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Trudng vecto va tich phan dwong trong mét phang
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html
OK. Today we have a new topic, and we are going to start to learn about vector
fields and line integrals. Last week we had been doing double integrals. For today we
just forget all of that, but don't actually forget it. Put it away in a corner of your
mind. It is going to come back next week, but what we do today will include line
integrals. And these are completely different things, so it helps, actually, if you don't
think of double integrals at all while doing line integrals.
Vang. Hém nay ching ta chuyén sang chi dé& méi, ching ta s& bat dau tim hiéu vé trudng
vector va tich phan dudng. Tuan trudc ching ta da hoc vé tich phan kép. Ngay hom nay
chlng ta hdy quén nd, nhung dinng quén han nd. Bat né vao gdc nao do trong tdm tri ban.
NO sé trd lai vao tuan tdi, nhung hdm nay ching ta sé dé cap dén tich phan dudng. Va day
la nhitng th& hoan toan khac, vang, né gilp, thuc su, ban khdng can phai nhg vé tich phan
kép trong khi tinh tich phan dudng.

Anyway, let's start with vector fields. What is a vector field? Well, a vector field is
something that is of a form, while it is a vector, but while M and N, the components,
actually depend on x and y,on the point where you are. So, they are functions of x
and y. What that means, concretely, is that every point in the plane you have a
vector. In a corn field, every where you have corn. In a vector field, everywhere you
have a vector. That is how it works. A good example of a vector field, I don't know if
you have seen these maps that show the wind, but here are some cool images done
by NASA.

DU sao, ching ta hdy b&t dau vdi cac trudng vector. Trudng vector la gi? Vang, trudng
vector la mot dang, tic la nd vira la mot vector, nhung M va N, cac thanh phéan cua nd,
thuc su phu thudc vao x va y, vao diém ma ban dang xét. Vi vay, ching la ham cla x va
y. Y nghia cu thé cua digu dé |a mdi diém trong mit phang ban cé mot vector. Trong canh
ddng ngd, mdi ndi ban c6 mdt qua ngd. Trong trudng vector, mdi nci ban cé Mot vector.
Do la y nghia cla trudng vector. MOt vi du théng thudng vé trudng vector, toi khong biét
la ban da thay nhiing ban d6 hudng gié chua, day la mot s6 hinh dep dudc thuc hién bai
NASA.

Actually, that is a picture of wind patterns off the coast of California with Santa Ana
winds, in case you are wondering what has been going on recently. You have all of
these vectors that show you the velocity of the air basically at every point. I mean,
of course you don't draw it every point, because if you drew a vector at absolutely all
the points of a plane then you would just fill up everything and you wouldn't see
anything.

Trén thuc té, dé 1a mét hinh anh cla dang gié ngoai khaoi bd bién California véi gié
Santa Ana, trong trudng hgp ban dang thic mac vé nhiing gi d3 xay ra gan day. Vé co
ban, tat ca cac vectd nay cho ban thdy van téc clia khéng khi tai mdi diém. Y toi 1a,

tat nhién ban khong vé& né  mdi diém, bdi vi néu ban v& mdt vector tai tat ca moi

diém cua mat phang thi ban s& lam day moi thr va ban s& khdng nhin thay gi ca.

So, choose points and draw the vectors at those points. Here is another cool image,
which is upside down. That is a hurricane off the coast of Mexico with the winds
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spiraling around the hurricane. Anyway, it is kind of hard to see. You don't really see
all the vectors, actually, because the autofocus is having trouble with it. It cannot
really do it, so I guess I will go back to the previous one. Anyway, a vector field is
something where at each point -

Vi vy, chon mot s& diém va vé& cdc vectd tai nhitng diém d6. Pay la nhitng hinh dep
bi 16n ngugc. D6 1a mot con bdo ngoai khai bd bién Mexico cb gid xody. N6 cb vé hoi
khé thdy. Thuc su, ban khong nhin thady tat ca cac vectd, bdi vi autofocus gap kho
kh&n vdi n6. N6 khéng thé thuc su lam diéu dd, vi vay tdi doan tdi sé trd lai cdi trudc
d6. DU sao di nita, mot trudng vector ndi ma tai moi diém -

-- in the plane we have vector F that depends on x and y. This occurs in real life
when you look at velocity fields in a fluid. For example, the wind. That is what these
pictures show. At every point you have a velocity of a fluid that is moving. Another
example is force fields. Now, force fields are not something out of Star Wars. If you
look at gravitational attraction, you know that if you have a mass somewhere, well,
it will be attracted to fall down because of the gravity field of the earth, which means
that at every point you have a vector that is pointing down. And, the same thing in
space, you have the gravitational field of planets, stars and so on.

- trong mét phéng ching ta cé vector F phu thudc vao x va y. Piéu nay xay ra trong cudc
séng thuc khi ban xét trudng van tdc trong chét 1dng. Vi du, gié. N6 dudc hién thi trén
nhi*ng hinh nay. Tai moi diém ban cé mdt vector van tdc cla chat 1dng dang di chuyén.
MOt vi du khac la cac trudng luc. Cac trudng luc khéng phai la thr gi d6 trong Star Wars.
N&u ban xét su hit hdp dan, ban biét r&ng néu ban cé khdi lugng § mot nai nao do,
vang, nd sé& bi hat rdi xudng vi trudng hap dan cla trai dat, cé nghia |a tai mbi diém ban
c6 mdt vector hudng xudng. Va, tuong tu trong khdng gian, ban cé trudng hap dan cla
cac hanh tinh, ng6i sao, va van van.

That is also an example of a vector field because, wherever you go, you would have
that vector. And what it is depends on where you are. The examples from the real
world are things like velocity in a fluid or force field where you have a force that
depends on the point where you are. We are going to try to study vector fields
mathematically. We won't really care what they are most of the time, but, as we will
explore with them defined quantities and so on, we will very often use these



motivations to justify why we would care about certain quantities. The first thing we
have to figure out is how do we draw a vector field, you know, how do you generate

a plot like that?

Do cling 1a mot vi du vé trudng vecta bdi vi, bat c&r noi nao ban di, ban sé c6 vector dé. Va
né nhu thé nao phu thudc vao ban dang & dau. Cac vi du tlr thé gidi thuc |a nhirng th& nhu
van toc trong mot chat long hodc trudng luc 6 d6é ban cé luc phu thubc vao vi tri ban xét.
Chung ta s& c8 géng nghién cllu cac trudng vector vé mat toan hoc. Khéng phai ltic nao
ching ta cling can phai biét cu thé& chidng |a gi, nhung khi khao sat van dé cac dai lugng
dugc dinh nghia va v.v.., rat thudng xuyén ching ta s& s dung nhitng déng luc nay dé
bién minh cho ly do tai sao ching ta quan tdm dén nhitng dai | ugng nhu thé. Diéu dau tién
chung ta phai chi ra la ching ta vé mot trudng vector nhu thé nao, ban da biét, ban tao
ra mét dd thi nhu thé& béng cich nao?

Let's practice drawing a few vector fields. Well, let's say our very first vector field will
be just 2ij. It is kind of a silly vector field because it doesn't actually depend on x
and y. That means it is the same vector everywhere. I take a plane and take vector
<2,1>. I guess it points in that direction. It is two units to the right and one up. And
I just put that vector everywhere. You just put it at a few points all over the place.
And when you think you have enough so that you understand what is going on then
you stop. Here probably we don't need that many. I mean here I think we get the
picture. Everywhere we have a vector <2,1>.

Hay thuc hanh v& mét vai trudng vector. Vang, gia s rang trudng vector dau tién cla
ching ta chi don gian la 2i j. Pay la mét loai trudng vector ngd ngén bdi vi né khéng phu
thudc vao x va y. biéu do6 cd nghia nd cd cung mét vector nhu nhau & khdp moi nai. Toi
chon mét mat phang va téi chon vector <2,1>. Téi dodn nd chi theo hudng dd. N6 sang
phai hai don vi va di 1én mo6t don vi. Va téi chi cn vector d6 6 khdp moi naoi. Ban chi can
d&t nd § mot vai diém khdp ndi. Va khi ban nghi réng da du thi ban dirng. & day 6 18
chiing ta khéng can nhiéu. Y tdi 1a & day toi nghi ching ta d& hinh dung ra dugc roi. O
khdp moi ching ta c6 vector <2,1>.

Now, let's try to look at slightly more interesting examples. Let's say I give you a
vector field x times i hat. There is no j component. How would you draw that? Well,
first of all, we know that this guy is only in the i direction so it is always horizontal. It
doesn't have a j component. Everywhere it would be a horizontal vector. Now, the
question is how long is it? Well, how long it is depends on x. For example, if x is zero
then this will actually be the zero vector. x is zero here on the y-axis. I will take a
different color.

Bay gid, hdy thi xét vi du hai li thd han. Giad st réng tdi cho ban mdt trudng vector x nhén i
md. Khéng cé thanh phan j. ban v& nd nhu thé nao? Vang, trudc hét, ching ta biét rang
thdng nay chi theo hudng i vi vdy né ludn ludn ndm ngang. N6 khéng cé thanh phan j. O
khdp moi noi n6 sé& la mot vector nam ngang. Bay giG, van dé dat ra la nd dai bao nhiéu?
Véng, n6 dai bao nhiéu phu thudc vao x. Vi du, néu x bdng khdng né la vector khdng. x
bang khdng & day trén truc y. T6i s& chon mdét mau khac.

If I am on the y-axis, I actually have the zero vector. Now, if x becomes positive

small then I will have actually a small positive multiple of i so I will be going a little

bit to the right. And then, if I increase X, this guy becomes larger so I get a longer
vector to the right. If x is negative then my vector field points to the left instead. It
looks something like that. Any questions about that picture? No. OK. Usually, we are
not going to try to have very accurate, you know, we won't actually take time to plot
a vector field very carefully. I mean, if we need to, computers can do it for us. It is
useful to have an idea of what a vector field does roughly.

Néu toéi & trén truc y, thuc su toi cé vector khéng. Bay gid, néu x trd thanh duong mét chut
thi t6i sé thuc s cé6 mot nhan tir dudng cua i vi vay toi sé di sang phai moét chut. Va sau
dd, néu tdi tang x, thdng nay trd nén I&n hon vi vay tdi nhan dudc vector dai hon sang bén
phai. Thay vi vay, n€u x am thi trudng vector cla téi hudng sang bén trai. N6 tréng gidng
nhu vay. Cé ai thdc mac gi vé hinh d6 khéng? Khdng a. Budc rbi. Théng thudng, ching ta
s& khodng cd gdng d€ co rat chinh xac, ban da biét, ching ta sé khéng can bd nhiéu thdi
gian dé v& mot trudng vector can than. Y toi 1a, néu ching ta can, may tinh cé thé 1am



diéu do cho chung ta. Sé rat co ich khi chiing ta cé mot y tudng sd luge vé mot trudng
vector.

Whether it is getting larger and larger, in what direction it is pointing, what are the
general features? Just to do a couple of more, actually, you will see very quickly that
the examples I use in lecture are pretty much always the same ones. We will be
playing a lot with these particular vector fields just because they are good examples.
Let's say I give you xi yj. That one has an interesting geometric significance. If I take
a point (%, y), there I want to take a vector x, y. How do I do that? Well, it is the
same as a vector from the origin to this point. I take this vector and I copy it so that

it starts at one point. It looks like that. And the same thing at every point.

Cho du né ngay cang tré nén I6n haon, né hudng theo hudng nao, tinh chat chung la gi? Chi
can xem mot vai chi tiét, thuc su, ban sé& thdy ngay rdng nhitng vi du ma tdi xét trong bai
giang kha thudng xuyén la nhitng cai gibng nhau. Chung ta sé chgi dua rat nhiéu vdi
nhifng trudng vector dac biét nay bdi vi ching 1a nhitng vi du rét tét. Gid su réng tdi cho
ban xi yj. Céi d6 cd y nghia hinh hoc li thi. Né&u téi chon mot diém (x, y), & db tdi chon
mot vector x, y. T6i lam diéu dé nhu thé nao? Vang, né giéng nhu vector tu goc toa do
dén diém nay. T6i I8y vector nay va sao chép nd dé nd bat dau tai mot diém. N6 tréng nhu
vay dé. Va tuong tu tai moi diém.

It is a vector field that is pointing radially away from the origin, and its magnitude
increases with distance from the origin. You don't have to draw as many as me, but
the idea is this vector field everywhere points away from the origin. And its
magnitude is equal to the distance from the origin. If these were, for example,
velocity fields, well, you would see visually what is happening to your fluid. Like here
maybe you have a source at the origin that is pouring fluid out and it is flowing all
the way away from that.

N6 la mot trudng vects hudng tam ra khoi goc toa do, va do I16n cla né tang theo khoang
céch tlr g8c toa do. Ban khdng can phai v& nhiéu nhu tdi, nhung y tudng 1a 8 khdp moi ndi
trudng vector nay hudng ra xa gbc toa dd. Va dd 16n cla nd béng khoang cach tlr géc toa
dé. Chang han, néu day la cac trudng van tdc, vang, ban sé& thdy mét cach truc quan
nhitng gi xay ra trong chét 16ng. Giéng nhu & day ban c6 mot ngudn & géc toa dd dang d6
chét 16ng ra va nd chay khdp moi nai tu dé.

Let's do just a last one. Let's say I give you minus y, x. What does that look like?
That is an interesting one, actually. Let's say that I have a point (x, y) here. This
vector here is <x, y>. But the vector I want is <- y, x>. What does that look like? It
is perpendicular to the position to this vector. If I rotate this vector, let me maybe
draw a picture on the side, and take vector x, y.

Hay xét vi du cudi cung. Gia s{r téi cho ban trir y, x. N6 c6é dang nhu thé nao? Thuc su,
né réat tha vi. Gia sur rang t6i cé mot diém (x, y) & day. V ector nay & day la <x, y>.
Nhung vector ma to6i mudén la <- y, x>. N6 cé dang nhu thé nao? N6 vudng géc vdi vi tri
cla vector nay. Néu tdi xoay vector nay, hdy dé tdi vé& hinh bén canh, va chon vector x,
y.



A vector with components negative y and x is going to be like this. It is the vector
that I get by rotating by 90 degrees counterclockwise. And, of course, I do not want
to put that vector at the origin. I want to put it at the point x, y. In fact, what I will
draw is something like this. And similarly here like that, like that, etc. And if I am
closer to the origin then it looks a bit the same, but it is shorter. And at the origin it
is zero. And when I am further away it becomes even larger. See, this vector field, if
it was the motion of a fluid, it would correspond to a fluid that is just going around
the origin in circles rotating at uniform speed.

Mot vector véi cac thanh phan trir y va x sé giéng nhu thé nay. N6 la mot vector ma toi
nhén dugc bang cach xoay 90 d ngudc chiéu kim dong hd. Va, tat nhién, tdi khéng
mudn dat vector d6 tai g6c toa d6. T6i mudn dat nd tai diém x, y. Thuc su, nhitng gi toi
sé vé gibng nhu thé nay. Va tudng tu ¢ dady nhu thé, nhu thé, vv. Va néu t6i dén gan
gdc toa dd han thi c6 vé gidng nhau mot chdt, nhung né ngan hon. Va tai gbc toa dd né
béng khéng. Va khi tdi ra xa nd trd nén 16n hén. Xem nao, trudng vector nay, néu nd 1a
chuyén déng cua chét 1éng, nd sé tudng 'ng vdi mot chét 16ng dang quay quanh géc toa
do trén cac dudng tron dang quay v@i toc doé déu.

This is actually the velocity field for uniform rotation. And, if you figure out how long

it takes for a particle of fluid to go all the way around, that would be actually 2(pi)
because the length of a circle is 2(pi) times the radius. That is actually at unit

angular velocity, one radiant per second or per unit time. That is why this guy comes
up quite a lot in real life. And you can imagine lots of variations on these. Of course,
you can also imagine vector fields given by much more complicated formulas, and
then you would have a hard time drawing them. Maybe you will use a computer or
maybe you will just give up and just do whatever calculation you have to do without
trying to visualize the vector field. But if you have a nice simple one then it is worth
doing it because sometimes it will give you insight about what you are going to
compute next.

Pay thuc su la trudng van téc clia su quay déu. Va, néu ban mudn biét mot hat chat 1éng
di hét mot hanh trinh trong bao lau, thi cau tra IGi la 2 (pi) vi do dai cia mot dudng tron la
2 (pi) nhan ban kinh. Thuc su dé la van téc géc don vi, mot radiant trén gidy hodc trén
mét dan vi thgi gian. D6 la ly do tai sao thdng nay xudt hién kha nhiéu trong ddi séng
thuc. Va ban cé thé tudng tugng rat nhiéu bién thé cua nhitng cdi nay. Tat nhién, ban ciing
cb thé tudng tugng cac trudng vector tuong ng vdéi cac cdng thlc phirc tap hon, va thé thi
ban sé& vé& ching khé hon. C6 1& ban s& sir dung mdt may tinh hodc cé thé ban chi can dua
ra va chi thuc hién béat ki tinh todn nao dé ma khong can phai hinh dung ra trudng vector.
Nhung néu ban ¢ mot vi du hay don gian thi rat ddng vé nd vi nd s& cho ban hiéu thau
dao vé viéc ban sé tinh cai gi k€ tiép.

Any questions first about these pictures? No. OK. Oh, yes? You are asking if it should
be y, negative x. I think it would be the other way around. See, for example, if I am
at this point then y is positive and x is zero. If I take y, negative x, I get a positive
first component and zero for the second one. So, y, negative x would be a rotation at
unit speed in the opposite direction. And there are a lot of tweaks you can do to it. If
you flip the sides you will get rotation in the other direction. Yes?

Cob cau hoi nao vé cac hinh nay khong? Khéng. Bbugc rbi. Oh, sao? Ban héi la cé nén lay,
trir x hay khéng. T6i nghi rdng dé s& la cach khac. Xem nao, vi du, néu téi & diém nay thi
y dudng va x bang khdng. Néu tdi chon vy, trlr x, téi nhdn dugc thanh phan dau tién
duong va khong cho cai th( hai. Vi vay, y, trir x sé la quay vdi toc dé dan vi theo hudng
ngudc lai. Va ban cé thé chinh stra né theo nhiéu cach. Néu ban 14t cdc canh ban s& nhan
dugc su quay theo hudng khac. Sao?

How do know that it is at unit angular velocity? Well, that is because if my angular
velocity is one then that means the actually speed is equal to the distance from the
origin. Because the arch length on a circle of a certain radius is equal to the radius
times the angle. If the angle varies at rate one then I travel at speed equal to the
radius. That is what I do here. The length of this vector is equal to the distance of
the origin. I mean, it is not obvious on the picture. But, really, the vector that I put



here is the same as this vector rotated so it has the same length. That is why the
angular velocity is one. It doesn't really matter much anyway.

Lam sao biét dugc do la van t6c géc dan vi ? Vang, dé la bdi vi néu van téc géc cua toi
bang mot thi diéu dé cbé nghia la tdc dd thuc su bang khoang cach tir géc toa dd. Bai vi
chiéu dai cung trén dudng tron ban kinh nao dé bang ban kinh nhan gdc. Néu géc thay
dGi véi tdc dd bang mot thi tdi di chuyén vdi téc d6 bang ban kinh. P4 1a nhitng gi todi 1am
& day. Chiéu dai cua vector nay bang khoang cach tir gbc toa dd. Y tdi 13, né khong rd
rang trén hinh. Nhung, thuc su, vector ma t6i dat ¢ day ciling gidong nhu vector dudc quay
nay vi vdy nd cb cuing d6 dai. P4 1a ly do tai sao céc vén tdc géc bédng mdt. Nhung du sao
di n{ta n6 khong quan trong.

What are we going to do with vector fields? Well, we are going to do a lot of things
but let's start somewhere. One thing you might want to do with vector fields is I am
going to think of now the situation where we have a force. If you have a force
exerted on a particle and that particles moves on some trajectory then probably you
have seen in physics that the work done by the force corresponds to the force dot
product with the displacement vector, how much you have moved your particle.
Chung ta sé lam gi v@i cac trudng vector? Vang, ching ta sé lam dudc rat nhiéu diéu
nhung ching ta hdy bat dau véi diéu gi d6. Mot diéu cé thé ban mudn thuc hién véi cac
trudng vector ma bay gid toi sé xét la luc. Néu ban cé mot luc tac dung Ién mot hat thi hat
dd sé di chuyén theo quy dao nao d6, cé 1& ban d3 gdp trong vat li 1a cdng dudc thuc hién
b&i mét luc tuong ’ng vdi tich vé hudng cla luc va vector dich chuyén, ban da di chuyén
hat cdia ban bao nhiéu.

And, of course, if you do just a straight line trajectory or if the force is constant that
works well. But if you are moving on a complicated trajectory and the force keeps
changing then, actually, you want to integrate that over time. The first thing we will
do is learn how to compute the work done by a vector field, and mathematically that
is called a line integral. Physically, remember the work done by a force is the force
times the distance. And, more precisely, it is actually the dot product between the
force as a vector and the displacement vector for a small motion.

Va, tét nhién, néu quy dao thdng hodc néu luc |a hang s6 thi diéu d6 dung. Nhung néu
ban di chuyén trén mot quy dao phirc tap va luc ludn thay d6i thi, qua thuc, ban can
phai 18y tich phan cai dé theo thgi gian. Diéu dau tién ma chidng ta sé lam la hoc cach
tinh cong dudc thuc hién bdi mot trudng vectd, va vé mat toan hoc diéu dé dugc goi la
tich phan dudng. V& mat vat li, hdy nhd cong dugc thuc hién bdi mét luc bang luc
nhan khodang cach. Va, chinh xac han, né thuc su la tich vé hudng gilra luc nhu la mo6t
vector va vector vi tri cho mét chuyén déng nho.



Say that your point is moving from here to here, you have the displacement delta r.
It is just the change in the position vector. It is the vector from the old position to
the new position. And then you have your force that is being exerted. And you do the
dot product between them. That will give you the work of a force during this motion.
And the physical significance of this, well, the work tells you basically how much
energy you have to provide to actually perform this motion. Just in case you haven't
seen this in 8.01 yet. I am hoping all of you have heard about work somewhere, but
in case it is completely mysterious that is the amount of energy provided by the
force.

Gia s rang chat diém cua tdi chuyén déng tir day dén day , su thay déi vi tri 1a delta

r. N6 chi 1a su thay ddi clia vector vi tri. N6 1a mot vector tir vi tri cli d&n vi tri mdi. Va
sau dé ban cd luc cua ban tac dung. Va ban thuc hién tich vé hudng gilta ching. Tich

db sé& cho ban cong cua luc trong chuyén ddng nay. Va y nghia vat ly cua diéu nay,

vang, vé cd ban céng cho ban biét ban phai tén bao nhiéu ndng Ivgng dé thuc hién
chuyén déng nay. Chi trong trudng hdp ban chua thdy diéu nay trong 8,01. Tdi hy

vong tat ca cac ban da nghe néi vé cong & dau dé, nhung trong truéng hgp ban chua

biét gi thi hdy nhd né la lugng nang lugng dudc cung cap bdi luc.

If a force goes along the motion, it actually pushes the particle. It provides an

energy to do it to do that motion. And, conversely, if you are trying to go against the
force then you have to provide energy to the particle to be able to do that. In
particular, if this is the only force that is taking place then the work would be the
variation in kinetic energy of a particle along the motion. That is a good description
for a small motion.

Néu luc cing hudng véi chuyén ddng, né thuc su ddy hat. N6 cung cdp mot nang lugng dé
hat thuc hién chuyén déng. Va, ngudc lai, néu ban dang ¢ gdng chéng lai luc thi ban phai
cung cdp nang lugng cho hat dé€ nd cé thé 1am diéu dé. Dac biét, néu day |1a luc duy nhat
dang xay ra thi cdng s& bang su bién d6i cia ddng néng clia hat doc theo chuyén déng . D6
la mot sy md ta tét cho chuyén ddng nhd.

But let's say that my particle is not just doing that but it's doing something
complicated and my force keeps changing. Somehow maybe I have a different force
at every point. Then I want to find the total work done along the motion. Well, what
I have to do is cut my trajectory into these little pieces. And, for each of them, I
have a vector along the trajectory. I have a force, I do the dot product and I sum
them together. And, of course, to get the actual answer, I should actually cut into
smaller and smaller pieces and sum all of the small contributions to work. So, in fact,
it is going to be an integral. Along some trajectory, let's call C the trajectory for
curve.

Nhung gia st rang hat clia chidng ta khong lam nhu thé ma né lam nhitng th( phdc

tap hon va luc cua toi ludn thay dGi. Tic Ia Iuc thay d6i theo vi tri. Thé thi, tdi muén

tim c6ng toan phan dugc thuc hién trong chuyén ddng. Vang, nhiing gi tdi phai lam 13
cdt quy dao cla tdi thanh nhitng doan nhé nay. Va, d6i véi mdi trong s6 chlng, tdi cé
mot vector doc theo quy dao. Téi cd luc, téi lay tich vé hudng va tdi cong chung vdi
nhau. Va, tat nhién, dé cé dudc cau tra I8i thuc su, tdi thuc su s& phai cat né thanh
nhi*rng doan ngay cang nhé va ldy téng cua tat ca cdc déng goép nhd v ao céng toan
phan. Vi vay, thuc su, ndé sé la mot tich phan. Doc theo quy dao nao do, chung ta hay
goi C la quy dao cua dudng cong.

It is some curve. The work adds up to an integral. We write this using the notation
integral along C of F dot dr. We have to decode this notation. One way to decode this
is to say it is a limit as we cut into smaller and smaller pieces of the sum over each
piece of a trajectory of the force of a given point dot product with that small vector
along the trajectory. Well, that is not how we will compute it. To compute it, we do
things differently. How can we actually compute it? Well, what we can do is say that
actually we are cutting things into small time intervals.

N6 la mot dudng cong nao do. Cong cac cong thanh tich phan. Chiang ta viét diéu nay
dung ki hiéu tich phan doc theo C clia F nhan vo hudng dr. Chlng ta phai gidi ma ky



hiéu nay. Mot cach dé€ giai ma nd 1a ndi rdng nd la gidi han khi chdng ta cdt cac manh
ngay cang nho hon va ching ta 18y tong cla tich vd hudng cla luc tai diém trén mdi
doan cua quy dao vdi vector nhé dé doc theo quy dao. Vang, nhung chidng ta khong tinh
né theo cach d4. D& tinh todn nd, chlng ta 1am hai khac. Thuc su, ching ta cé thé tinh
ndé nhu thé€ nao? Vang, chlng ta sé& cat cac th& thanh nhiing khoang thgi gian nho.

The way that we split the trajectory is we just take a picture every, say, millisecond.
Every millisecond we have a new position. And the motion, the amount by which you
have moved during each small time interval is basically the velocity vector times the
amount of time. In fact, let me just rewrite this. You do the dot product between the
force and how much you have moved, well, if I just rewrite it this way, nothing has
happened, but what this thing is, actually, is the velocity vector dr over dt. What I

am trying to say is that I can actually compute by integral by integrating F dot
product with dr / dt over time.

Céch chia quy dao Ia ching ta s& chup mot hinh sau mdi mili gidy. M6i mili gidy ching ta
c6 mot vi tri mdi. Va lugng chuyén dong ma ban di dugc trong moi khoang thdi gian nhd
vé cd ban Ia vector van téc nhan lugng thdi gian. Trong thuc té&, hdy dé téi viét lai diéu
nay. Ban thuc hién tich v hudng giita luc va khoang cach ma ban da di chuyén, vang, néu
toi viét lai n6 theo cach nay, khéng cé gi xay ra, nhung cai nay thuc su la vector van téc dr
trén dt. Nhitng gi t6i dang c& gdng ndi la tdi thuc su cd thé tinh bdng céach 18y tich phan F
nhan vo hudng vdi dr/ dt theo thai gian.

Whatever the initial time to whatever the final time is, I integrate F dot product
velocity dt. And, of course, here this F, I mean F at the point on the trajectory at
time t. This guy depends on x and y before it depends on t. I see a lot of confused
faces, so let's do an example. Yes? Yes. Here I need to put a limit as delta t to zero.
I cut my trajectory into smaller and smaller time intervals. For each time interval, I
have a small motion which is, essentially, velocity times delta t, and then I dot that
with a force and I sum them. Let's do an example. Let's say that we want to find the
work of this force. I guess that was the first example we had.

B4t k& thdi diém ban dau dén thdi diém cudi |a gi, tdi 18y tich phan F nhan v6 hudng van
téc dt. Va, tat nhién, & day F nay, y toi 1a F tai diém trén quy dao vao thdi diém t. Thang
nay phu thudc vao x va y trudc khi né phu thudc vao t. Téi thay nhiéu khuén mat bdi rdi, vi
vay hay dé toi Iam mét vi du. Sao? Bung. O day tdi can phai ddt mot gidi han khi delta t
ti€n téi khéng. T6i cdt quy dao cua tdi thanh nhitng khoang thdi gian ngay cang nho hon.
Da&i v8i mbi khoang thai gian, tdi c6 mot chuyén déng nho nghia 13, v& cd ban, van téc
nhan thgi gian delta t, va sau dé toi 18y tich vo hudng né véi luc va t6i cong ching. Hay xét
mot vi du. Gia sU réng tdi mudn tim céng cua luc nay. Pay la vi du dau tién cua ching ta.



It is a force field that tries to make everything rotate somehow. Your first points
along these circles. And let's say that our trajectory, our particle is moving along the
parametric curve. x = t, y = t~2 for t going from zero to one. What that looks like --
Well, maybe I should draw you a picture. Our vector field. Our trajectory. If you try
to plot this, when you see y is actually x squared, so it a piece of parabola that goes
from the origin to (1, 1). That is what our curve looks like.

Pay 1a mét trudng luc lam cho moi th quay theo cach nao d. Diém dau tién cha ban doc
theo nhitng dudng tron nay. Va gia s rang quy dao clia ching ta, hat clia ching ta dang
chuyén déng doc theo dudng cong tham s6. x = t, y = t ~ 2 v@i t di tir khdng dén mét. N6
tréng gidng nhu - Vang, cé I€ t6i nén vé hinh. Trudng vector cia ban. Quy dao cla chung
ta. Néu ban th(r vé& db thi cdi nay, khi ban thdy y thuc su bang x binh, vi vy né mdt manh
parabol di tir g6c toa d6 dén (1, 1). budng cong cla ching ta cé dang nhu vay.

We are trying to get the work done by our force along this trajectory. I should point
out; I mean if you are asking me how did I get this? That is actually the wrong
question. This is all part of the data. I have a force and I have a trajectory, and I
want to find what the work done is along that trajectory. These two guys I can

choose completely independently of each other. The integral along C of F dot dr will
be -

Chung ta th(r tim céng dudc thuc hién bdi luc cia ching ta doc theo quy dao n ay. T6i phai
chi ra; y t6i 13 t6i nh&n dudc diéu nay bang céch nao? D6 thuc su' 1a cdu hoi sai. Day |a tat
ca cac phan cuaa dir liéu. Toi cé6 mot luc va toi cé quy dao, va téi mudn tim cong dudgc thuc
hién doc theo quy dao dd |a gi. Hai thdng nay t6i cé thé chon hoan toan déc 14p nhau.
Tich phan doc theo C clia F nhéan vd hudng dr sé béng -

Well, it is the integral from time zero to time one of F dot the velocity vector dr over
dt times dt. That would be the integral from zero to one. Let's try to figure it out.
What is F? F, at a point (X, y), is <-y, x>. But if I take the point where I am at time
tthen x is t and y is t squared. Here I plug x equals t, y equals t squared, and that
will give me negative t squared, t. Here I will put negative t squared, t dot product.
What is the velocity vector? Well, dx over dt is just one, dy over dt is 2t.

Véng, do la tich phan tu thdi gian bang khéng dén thdi gian bdng moét cua F nhan vo
hudéng véi vector van téc dr trén dt nhan dt. Do sé la tich phan tir khong dén mot. Hay
thr tinh nd. F 1a gi? F, tai mét diém (x, y), la <- y, x>. Nhung néu t6i chon mét diém &
do toi & tai thdi diém t thi x béng t va y bang t binh. O day t6i thé x bdng t, y béng t
binh, va diéu dé s& cho t6i trir t binh, t. O day tdi s& dat tri t binh, t nhan vé hudng
vdi. Vector van t6c la gi? Vang, dx trén dt chi la mot, dy trén dt bang 2t.

So, the velocity vector is 1, 2t dt. Now we have to continue the calculation. We get
integral from zero to one of, what is this dot product? Well, it is negative t squared
plus 2t squared. I get t squared. Well, maybe I will write it. Negative t squared plus
2t squared dt. That ends up being integral from zero to one of t squared dt, which
you all know how to integrate and get one-third. That is the work done by the force
along this curve. Yes?

Vi vay, vector van tbéc la 1, 2t dt. Bay gid chling ta phai ti€p tuc tinh todn. Ching ta dugc
tich phan tur khéng dén mét cua, tich vdé hudng nay bang cai gi? Vang, nd la trir t binh
phudng cong vdi 2t binh phudng. K&t qua la t binh phudng. Vang, cé |€ toi sé viét nd. Trur
t binh phudng cong vdi 2t binh dt. K&t qua la tich phan tir khong dén mot cua t binh dt,
ban biét cach tinh tich phan d6 va két qua b&dng mdt phan ba. D6 la cdng dudc thuc hién
doc theo dudng cong nay. Sao?

Well, I got it by just taking the dot product between the force and the velocity. That

is in case you are wondering, things go like this. Any questions on how we did this

calculation? No. Yes? Why can't you just do F dot dr? Well, soon we will be able to. We

don't know yet what dr means or how to use it as a symbol because we haven't said

yet, I mean, see, this is a d vector r. That is kind of strange thing to have. And
certainly r is not a usual variable. We have to be careful about what are the rules,



what does this symbol mean? We are going to see that right now.

Véng, tdi da tim dudc né bang céch 18y tich vé hudng gilra luc va vén tdc. D6 1a trudng
hgp ban dang thac méc, cac th di nhu thé nay. Cé cdu hoi nao vé cach ching ta thuc
hién tinh todn nay khong? Khong a. Sao? Tai sao khong tinh dugc F nhan vo hudng dr?
Vang, ching ta sé& cd thé lam dudc ngay thdi. Ching ta chua biét y nghia cta dr hodc
cach dung no6 nhu la ki hiéu bdi vi ching ta chua ndéi, y téi la, xem nao, day la d vector
r. D6 la th( hai la. Va chéc chén r khéng phai la mét bién binh thudng. Ching ta phai
cén than vé cac quy tdc, y nghia cta ki hiéu nay Ia gi? Ching ta sé thdy diéu dé ngay
bay gid.

And then we can do it, actually, in a slightly more efficient way. I mean r is not a
scalar quantity. R is a position vector. You cannot integrate F with respect to r. We
don't know how to do that. OK. Yes? The question is if I took a different trajectory
from the origin to that point (1, 1), what will happen? Well, the answer is I would get
something different. For example, let me try to convince you of that. For example,

say I chose to instead go like this and then around like that, first I wouldn't do any
work because here the force is perpendicular to my motion.

Va sau dé ching ta cé thé thuc hién diéu dd, thuc su, theo mdt cach hoi hiéu qua hon. Téi
mudn ndi r khéng phai la dai lugng vd hudng. r la mot vector vi tri. Ban khdng thé 14y tich
phén F theo r. Ching ta khéng biét cach dé lam diéu d4. Vang. Sao? Cau hdi |a néu toi
chon mét quy dao khac tir gbc toa dd dén diém (1, 1), diéu gi sé xay ra? Vang, ciu tra I5i
Ia tdi s& nhan dugc mot két qua khac. Vi du, hdy dé téi chirng minh cho ban diéu dé. Vi du,
gia str thay vi chon di nhu thé nay thi toi chon di giéng nhu vay, dau tién téi sé khong thuc
hién bat c cdng nao badi vi ¢ day Iuc vudng gdéc véi chuyén ddng cla toi .

And then I would be going against the force all the way around. I should get
something that is negative. Even if you don't see that, just accept it at face value
that I say now. The value of a line integral, in general, depends on how we got from
point a to point b. That is why we have to compute it by using the parametric
equation for the curve. It really depends on what curve you choose. Any other
questions. Yes?

Va sau do toi s& chdng lai luc khdp moi nci xung quanh. Tdi s& nhan dudc cai gi
doé &m. Tham chi néu ban khong thay diéu dd, chi can chdp nhan no tai gia tri bé
mat ma t6i noéi bay gid. Néi chung, gia tri cia mot tich phan dudng, phu thudc vao
ching ta di tir diém a dén diém b nhu thé nao. D6 la ly do tai sao ching ta phai
tinh né bang cach st dung phuong trinh tham s6 cua dudng cong. N6 thuc su phu
thudc vao viéc ban chon dudng cong nao. C6 cau hoi gi khong. Sao?

What happens when the force inflects the trajectory? Well, then, actually, you would
have to solve a differential equation telling you how a particle moves to find what the



trajectory is. That is something that would be a very useful topic. And that is
probably more like what you will do in 18.03, or maybe you actually know how to do
it in this case. What we are trying to develop here is a method to figure out if we
know what the trajectory is what the work will be. It doesn't tell us what the
trajectory will be. But, of course, we could also find that. But here, see, I am not
assuming, for example, that the particle is moving just based on that force.

Diéu gi xay ra khi luc 1am cong quy dao? Vang, thé thi, thuc su, ban s& phai PTVP dé
biét cach thirc chuyén ddng cua hat dé tim quy dao. P4 la mét chu dé hitu dung. Va cd
|& diéu do hai giéng véi nhitng gi ban s& lam trong 18.03, hodc ¢ thé ban thuc su biét
lam nd trong trudng hgp nay. Nhitng gi ching ta dang ¢ géng xay dung & day 1a mét
phudng phap dé tim cong néu ching ta biét quy dao. Ch khdng phai di tim quy dao.
Nhung, t&t nhién, ching ta cé thé tim dugc. Nhung & day, thdy khdng, toi khéng gia
dinh, vi du, réng cac hat dang chuyén dong chi dua tr én luc dé.

Maybe, actually, I am here to hold it in my hand and force it to go where it is going,
or maybe there is some rail that is taking it in that trajectory or whatever. I can
really do it along any trajectory. And, if I wanted to, if I knew that was the case, I
could try to find the trajectory based on what the force is. But that is not what we

are doing here. Let's try to make sense of what you asked just a few minutes ago,
what can we do directly with dr? dr becomes somehow a vector. I mean, when I
replace it by dr over dt times dt, it becomes something that is a vector with a dt next
to it. In fact -

Co6 18, thuc su, toi 6 day dé gilr né trong tay tdi va ddy nd di dén noi nd s&, hodc cd thé cb
mot thanh ray nao doé dang gilr né trong quy dao doé hay bat clr cai gi dé. Thuc su tdi cd
thé Iam diéu do theo bt ky quy dao nao. Va, néu tdi mudn, néu toi biét diéu dé ding, toi
c6 thé tim quy dao dua trén luc. Nhung d6 khéng phai Ia nhitng gi ching ta dang lam &
day. Hay thr cdm nhan vé nhitng gi ban d& hoi chi trong it phit trudc, ching ta cd thé lam
gi vGi dr? dr trd thanh mot vector. Y tdi 13, khi tdi thay né bang dr trén dt nhan dt, n6 sé
tré thanh vector véi dt ké bén né. Trong thuc té -

Well, it is not really new. Let's see. Another way to do it, let's say that our force has
components M and N. I claim that we can write symbolically vector dr stands for its
vector whose components are dx, dy. It is a strange kind of vector. I mean it is not a
real vector, of course, but as a notion, it is a pretty good notation because it tells us
that F of dr is M dx plus N dy. In fact, we will very often write, instead of F dot dr line
integral along c will be line integral along c of M dx plus N dy.

Vang, né khdng thuc sy mdi. Xem nao. Mot cach khac dé 1am diéu do, gia su rang luc cla
ching ta cé cac thanh phan M va N. T6i cho rdng ching ta cé thé viét tugng trung vector
dr cho cac thanh phan cta nd dx, dy. N6 1a mot vector hai la. Y ti 1a nd khdng phai I3
vector thuc, tat nhién, nhung véi tu cach la mot ki hiéu, do la mot ky hiéu kha tot vi no
cho ching ta biét rang F cia dr bdng M dx céng véi N dy. Trong thuc té&, ching ta rét
thudng viét, thay vi F nhédn v6 hudng dr tich phan dudng doc theo ¢ s& bdng tich phéan
dudng doc theo C clia Mdx cong N dy.

And so, in this language, of course, what we are integrating now, rather than a
vector field, becomes a differential. But you should think of it, too, as being pretty
much the same thing. It is like when you compare the gradient of a function and its
differential, they are different notations but have the same content. Now, there still
remains the question of how do we compute this kind of integral? Because it is more
subtle than the notation suggests.

Va nhu vay, trong ngdn nglf nay, tat nhién, thay vi 1dy tich phan trudng vector, chdng ta
lay tich phan cac vi phadn. Nhung ban cling nén nghi vé nd, ching giéng tudng tu nhau.
Ciling giéng nhu khi ban so sanh gradient cia mot ham va vi phan cua né, ching la
nhitng ky hiéu khac nhau nhung cé cling mét ndi dung. Bay gis, van d& dit ra van I3
ching ta tinh loai tich phan nay nhu thé nao? Bdi vi né tinh t€ han so véi ky hiéu dé
nghi.

Because M and N both depend on x and y. And, if you just integrate it with respect to



X, you would be left with y's in there. And you don't want to be left with y's. You

want a number at the end. See, the catch is along the curve x and y are actually
related to each other. Whenever we write this, we have two variables x and y, but, in
fact, along the curve C we have only one parameter. It could be x. It could be vy.

BGi vi cA M va N déu phu thudc vao x va y. Va, néu ban chi 18y tich phan né theo x, ban sé
con lai cac y trong dé. Va ban khéng mudén con lai cac y. Ban mudn c6 mét sé cudi cung.
Xem nao, khé khan & day la doc theo dudng cong thuc sy x va y co lién quan véi nhau. Béat
cU khi nao chung ta viét diéu nay, ching ta co6 hai bién x va y, nhung, trén thuc té, doc
theo dudng cong C chlng ta chi cd mét tham s8. N6 c6 thé 1a x. N6 cé thé lay.

It could be time. Whatever you want. But we have to express everything in terms of
that one parameter. And then we get a usual single variable integral. How do we
evaluate things in this language? Well, we do it by substituting the parameter into
everything. The method to evaluate is to express x and y in terms of a single
variable. And then substitute that variable. Let's, for example, redo the one we had
up there just using these new notations. You will see that it is the same calculation
but with different notations.

N6 cb thé 1a thdi gian. DU ban muén. Nhung chdng ta phai thé hién t&t ca moi th theo
tham s6 d6. Va sau dé chdng ta nhan dugc tich phan ham mot bién théng thudng.
Chung ta tinh cac th(& trong ngén nglr nay nhu thé nao? Vang, chdng ta lam né bang
cach thé& tham s& vao moi thr. Phudng phap tinh 13 biéu dién x va y theo mot bién. Va
sau do thay thé& bién dd. Vi du, ching ta hay lam lai cai trén dé dung nhiing ki hiéu mdi
nay. Ban sé& th8y réng dé la phép tinh tucdng tu nhung véi céc ky hiéu khéc.

In that example that we had, our vector field F was negative <-y, x>. What we are
integrating is negative y dx plus x dy. And, see, if we have just this, we don't know
how to integrate that. I mean, well, you could try to come up with negative x, y or
something like that. But that actually doesn't make sense. It doesn't work. What we
will do is we will actually have to express everything in terms of a same variable,
because it is a single integral and we should only have on variable. And what that
variable will be, well, if we just do it the same way that would just be t.

Trong vi du ma ching ta da xét, trudng vector cua ching ta F la am <-y, x>. Chlng ta lay
tich phan trir y dx cong x dy. Va, thdy khong, néu ching ta chi cé cai nay, chidng ta khéng
bi&t cach tinh tich phan d6. Y tdi 13, vang, ban cd thé thir vdi trir X, y hay cdi gi nhu thé.
Nhung cai dé thuc su khong cé y nghia. N6 khong dang. Nhitng gi ching ta sé lam la
chlng ta sé& phai biéu dién t&t cd moi th theo cting mét bién, vi nd 1& mot tich phén don
va chuing ta sé chi cd mot bién. Va bién dé sé la, vang, néu ching ta thuc hién né theo
cach tuang tu né sé chinh la t.



How do we express everything in terms of t? Well, we use the parametric equation.
We know that x is t and y is t squared. We know what to do with these two guys.
What about dx and dy? Well, it is easy. We just differentiate. dx becomes dt, dy
becomes 2t dt. I am just saying, in a different language, what I said over here with
dx over dt equals one, dy over dt equals 2t. It is the same thing but written slightly
differently. Now, I am going to do it again. I am going to switch from one board to
the next one. My integral becomes the integral over C of negative y is minus t
squared dt plus x is t times dy is 2t dt.

Chung ta biéu dién moi thir theo t nhu thé ndo? Vang, ching ta s dung phuong

trinh tham s6. Chdng ta biét rang x bang t va y bdng t binh. Ching ta biét phai lam

gi vGi hai thdng nay. Thé& con dx va dy thi sao? Vang, né rat dé. Chlng ta chi can

ldy vi phan. dx trg thanh dt, dy tr& thanh 2t dt. T6i chi can noéi, trong mét ngon nglr
khéc, nhitng gi tdi d& noi trén day vdi dx trén dt bdng mot, dy trén dt bang 2t. N6
gidéng tudng tu nhung dudgc viét hai khac. Bay gid, toi sé lam diéu dé mot lan nita.

Toi s& chuyén tir mdt t&m bang sang t&m ké& bén. Tich phan cla t6i trd thanh tich

phan trén C cua trir y bang trir t binh dt cdng x bang t nhan dy bédng 2 t dt.

And now that I have only t left, it is fine to say I have a usual single variable integral
over a variable t that goes from zero to one. Now I can say, yes, this is the integral
from zero to one of that stuff. I can simply it a bit and it becomes t squared dt, and I
can compute it, equals one-third. I have negative t squared and then I have plus 2t
squared, so end up with positive t squared. It is the same as up there. Any
questions? Yes?

Va bay gid tdi chi con lai t, tlc la toi co tich phan ham m 6t bién thong thudng bién t di tur
khong dén mot. Bay gid toi co thé ndi, vang, day Ia tich phan tir khdng dén moét cla thl
dd. Téi co thé don gian hda nd mot chit va nd sé trd thanh t binh phuong dt, va toi cd thé
tinh nd, bdng Mot phan ba. T6i ¢b trir t binh va sau d6 téi cd cdng 2t binh, do d6, két qua
la cdng t binh. N6 ciling gidbng nhu trén dé. Cé ai hoi gi khong? Vang?

dy is the differential of y, y is t squared, so I get 2t dt. I plug dt for dx, I plug 2t dt for
dy and so on. And that is the general method. If you are given a curve then you first
have to figure out how do you express x and y in terms of the same thing? And you
get to choose, in general, what parameter we use. You choose to parameterize your
curve in whatever way you want. The note that I want to make is that this line
integral depends on the trajectory C but not on the parameterization.
dy la vi phén cla vy, y béng t binh, do do6 téi nhan dudc 2tdt. Toi thé& dt cho dx, t6i thé& 2t
dt cho dy va v.v.... Va dé la phudng phap chung. Néu ban dugc cho moét dudng cong thi
trudc tién ban phai tim ra cach dé biéu dién x va y theo cing mdt th nhu thé nao? Va
ban chon dé€ tham s6 héa dudng cong cla ban theo bt c cich nao ban muén. Chd y rang
t6i mudn lam la tich phan dudng nay phu thudc vao C nhung khéng vao su tham sé hoéa.

You can choose whichever variable you want. For example, what you could do is

when you know that you have that trajectory, you could also choose to parameterize
it as x equals, I don't know, sine theta, y equals sine square theta, because y is x
squared where theta goes from zero to pi over two. And then you could get dx and

dy in terms of d theta. And you would be able to do it with a lot of trig and you

would get the same answer. That would be a harder way to get the same thing.

What you should do in practice is use the most reasonable way to parameterize your
curve.

Ban c6 thé& chon b4t cr bién nao ma ban muén. Vi du, khi ban biét ban cé quy dao d6, ban
cling cé thé chon dé tham s6 hdéa né nhu la x bang, tdi khéng biét, sine theta, y bang sine
binh theta , bdi vi y bdng x binh phuong trong dé theta di t&r khéng dén pi trén hai. Va thé
thi ban c6 thé thuc hién né véi lugng gidc va ban s& nhan dudc cing mét két qua. Pé sé la
mét cach l[am khd han. Ban nén chon cach hodp i nhat dé tham s hda d udng cong cua ban.

If you know that you have a piece of parabola y equals x squared, there is no way
you would put sine and sine squared. You could set x equals, y equals t squared,
which is very reasonable. You could even take a small shortcut and say that your



variable will be just x. That means x you just keep as it is. And then, when you have
y, you set y equals x squared, dy equals 2x dx, and then you will have an integral
over X. That works.

Né&u ban ¢ mdt dudng parabol y bdng x binh, khéng thé nao dat sin va sin binh. Ban cé
thé€ dat x bang t, y bang t binh 1a hdp ly nhat. Ban thdm chi cé thé lam mét chd thich
nhé va ndi rang bi€n cua ban chi la x. Diéu d6 c6 nghia x dudc gilt nguyén. Va sau do,
khi ban ¢ y, ban dat y bang x binh, dy bang 2x dx, va sau d6 ban sé& c6 tich phan chi
theo x. Cach do cling dung.

So, this one is not practical. But you get to choose. Now let me tell you a bit more
about the geometry. We have said here is how we compute it in general, and that is
the general method for computing a line integral for work. You can always do this,

try to find a parameter, the simplest one, express everything in terms of its variable
and then you have an integral to compute. But sometimes you can actually save a

lot of work by just thinking geometrically about what this all does. Let me tell you
about the geometric approach. One thing I want to remind you of first is what is this
vector dr?

Vang, cai nay khdong thuc t&. Nhung ban phai lua chon. By gid hdy dé tdi ndi v6i ban thém
mot chit vé hinh hoc. O day ching ta d& néi vé cach ching ta tinh né ndi chung, va dé la
phudng phap chung dé tinh tich phan dudng cho céng. Ban ludn cd thé 1am diéu nay, thar
tim tham s6, cai don gian nhéat, biéu dién tat cd moi th( theo bién clia né v a sau dé ban cé
tich phdn ham moét bién . Nhung déi khi ban cé thé tiét kiém dudgc nhiéu cdng siic bang
cach xét khia canh hinh hoc cta bai toan. Toi sé ndi vé cach ti€p can hinh hoc. biéu dau
tién tdi mudbn nhac ban |a vé vector dr?

Well, what is vector delta r? If I take a very small piece of the trajectory then my
vector delta r will be tangent to the trajectory. It will be going in the same direction
as the unit tangent vector t. And what is its length? Well, its length is the arc length
along the trajectory, which we called delta s. Remember, s was the distance along
the trajectory. We can write vector dr equals dx, dy, but that is also T times ds. It is



a vector whose direction is tangent to the curve and whose length element is actually
the arc length element.

Vang, vector delta r la gi? Néu t6i chon mo6t doan nhd cua quy dao thi vector delta r cua toi
sé ti€p tuyén vdi quy dao. N6 sé cé cung hudng véi vector dan vi ti€p tuyén t. Va chiéu dai
cua nd la gi? Vang, chiéu dai ctia no la chiéu dai cung doc theo quy dao, ma ching ta goi la
delta s. H3y nhé réng, s la khoang cach doc theo quy dao. Ching ta cé thé viét vector dr
bang dx, dy, nhung né ciing 1a T nhén ds. P4 la mét vector ma hudng cla né ti€p tuyén vdi
dudng cong va yéu t6 chiéu dai ctia n6 thuc su la yéu td chiéu dai cung.

I mean, if you don't like this notation, think about dividing everything by dt. Then
what we are saying is dr over dt, which is the velocity vector. Well, in coordinates,
the velocity vector is dx over dt, dy over dt. But, more geometrically, the direction of
a velocity vector is tangent to the trajectory and its magnitude is speed ds over dt.
So, that is really the same thing. If I say this, that means that my line integral F to
dr, well, I say I can write it as integral of M dx plus N dy. That is what I will do if I
want to compute it by computing the integral.

Y tdi 14, néu ban khdng thich ki hiéu ndy, hdy nghi vé viéc chia moi thl cho dt. Thé thi,
nhifng gi ching ta s& néi la dr trén dt, bang vector van t6c. Vang, trong hé toa do,
vector van t6c bang dx trén dt, dy trén dt. Tuy nhién, vé& mat hinh hoc, hudng cua
vector van toc la ti€p tuyén va@i quy dao va do I6n clda nd la téc d6 ds trén dt. Vi vay,
do thuc su la cung mot diéu. Néu toi ndi cai nay, diéu dé cd nghia la tich phan dudng
cla téi F dr, vang, tbi ndi tdi cé thé viét né nhu 1a M dx céng N dy. D6 1a nhitng gi toi
s& lam néu téi mudbn tinh n6 bang cach tinh tich phan.

But, if instead I want to think about it geometrically, I could rewrite it as F dot T ds.
Now you can think of this, F dot T is a scalar quantity. It is the tangent component of
my force. I take my force and project it to the tangent direction to a trajectory and

the I integrate that along the curve. They are the same thing. And sometimes it is
easier to do it this way. Here is an example. This is bound to be easier only when the
field and the curve are relatively simple and have a geometric relation to each other.
If I give you an evil formula with x cubed plus y to the fifth or whatever there is very
little chance that you will be able to simplify it that way.

Nhung, thay vao dé néu téi muén nghi vé né theo phuang phap hinh hoc, t6i cé thé viét lai
né nhu 1a F nhan vé hudng T ds. Bay gi& ban cd thé nghi vé diéu nay, F nhan vd hudng véi
T la mot dai lugng vo hudng. N6 la thanh phan ti€p tuyén cla luc. Téi 1dy vector luc va
chiéu né theo hudng ti€p tuyén véi quy dao va toi 1ay tich phan né doc theo dudng cong.
Chlng giéng nhau. Va dbi khi 1am né theo cach nay dé& hon. Dudi day 1a mot vi du. Pay 1a
rang budc dé hon chi khi cac trudng va dudng cong tuong ddi don gian va cé6 mot méi quan
hé hinh hoc véi nhau. Néu t6i cho ban cé mot cong thic doc ac véi x mi ba cong y mii nam
hodc bat cr mét thay ddi rat nhd nao dé thi ban cé thé dan gian hda né theo cach dé.

But let's say that my trajectory is just a circle of radius a centered at the origin. Let's
say I am doing that counterclockwise and let's say that my vector field is xi yj. What
does that look like? Well, my trajectory is just this circle. My vector field, remember,
xi plus yj, that is the one that is pointing radially from the origin. Hopefully, if you
have good physics intuition here, you will already know what the work is going to be.
It is going to be zero because the force is perpendicular to the motion.

Nhung gia st rang quy dao cla t6i chi la mot dudng tron co tdm dat tai g6c toa dd. Gia sir
réang tdi s& lam diéu d6é ngudgc chiéu kim déng hd va gia s rang trudng vector cua téi 1a xi
yj. Cai dé c6 dang nhu thé nao? Vang, quy dao cua toi chi la dudng tron nay. Trudng
vector cla tdi, hdy nhd réng, xi cdng yj, nd la cai hudng tdm tir goc toa d6. Hy vong rang,
néu ban cbé mét truc gidc vat ly tét & day, ban sé& biét cong & day sé bang cai gi. N6 sé&
bang khéng bdi vi luc vudng gdc véi chuyén dong.

Now we can say it directly by saying if you have any point of a circle then the

tangent vector to the circle will be, well, it's tangent to the circle, so that means it is
perpendicular to the radial direction, while the force is pointing in the radial direction
so you have a right angle between them. F is perpendicular to T. F dot T is zero. The



line integral of F dot T ds is just zero. That is much easier than writing this is integral
of x over dx plus y over dy. What do we do? Well, we set x equals a cosine theta, y
equals a sine theta.

Bay gi& ching ta cé thé phat bi€u né mét cach truc ti€p bdng cach nédi rang néu ban ¢
bat ky diém nao cla dudng tron thi vector ti€p tuyén véi dudng tron sé 1a, vang, né tiép
xUc v@i dudng tron, diéu dé cé nghia la né vudéng géc véi hudng ban kinh, trong khi luc la
hudng tam vi vay ban cé mot géc vudng gilra ching. F vudng goéc véi T. F nhan v6 hudng
vGi T bang khdng. Tich phan dudng clia F nhan vd hudng véi T ds chinh 1a khéng. N6 dé
hon la viét cai nay la tich phan cua x trén dx cong y trén dy. Chang ta phai lam gi? Vang,
chlng ta d&t x bdng c6 sin theta, y béng sin theta.

We get a bunch of trig things. It cancels out to zero. It is not much harder but we
saved time by not even thinking about how to parameterize things. Let's just do a

last one. That was the first one. Let's say now that I take the same curve C, but now
my vector field is the one that rotates negative yi plus xj. That means along my

circle the tangent vector goes like this and my vector field is also going around. So,

in fact, at this point the vector field will always be going in the same direction.

Chlng ta nhan dudc mét biéu thirc lugng gidc. N6 triét tiéu va bang khong. N6 khdong khé
hon cai nay nhiéu nhung ching ta d3 tiét kiém thgi gian bang cach khdng tham sé héa cac
th&. Chang ta h3y lam cai cudi cung. D6 ciing la cai dau tién. Gia si réng bay giG tdi chon
cung dudng cong C, nhung bay giG trudng vector cua t6i dao ngudgc trir yi cong xj. Diéu do
c6 nghia la doc theo dudng tron cua t6i vector ti€p tuyén di gibng nhu thé nay va trudng
vector cla téi s& di xung quanh. Vi vay,trén thuc té, tai diém nay trudng vector sé& ludn
lubén di cung huéng.

Now F is actually parallel to the tangent direction. That means that the dot product
of F dot T, remember, if it is the component of F in this direction that will be the
same of the length of F. But what is the length of F on this circle if this length is a? It
is just going to be a. That is what we said earlier about this vector field. At every
point, this dot product is a. Now we know how to integrate that quite quickly.

Bay gid F thuc su song song véi hudng ti€p tuyén. Diéu dé cdé nghia |a tich vé hudng
ctia F T, hdy nhé rdng, néu nd la thanh phan cla F theo hudng nay thi nd sé clng
chiéu dai cua F. Nhung chiéu dai cua F trén dudng tron nay la gi néu chiéu dai nay la
a? No cling chinh la a. Bé la nhitng gi chling ta da ndi trudc day vé trudng vector nay.
Tai mdi diém, tich vd hudng nay bang a. Bay gid chiing ta biét cach tinh tich phan cai
do6 kha nhanh.

Because it becomes the integral of a ds, but a is a constant so we can take it out.

And now what do we get when we integrate ds along C? Well, we should get the total
length of the curve if we sum all the little pieces of arc length. But we know that the
length of a circle of radius a is 2pi a, so we get 2(pi)a squared. If we were to
compute that by hand, well, what would we do? We would be computing integral of



minus y dx plus x dy. Since we are on a circle, we will probably set x equals a times
cosine theta, y equals a times sine theta for theta between zero and 2pi. Then we
would get dx and dy out of these. So, y is a sine theta, dx is negative a sine theta d
theta, if you differentiate a cosine, plus a cosine theta times a cosine theta d theta.
Bd&i vi né trd thanh tich phan cla a ds, nhung a 1a mot hdng sb vi vy ching ta cb thé 1ay
no ra ngoai. Va bay gid chidng ta nhan dugc gi khi chidng ta 13y tich phan ds doc theo C?
Vang, ching ta s& nhan dudc téng chiéu dai clia dudng cong néu chiing ta cdng tat ca cac
chiéu dai cta nhiing doan cung nhd. Ma ching ta lai biét rang dé dai cia mét dudng tron
ban kinh a la 2pi a, do d6, ching ta nhan dudc 2 (pi)a binh phugng. Néu ching ta tinh né
bang tay, véng, ching ta sé& lam gi? Chung ta s& tinh tich phén cua trir y dx cdng x dy. Vi
chlng ta & trén dudng tron, ching ta sé dat x bang a nhan cosin theta, y bang a nhan sin
theta vdi theta chay tir khong dén 2pi. Thé thi ching ta sé nhan dugc dx va dy cung vdi
nhiing cdi nay. Vi vay, y bang sin theta, dx bang trur sin theta d theta, néu ban |8y vi phan
cosin, céng c6 sin theta nhan c6 sin theta d theta.

Well, you will just end up with integral from zero to 2pi of a squared time sine
squared theta plus cosine square theta times d theta. That becomes just one. And
you get the same answer. It took about the same amount of time because I did this
one rushing very quickly, but normally it takes about at least twice the amount of
time to do it with a calculation. That tells you sometimes it is worth thinking
geometrically.

Vang, két qua la tich phan tir khong dén 2pi cia a binh nhan sin binh theta cong cosin
binh theta nhan d theta. N6 chinh la mét. Va ban nhan dudc cau tra I8i tuagng tu. Mat
cung mot lugng thdi gian bai vi téi da lam cai nay rat nhanh chéng, nhung thong thudng
phai méat khoang it nhat hai Ian Iugng thdi gian dé€ tinh todn nd. DPiéu dé cho ban thdy
rang doi khi cling cdn phai suy nghi theo ph uong phap hinh hoc.



