are setting g to
always stay constant.

Cai nay bién mat va trd thanh khong. Diéu th( hai la thuc su ching ta khong quan tam x.
Chang ta mudn loai bo x bdi vi nd la bién phu thudéc nay. Nhitng gi ching ta thuc su
muén 1am 13 biéu dién df chi theo dz. Nhitng gi chling ta can |3 thiét 14p mé&i quan hé giita
dx véi dz. Vang, dé€ lam diéu dd, ching ta can phai xem cac bién lién quan vdi nhau nhu
thé nao nén chung ta can xét diéu kién rang bubc g. Vang, ching ta lam diéu d6 nhu thé
nao? Chung ta xét vi phén g. Vi vay, dg bdng g x dx céng véi g y dy cong vGi gz dz. Va
n6 bang khdng bai vi chlng ta cho g gilt nguyén khdng déi.

So, g doesn't change. If g doesn't change then we have a relation between dx, dy
and dz. Well, in fact, we say we are going to look only at the case where y is
constant. y doesn't change and this becomes zero. Well, now we have a relation
between dx and dz. We know how x depends on z. And when we know how X
depends on z, we can plug that into here and get how f depends on z. Let's do that.
Vi vay, g khéng thay d6i. Néu g khéng thay d&i thi ching ta cé hé thirc gilra dx, dy va dz.
Vang, thuc su, ching ta ndi ching ta s& chi xét trudng hdp ma & dé y khong déi. y khéng
dGi va cai nay sé& bang khéng. Vang, bay gid chiing ta c6 hé thirc gilta dx va dz. Chlng ta
biét x phu thubc vao z nhu thé nao. Va khi ching ta biét x phu thudc vao z nhu thé nao,
ching ta cé thé thé cai d6 vao day va nhéan dugc f phu thudc vao z nhu thé nao. Hay lam
diéu do.

Again, saying that g cannot change and keeping y constant tells us g sub x dx plus g
sub z dz is zero and we would like to solve for dx in terms of dz. That tells us dx
should be minus g sub z dz divided by g sub x. If you want, this is the rate of change
of x with respect to z when we keep y constant. In our new terminology this is partial
x over partial z with y held constant. This is the rate of change of x with respect to z.
Now, when we know that, we are going to plug that into this equation. And that will
tell us that df is f sub x times dx. Well, what is dx? dx is now minus g sub z over g

sub x dz plus f sub z dz.

Mot 1an nita, gid st rdng g khéng thé thay déi va gilt y khdng déi cho chlng ta biét g x dx
cbng g z dz bang khéng va ching ta mudn tim dx theo dz. Diéu d6 cho ching ta biét dx sé&
béng trir g z dz chia g x. N€u ban muén, day |a t6c dd bién thién cla x d&i vdi z khi ching
ta gilt cho y khéng ddi. Trong thudt nglr mé&i nay day la dao ham riéng cla x theo z v8i y
dugc gilr khong ddi. Day la t6c dd bién thién clia x dbi v3i z. Bay gid, khi ching ta biét diéu
dd, ching ta sé thé cai d6 vao phuong trinh nay. Va diéu dé s& cho chiing ta df bang f x
nhan dx. Vang, dx la gi? dx béy gid bang trir g z trén g x dz cong f z dz.

So that will be minus fx g sub z over g sub x plus f sub z times dz. And so this
coefficient here is the rate of change of f with respect to z in the situation we are
considering. This quantity is what we call partial f over partial z with y held constant.
That is what we wanted to find. Now, let's see another way to do the same

calculation and then you can choose which one you prefer. The other method is using
the chain rule.

Vi vay, céi d6 s& bdng trir fx g z trén g x cdng f z nhan dz. Va vi vay hé s nay & day la téc
do bién thién cua f dGi vdi z trong trudng hgp ching ta dang xét. Dai lugng nay la dao ham
riéng cua f ddi vai z gilt y khéng d6i. DS 1a nhitng gi ching ta mudn tim. Bay gid, hdy xét
mot cach khac dé thuc hién tinh todn tudng tu va sau dé ban cé thé chon cdi nao ban thich.
Phuong phdp khac 13 st dung quy tac day chuyén.

We use the chain rule to understand how f depends on z when y is held constant. Let
me first try the chain rule brutally and then we will try to analyze what is going on.
You can just use the version that I have up there as a template to see what is going
on, but I am going to explain it more carefully again. That is the most mechanical
and mindless way of writing down the chain rule. I am just saying here that I am



varying z, keeping y constant, and I want to know how f changes. Well, f might
change because x might change, y might change and z might change.

Chilng ta s dung quy tdc day chuyén dé biét f phu thudc v do z nhu thé& nao khi y dudc
gilr khong ddi. Trudc hét hay dé tdi thir quy tdc day chuyén va sau dé ching ta s& thl
phén tich diéu gi xay ra. Ban chi c6 thé sir dung phién ban ma téi da c6 trén dé nhu la
mot tiéu ban dé xem nhitng gi dang dién ra, nhung toi s& giai thich né lai can than hon.
D6 13 cach cd khi va khdng can suy nghi dé viét ra quy tdc day chuyén. O day téi chi can
noi rang toi sé thay ddi z, gilr y khéng déi, va tdi muén biét f thay déi nhu thé nao.
Vang, f c6 thé thay d&i bdi vi x ¢ thé thay d6i, y cé thé thay ddi va z cé thé thay déi.

Now, how quickly does x change? Well, the rate of change of x in this situation is
partial x, partial z with y held constant. If I change x at this rate then f will change at
that rate. Now, y might change, so the rate of change of y would be the rate of
change of y with respect to z holding y constant. Wait a second. If y is held constant
then y doesn't change. So, actually, this guy is zero and you didn't really have to
write that term. But I wrote it just to be systematic. If y had been somehow able to
change at a certain rate then that would have caused f to change at that rate. And,
of course, if y is held constant then nothing happens here. Finally, while z is
changing at a certain rate, this rate is this one and that causes f to change at that
rate. And then we add the effects together.

Bay gi¥, x thay d6i nhanh nhu thé& ndo? Vang, tdc dd bién thién cla x trong trudng hop
nay bang dao ham riéng clia x, dao ham riéng cla z vdi y dudgc gilt khdng ddi. Néu toi
thay d6i x véi t6c dd nay thi f s& thay ddi véi téc dd db. Bay gid, y cb thé thay ddi, do

dé, tdc db bién thién clia y s& bdng tdc dd bién thién cla y ddi vdi z gilt y khdng ddi. Chdg
mot gidy. Néu y dudgc gill 1a hdng s6 thi y khéng thay déi. Vi vy, trén thuc té, thadng nay
baéng khdng va thuc su ban khdng can phai viét ra s6 hang d6. Nhung tdi d& viét né chi
dé dam bao tinh hé thdng. Néu y bdng cach nao dé cé thé thay déi vai téc dd nao dé thi
diéu d6 s& lam cho f thay ddi v3i t6c dd d6. Va tat nhién néu y dudc gilt khéng ddi thi
khéng cb gi xay ra & day. Cubi clng, trong khi z thay d&i vdi téc do nhét dinh, téc do
nay |a cdi nay va diéu dé lam cho f thay ddi véi téc do db. Va sau dé ching ta cdng cac
hiéu ng vGi nhau.

See, it is nothing but the good-old chain rule. Just I have put these extra subscripts
to tell us what is held constant and what isn't. Now, of course we can simplify it a
little bit more. Because, here, how quickly does z change if I am changing z? Well,
the rate of change of z, with respect to itself, is just one. In fact, the really
mysterious part of this is the one here, which is the rate of change of x with respect
to z.

Thay khoéng, né khdng c6 gi ma chi la quy tac ddy chuyén cii. Chi can tbi dat vao cac chi s6
dudi phu nay dé cho ching ta biét cai gi dudc gilr khéng ddi va cai gi khong. By gid, tat
nhién ching ta cé thé don gian héa né thém mot chat. Bai vi, & day, z thay d6i nhanh nhu
thé nao néu tdi thay d6i z? Vang, t6c dd bién thién cla z, ddi v8i chinh nd, chi [a mot.
Trong thuc t&, phan thuc su bi &n cla cdi nay la mot & day, dé 1a tdc dd bién thién cua x
doi véi z.



And, to find that, we have to understand the constraint. How can we find the rate of
change of x with respect to z? Well, we could use differentials, like we did here, but

we can also keep using the chain rule. How can I do that? Well, I can just look at

how g would change with respect to z when y is held constant. I just do the same
calculation with g instead of f. But, before I do it, let's ask ourselves first what is this
equal to. Well, if g is held constant then, when we vary z keeping y constant and
changing x, well, g still doesn't change. It is held constant.

Va, dé tim nd, chlng ta phai biét diéu kién rang budc. Ching ta tim t6c dd bién thién cua x
dGi v8i z nhu thé ndo? Vang, chlng ta cd thé sir dung vi phén, giéng nhu chldng ta da lam
& day, nhung ching ta cling cé thé tiép tuc si dung quy téc day chuyén. Tdi lam diéu dé
nhu thé& ndo? Vang, tdi chi cAn xét g sé thay d&i nhu thé nao ddi véi z khi y dudc gilf khdng
dGi. Toi chi lam tinh todn tudng tu véi g thay vi f. Tuy nhién, trudc khi toi 1am diéu do, dau
tién ching ta hay tu hoi cdi nay bang cai gi. Vang, néu g dudgc gilt khéng déi thi, khi ching
ta thay d6i z gilr y khong déi va thay déi x, vang, g van khong thay déi. N6 dudc gitt khong
doi.

In fact, that should be zero. But, if we just say that, we are not going to get to that.
Let's see how we can compute that using the chain rule. Well, the chain rule tells us
g changes because x, y and z change. How does it change because of x? Well, partial
g over partial x times the rate of change of x. How does it change because of y?

Well, partial g over partial y times the rate of change of y. But, of course, if you are
smarter than me then you don't need to actually write this one because vy is held
constant. And then there is the rate of change because z changes.

Trong thuc t&, né sé& bang khéng. Nhung, néu chiing ta chi néi rdng, chiing ta sé khdng di
dén dudc dé. Hay xem ching ta cé thé tinh né dung quy tic chudi nhu thé ndo. Vang, quy
tdc chudi cho chlng biét g thay d8i bdi vi x, y va z thay d6i. N6 thay d6i thé nao vi x?
Vang, dao ham riéng cua g theo x nhan t6c dd bién thién cua x. N6 thay ddi nhu thé nao
vi y? Vang, dao ham riéng cua g theo y nhén téc do bién thién cua y. Nhung, tat nhién,
néu ban thong minh han to6i thi ban khong can phai thuc su viét cai nay béi vi y dugc gilr
khéng déi. Va sau dé cé téc dd bién thién vi z thay déi.

And how quickly z changes here, of course, is one. Out of this you get, well, I am

tired of writing partial g over partial x. We can just write g sub x times partial x over
partial z y constant plus g sub z. And now we found how x depends on z. Partial x

over partial z with y held constant is negative g sub z over g sub x. Now we plug that
into that and we get our answer. It goes all the way up here. And then we get the
answer. I am not going to, well, I guess I can write it again.

Va & day z thay ddi nhanh nhu thé& nao, tat nhién, badng mot. Trong sé nay, ban nhan dudgc,
vang, tdi mét moi vi viét dao ham riéng cua g theo x. Chlng ta cé thé chi viét g x nhan dao
ham riéng cua x theo z y khéng d&i cdng g z. Va bay gid ching ta tim dugc x phu thubc z
nhu thé& ndo. Pao ham riéng cua x theo z véi y dudc gilt khdng d6i bang trir g z trén g x.
Bay gid chlng ta thé cai dé vao dé va chung ta nhan dudc cau tra IGi cla ching ta. No di
hét dudng Ién day. Va sau do ching ta nhan dugc cau tra IGi. Téi sé khong, vang, téi doan
tdi cb thé viét lai nd.

There was partial f over partial x times this guy, minus g sub z over g sub x, plus
partial f over partial z. And you can observe that this is exactly the same formula

that we had over here. In fact, let's compare this to make it side by side. I claim we
did exactly the same thing, just with different notations. If you take the differential

of f and you divide it by dz in this situation where y is held constant and so on, you
get exactly this chain rule up there. That chain rule up there is this guy, df, divided

by dz with y held constant. And the term involving dy was replaced by zero on both
sides because we knew, actually, that y is held constant.

Dé la dao ham riéng cua f theo x nhén thang nay, trir g z trén g x, cdng dao ham riéng cua
f theo z. Va ban cd thé th8y réng day ding la cong thic tuang tu ma ching ta cé & dang
kia. Hay so sanh cai nay dé€ lam cho nd vé theo vé&. Tdi cho rédng ching ta d& lam cung mot
diéu, chi véi cac ky hiéu khac nhau. Néu ban |ay vi phan cda f va ban chia cho dz trong



trudng hgp nay 6 day y dudgc giltt khéng d8i va v.v..., ban s& nhan dudc ding quy tac day
chuyén nay trén dé. Quy tac day chuyén trén do la thang nay, df, chia cho dz véi y dudc
git khéng ddi. Va s hang lién quan dén dy dudc thay thé bang s8 khong & ca hai vé vi
ching ta biét, thuc su, y dudgc gilt khéng déi.

Now, the real difficulty in both cases comes from dx. And what we do about dx is we
use the constant. Here we use it by writing dg equals zero. Here we write the chain
rule for g, which is the same thing, just divided by dz with y held constant. This
formula or that formula are the same, just divided by dz with y held constant. And
then, in both cases, we used that to solve for dx. And then we plugged into the
formula of df to express df over dz, or partial f, partial z with y held constant. So, the
two methods are pretty much the same. Quick poll. Who prefers this one? Who

prefers that one? OK. Majority vote seems to be for differentials, but it doesn't mean
that it is better. Both are fine. You can use whichever one you want.

Bay gid, khd khan thuc su trong ca hai truéng hgp dén tir dx. Va nhirng gi chdng ta lam vé
dx 13 ching ta s dung h&ng s6. O day chiing ta dung nd b&ng cach viét dg b&ng khdng. O
day ching ta viét quy tac day chuyén cho g, né tuang tu, chi can chia cho dz vdi y khéng
dGi. Céng thirc nay hay cdng thiric d6 giéng nhau, chi can chia dz véi y dudc gilt khdng d6i.
Va do d6, trong ca hai trudng hop, ching ta d& dung cai dé dé giai tim dx. Va sau do
chlng ta thé& vao cong thic cua df dé biéu dién df trén dz, hodc dao ham riéng cua f theo z
V@i y dugc gilt khdng déi. Vi vay,hai phuong phap giéng nhau kha nhiéu. Thdm do y kién
nhanh. Ai thich cai nay? Ai thich cai d6? budc roi. Pa s6 phi€u dudng nhu nghiéng vé vi
phan, nhung khdng cé nghia la né tdt hon. Ca hai déu tét. Ban cd thé sir dung bat c cai
nao ban muon.

But you should give both a try. OK. Any questions? Yes? Yes. Thank you. I forgot to
mention it. Where did that go? I think I erased that part. We need to know -- --
directional derivatives. Pretty much the only thing to remember about them is that df
over ds, in the direction of some unit vector u, is just the gradient f dot product with
u. That is pretty much all we know about them. Any other topics that I forgot to list?
No. Yes?

Nhung ban nén thir ca hai. Bugc rbi. Co cau hoéi nao khéng? Sao? Sao. CAm dn ban. Toi
quén dé cap dén nd. Cai dé di dau? Toi nghi rang tdi da xéa phan d6. Ching ta cén biét - -
dao ham cé hudng. Kha nhiéu diéu duy nhat d& nhg vé ching la df trén ds, theo hudng cua
vector dan vi u nao dé, chi la gradient f nhan vé hudng véi u. N6 kha nhiéu tat ca chdng ta
déu biét vé ching. C6 chl dé nao ma tdi quén khéng? Khong. Sao?

Can I erase three boards at a time? No, I would need three hands to do that. I think
what we should do now is look quickly at the practice test. I mean, given the time,
you will mostly have to think about it yourselves. Hopefully you have a copy of the



practice exam. The first problem is a simple problem. Find the gradient. Find an
approximation formula. Hopefully you know how to do that. The second problem is
one about writing a contour plot. And so, before I let you go for the weekend, I want
to make sure that you actually know how to read a contour plot.

Toi x6a ca ba tdm bang dudc chua? Khéng, tdi sé can ba tay dé lam diéu dé. Toi nghi réng
nhifng gi chlng ta nén lam bay gid 1& nhanh chéng nhin vao bai kiém tra thdr. Y t6i 13, cho
trudce thai gian, ban sé& chu y&u s& phai tu minh suy nghi vé nd. Hy vong rang ban c6 mot
ban sao cua bai kiém tra thir. Bai tdp dau tién la bai don gian. Tim gradient. Tim mot céng
thdrc tinh gan ddng. Hy vong réng ban biét cach lam diéu d6. Bai tap th( hai la bai ndi vé
vé db6 thi contour. Va nhu vay, trudc khi toi cho ban khoang mét ngay cudi tuan, téi mudn
dadm bao réng ban thuc su biét cich doc dd thi contour.

One thing I should mention is this problem asks you to estimate partial derivatives
by writing a contour plot. We have not done that, so that will not actually be on the
test. We will be doing qualitative questions like what is the sine of a partial
derivative. Is it zero, less than zero or more than zero? You don't need to bring a
ruler to estimate partial derivatives the way that this problem asks you to.
[APPLAUSE]

M6t diéu téi nén dé cdp dén la bai nay s& yéu ciu ban tinh todn cdc dao ham riéng béng
cach vé do thi contour. Chang ta chua lam nd, vi vay no6 sé khdng cé trong bai thi. Chiung
ta s& lam cdc céu hoi dinh tinh nhu sin cia dao ham riéng la gi. N6 béng khéng, nhé hon
khéng hay 16n han khéng? Ban khéng can phai dem thudt ra dé tinh cac dao ham riéng
theo cach ma bai toan nay yéu cau ban.[Vo0 tay]

Let's look at problem 2B. Problem 2B is asking you to find the point at which h
equals 2200, partial h over partial x equals zero and partial h over partial y is less
than zero. Let's try and see what is going on here. A point where f equals 2200, well,
that should be probably on the level curve that says 2200. We can actually zoom in.
Here is the level 2200. Now I want partial h over partial x to be zero.

H3y xem bai 2B. Bai 2B yéu cau ban tim diém ma tai d6 h bdng 2200, dao ham riéng cla
h theo x béng khéng va dao ham riéng cla h theo y nhé hon khdng. Hay thir va xem diéu
gi xay ra ¢ day. Mot diém ma tai do f bang 2200, vang, ndé cé thé la dudng ddng mic
chdng han 2200. Thuc su ching ta cé thé phéng to né. Day 1a mdc 2.200. Bay gi§ téi
mudn dao ham riéng cla h theo x bang khong.

That means if I change X, keeping y constant, the value of h doesn't change. Which
points on the level curve satisfy that property? It is the top and the bottom. If you are
here, for example, and you move in the x direction, well, you see, as you get to
there from the left, the height first increases and then decreases. It goes for a
maximum at that point. So, at that point, the partial derivative is zero with respect
to x. And the same here. Now, let's find partial h over partial y less than zero. That
means if we go north we should go down. Well, which one is it, top or bottom? Top.
Yes.
Diéu d6 c6 nghia la néu toi thay d6i x, gilt y khdng déi, gia tri cia h khdng thay déi.
Diém nao trén cac dudng dong mic thda man tinh chat d6? N6 & trén va & dudi. Néu
ban dang & day, chdng han, va ban di chuyén theo hudng x, vang, ban s& thay, khi ban
dén do tu phia trai, dau tién chiéu cao tang va sau dé giam. N6 di doi vdéi cuc dai tai
diém do. Vi vay, tai diém dd, dao ham riéng theo x bdng khdng. Va tudng tu & day. Bay
gid, hay tim dao ham riéng cua h theo y nho han khong. Biéu dé cé nghia la néu chung
ta di vé phia bac chiing ta s& di xuéng. Vang, né la cdi nao, trén hay duédi? Trén. Vang.

Here, if you go north, then you go from 2200 down to 2100. This is where the point
is. Now, the problem here was also asking you to estimate partial h over partial y.
And if you were curious how you would do that, well, you would try to figure out how
long it takes before you reach the next level curve. To go from here to here, to go
from Q to this new point, say Q prime, the change in y, well, you would have to read
the scale, which was down here, would be about something like 300. What is the
change in height when you go from Q to Q prime? Well, you go down from 2200 to



2100. That is actually minus 100 exactly.

O day, néu ban di vé phia bac, thi ban di tir 2200 xudng 2100. Piém dé & day. Bay gid, bai
tdp ¢ day cling yéu cau tinh dao ham riéng cda h theo y.Va néu ban dang thic mac vé
cach lam diéu dd, vang, ban sé co6 chi ra n6 di dai nhu thé nao trudc khi ban dén dudng
ddng muc ké tiép. DE di tir day dén day, dé di tir Q dén diém mdi nay, gia sir Q phay, su
thay déi cua y, a, ban sé& phai doc ti 1&, dudc xudng day, khoang 300. Su bién thién cua dd
cao la gi khi ban di tr Q dén Q ph&y? Vang, ban di xudng tlr 2200 dén 2100. D6 ddng la
trir 100.

OK? And so delta h over delta y is about minus one-third, well, minus 100 over 300
which is minus one-third. And that is an approximation for partial derivative. So, that
is how you would do it. Now, let me go back to other things. If you look at this
practice exam, basically there is a bit of everything and it is kind of fairly
representative of what might happen on Tuesday. There will be a mix of easy
problems and of harder problems. Expect something about computing gradients,
approximations, rate of change. Expect a problem about reading a contour plot.
blng khong? Va nhu vay delta h trén delta y khoang trr mot phan ba, vang, trir 100
trén 300 tuong ducng v@i trir mot phan ba. Va do la sy gan dang cho dao ham riéng.
Vi vay, d6 la cach ban sé& lam né. Bay gid, hdy dé tdi trd lai nhitng th& khac. N&u ban
nhin vao bai kiém tra th nay, vé cd ban c6 moét chit cua tat cad moi th( va né phan
ndo kha tiéu biéu cua nhifng gi cé thé xay ra vao thr Ba. S& cé mot hdn hgp giilta cac
bai tdp dé va céc bai tdp khé hon. Hy vong céc th( vé tinh gradients, x&p xi, tc do
bién thién. C6 thé cé bai vé doc db thi contour.

Expect one about a min/max problem, something about Lagrange multipliers,
something about the chain rule and something about constrained partial derivatives.

I mean pretty much all the topics are going to be there. Yes? Yes, in a min/max
problem, you have to look at the boundaries. Look at how it is done here. OK. Have

a nice weekend and see you on Tuesday.

S& co bai cuc ti€u/ cuc dai, cac nhan tir Lagrange, quy tdc diy chuyén va dao ham riéng
c6 rang budc. Y t6i 1a kha nhiu tat cd cac chi dé sé & d. Sao? Vang, trong b ai todn min /
max, ban phai xét cac bién. Hay nhin cach né dugc thuc hién & day. Vang. Chlic moét ngay
cuGi tuan vui vé va hen gap vao thir Ba.



