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Chugng 11: Vi phan; quy tdc ddy chuyén

VW WL CHA Y VLSO

D&y la phan ghi chép trén 18p. V& bai gidng, cdc ban cd thé xem tai:
http://www.mientayvn.com/OCW/MIT/qgiai tich nhieu bien.html

OK. Let's start. Thank you. OK. So far we have learned about partial derivatives and
how to use them to find minima and maxima of functions of two variables or several
variables. And now we are going to try to study, in more detail, how functions of
several variables behave, how to compete their variations. How to estimate the
variation in arbitrary directions. And so for that we are going to need some more
tools actually to study this things.

Véng. Hay bat dau. Cam dn cac ban. Vang. Cho dén bay gid ching ta d& hoc vé dao ham
riéng va cach dung chiing dé tim cuc ti€u va cuc dai ciia cdc ham hai bién hodc nhiéu bién.
Va by gid ching ta s& c6 gdng nghién clu, cu thé hon, tinh chét cla cdc ham nhiéu bién,
lam thé& nao dé€ so sanh su bién thién cta ching. Lam thé& nao dé tinh su bién thién theo
hudng nao dé. Va vi vdy ching ta s& can thém mot s6 céng cu thuc sy d& nghién clu
nhirng diéu nay.

More tools to study functions. Today's topic is going to be differentials. And, just to
motivate that, let me remind you about one trick that you probably know from single
variable calculus, namely implicit differentiation. Let's say that you have a function y
equals f of x then you would sometimes write dy equals f prime of x times dx. And
then maybe you would -- We use implicit differentiation to actually relate
infinitesimal changes in y with infinitesimal changes in x. And one thing we can do
with that, for example, is actually figure out the rate of change dy by dx, but also the
reciprocal dx by dy. And so, for example, let's say that we have y equals inverse
sin(x).

Thém céc cdng cu dé nghién cltu cdc ham. HOm nay chu dé sé& la vi phén. Va, chi dé
doéng vién rdng, hay dé tdi nhac ban vé mét tha thudt ma cé I& ban da biét tir giai tich
ham mot bién, d6 Ia phép 18y vi phdn ham &n. Gia s rédng ban c6 ham y bang f x thi

doi khi ban sé& viét dy bang f phdy x nhan dx. Va sau dé cé thé ban s& - Chlng ta sur
dung dao ham ham &n dé thiét 1ap méi quan hé thuc sy gilta su' thay d6i nhé vo c Ung
cla y vGi su thay d6i nhd vé cung cua x. Va mot diéu chidng ta c6 thé lam véi no, vi

du, la tim d6 bién thién dy trén dx, cling nhu nghich ddo dx trén dy. Va nhu vay, vi

du, gia sur ching ta c6 y bang sin(x) ngugc.

Then we can write x equals sin(y). And, from there, we can actually find out what is
the derivative of this function if we didn't know the answer already by writing dx
equals cosine y dy. That tells us that dy over dx is going to be one over cosine y.

And now cosine for relation to sine is basically one over square root of one minus

x”2. And that is how you find the formula for the derivative of the inverse sine
function. A formula that you probably already knew, but that is one way to derive it.
Thi chlng ta cd thé viét x bdng sin (y). Va, tUr dd, ching ta thuc su tim dudc dao ham cua
ham nay la gi néu ching ta khdéng biét cau tra 18i béng cach viét dx bang cos y dy. Diéu dé
cho ching ta biét réng dy trén dx sé& la mot trén cd sin y. Va bay gid cd sin cho hé thic
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cua sin la mot trén can béac hai cia mot trir x A~ 2. Va dé la cach ban tim cong thic cho
dao ham cua ham sin ngugc. Mot cong thi'c ma co |é ban da biét, nhung do la cach dé rut
ra no.

Now we are going to use also these kinds of notations, dx, dy and so on, but use

them for functions of several variables. And, of course, we will have to learn what

the rules of manipulation are and what we can do with them. The actual name of

that is the total differential, as opposed to the partial derivatives. The total

differential includes all of the various causes that can change -- Sorry. All the
contributions that can cause the value of your function f to change. Namely, let's say
that you have a function maybe of three variables, x, y, z, then you would write df
equals f sub x dx plus f sub y dy plus f sub z dz.

Bay gid ching ta cling sé dung nhiing loai ky hiéu nay, dx, dy va v.v..., nhung dung ching
cho cac ham nhiéu bién. Va, tdt nhién, ching ta sé& phai hoc cac quy tac va nhitng gi chiing
ta co thé 1am v@i ching. Tén thuc su cla nd |a dao ham toan phén, ngudgc vaéi dao ham
riéng. Pao ham toan phan bao gdm tat ca cac nguyén nhan khac nhau gy ra su thay déi -
Xin 18i. T4t c& cac ddng gop cd thé 1am cho ham f clia ban thay déi. Cu thé, gia s ban co
ham ba bién, x, y, z, thi ban s& viét df bang f x dx céng vdi f y dy cdng vdi f z dz.

Maybe, just to remind you of the other notation, partial f over partial x dx plus
partial f over partial y dy plus partial f over partial z dz. Now, what is this object?
What are the things on either side of this equality? Well, they are called differentials.
And they are not numbers, they are not vectors, they are not matrices, they are a
different kind of object. These things have their own rules of manipulations, and we
have to learn what we can do with them. So how do we think about them? First of
all, how do we not think about them?

C6 18, chi d& nhic nhd ban vé nhitng ky hiéu khac, dao ham riéng cua f theo x dx cdng vai
dao ham riéng cua f theo y dy cong vGi dao ham riéng cua f theo z dz. Bay giG, ddi tugng
nay la gi? Nhitng thir & hai vé tudgng dudng nay la gi? Vang, ching dudc goi la vi phan.Va
ching khong phai la cac s6, ching khéng phai la vectd, ching khong phai la ma tran,
chlng l1a moét loai d6i tugng khac. Nhitng cdi nay cé quy téc tinh toan riéng, va ching ta
phai hoc cac quy tdc dd. Vay ching ta c6 thé xem chlng nhu céi gi? Trudc hét, ching ta
khong dugc xem chdng nhu cai gi?

Here is an important thing to know. Important. df is not the same thing as delta f.
That is meant to be a number. It is going to be a number once you have a small
variation of x, a small variation of y, a small variation of z. These are numbers. Delta
x, delta y and delta z are actual numbers, and this becomes a number. This guy
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actually is not a number. You cannot give it a particular value. All you can do with a
differential is express it in terms of other differentials. In fact, this dx, dy and dz,
well, they are mostly symbols out there. But if you want to think about them, they
are the differentials of x, y and z. In fact, you can think of these differentials as
placeholders where you will put other things.

bay la mot diéu quan trong can biét. Quan trong. df kh ac véi delta f. Cai d6 dugc

hiu 1a mot s6. N6 sé& [a mot s mot khi ban c6 mdt su bién thién nhé cua x, mdt su
bién thién nhé cua y, mot su bién thién nhé cua z. Bay la nhitng con s6. Delta x,

delta y va delta z 1a céc s8 thuc, va cdi nay trd thanh mot s6. Thang nay khéng thuc
su' la mot sb. Ban khdng thé cho néd mét gid tri cu thé. T4t cd nhiing gi ban cb thé

lam v&i vi phan 13 biéu dién né theo cac vi phan khac. Thuc vay, dx, dy va dz
nay,vang, chdng chua yéu la cac ki hiéu ngoai d6. Nhung néu ban muén nghi vé

ching, chdng la cac vi phan cla x, y va z. Trong thuc té, ban cé thé xem céc vi phan
nay nhu cac bo gitt chd & dé ban s& dit nhitng thir khac.

Of course, they represent, you know, there is this idea of changes in x, y, z and f.
One way that one could explain it, and I don't really like it, is to say they represent
infinitesimal changes. Another way to say it, and I think that is probably closer to the
truth, is that these things are somehow placeholders to put values and get a tangent
approximation. For example, if I do replace these symbols by delta x, delta y and
delta z numbers then I will actually get a numerical quantity. And that will be an
approximation formula for delta. It will be the linear approximation, a tangent plane
approximation. What we can do -

T&t nhién, chlng dai dién, ban d& biét, d6 Ia y tudng vé su thay ddi cla x, y, z va f. Mot
trong nhitng cadch ma ta cé thé giai thich nd, va tdi khéng thuc su thich nd, 1a ndi réng
ching biéu dién nhitng su thay d&i nhé vo cling. Mot cach khac dé néi vé nd, va tdi nghi
réng cé |18 13 gan vdi su that hon, 1a nhitng cai nay bang cach nao dé 1a cac bd gilf chd dé
dat cac gia tri va nhan dudc phép xap xi ti€p tuyén. Vi du, néu téi thay thé cac ki hiéu nay
béng céc s6 delta x, delta y va delta z thi t6i s& thuc su nhan dugc mét dai lugng béng sé.
Va do sé la mot cong thirc gan dang cho delta. N6 sé la phép xap xi tuyén tinh, mot xap xi
mat phang tiép tuyén. Nhitng gi ching ta cé thé lam -

Well, let me start first with maybe something even before that. The first thing that it
does is it can encode how changes in x, y, z affect the value of f. I would say that is
the most general answer to what is this formula, what are these differentials. It is a
relation between x, y, z and f. And this is a placeholder for small variations, delta x,
delta y and delta z to get an approximation formula.

Vang, dau tién hay dé tbéi bat dau v4i mot cai gi dé tham chi trudc cai dd. Viéc dau tién
ma nd 1am 1a ndé c6 thé€ ma héa su thay ddi clia x, y, z &nh hudng nhu thé nao dén gia tri
cua f. T6i s& ndi rang dd la ciu tra I3i tdng quat nhat cho cau hoi cdng thic nay la gi, cac
vi phdn nay 1a gi. D6 1a mot méi quan hé gitta x, y, z va f. Va day 1a mét bd gilr ché cho
cac bién thién nho, delta x, delta y va delta z d€ cé dudc mét cong thirc gan ding.

Which is delta f is approximately equal to fx delta x fy delta y fz delta z. It is getting
cramped, but I am sure you know what is going on here. And observe how this one
is actually equal while that one is approximately equal. So they are really not the
same. Another thing that the notation suggests we can do, and they claim we can
do, is divide everything by some variable that everybody depends on. Say, for
example, that x, y and z actually depend on some parameter t then they will vary, at
a certain rate, dx over dt, dy over dt, dz over dt. And what the differential will tell us
then is the rate of change of f as a function of t, when you plug in these values of x,
y, z, you will get df over dt by dividing everything by dt in here.

D6 la delta f gan bang fx delta x fy delta y fz delta z. No trd nén go bd, nhung tdi chéc
chan ban biét nhiing gi dang xay ra 6 day. Va nhin nay trong khi cai nay bdng thuc su thi
cai d6 gan bang. Vi vay, ching thuc su khéng gidng nhau. Mot diéu khac ma ky hiéu cho
thdy ching ta c6 thé Iam, va chidng yéu cau ching ta cé thé 1am, la chia moi thi cho mét
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bi€n nao dé6 ma moi s6 hang phu thubc vao. Gia s, nhu, x, y va z dé thuc su phu thudc
vao mot tham s6 t nao dé thi ching sé& bién ddi, véi téc dd nao dd, dx trén dt, dy trén dt,
dz trén dt. Va vi phan s& cho ching ta biét téc dd thay ddi cia f nh v ham cula t, khi ban
th& nhiing gia tri nay cua x,y, z, ban s& nhan dugc df trén dt béng cach chia moi thir cho
dt g day.

The first thing we can do is divide by something like dt to get infinitesimal rate of
change. Well, let me just say rate of change. df over dt equals f sub x dx over dt

plus f sub y dy over dt plus f sub z dz over dt. And that corresponds to the situation
where x is a function of t, y is a function of t and z is a function of t. That means you
can plug in these values into f to get, well, the value of f will depend on t, and then
you can find the rate of change with t of a value of f.

Diéu dau tién chiing ta cé thé 1am 1a chia cho cdi gi d6 giéng nhu dt d€ nhan dudc dd bién
thién v cing nhd. Vang, hdy dé tdi n6i dd bién thién. df trén dt bang fx dx trén dt céng f
y dy trén dt cong vdi f z dz trén dt. Va diéu dé tudng Ung véi trudng hgp ma x la mot ham
clat, y Ia mdt ham cua t va z I1a mdt ham cua t. Diéu d6 cé nghia la ban cé thé thé nhiing
gia tri nay vao f d& nhan dudc, vang, gia tri cla f s& phu thudc vao t, va sau dé ban cé thé
tim dugc téc dd thay dbi theo t cia mot gia tri f.

These are the basic rules. And this is known as the chain rule. It is one instance of a
chain rule, which tells you when you have a function that depends on something, and
that something in turn depends on something else, how to find the rate of change of
a function on the new variable in terms of the derivatives of a function and also the
dependence between the various variables. Any questions so far? No. OK. A word of
warming, in particular, about what I said up here. It is kind of unfortunate, but the
textbook actually has a serious mistake on that. I mean they do have a couple of
formulas where they mix a d with a delta, and I warn you not to do that, please.

Day la nhitng quy tac co ban. Va diéu nay dudc goi la quy tac ddy chuyén. Pay la mot vi
du vé quy tac day chuyén, ndi dung la khi ban c6 mét ham phu thudc vao mét bién, va
bién nay lai phu thudc vao bién khac nita, Iam thé& nao dé tim dugc t6c dd thay ddi cla
mot ham & bién mdéi theo dao ham clia ham va tuang tu su phu thudc gilta cac bién khac
nhau. Cé cau hoi nao khong? Khéng. Bugc roi. Mot IGi canh bao, dac biét, vé nhitng gi toi
noi ra ¢ day. N6 cé vé hai khéng may, nhung sach gido khoa thuc su da cé mot vai sai lam
nghiém trong vé didu dd. Y tdi 1a ho cd mdt vai cong thirc 13n 16n a d vdi a delta, va toi
canh bao ban khéng dugc lam nhu vay.

I mean there are d's and there are delta's, and basically they don't live in the same
world. They don't see each other. The textbook is lying to you. Let's see. The first
and the second claims, I don't really need to justify because the first one is just
stating some general principle, but I am not making a precise mathematical claim.
The second one, well, we know the approximation formula already, so I don't need to
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justify it for you. But, on the other hand, this formula here, I mean, you probably
have a right to expect some reason for why this works. Why is this valid?

Y t6i 13 ¢6 cac d va cac delta, va vé cd ban ching khdng s6ng trong cling mot thé gidi.
Ho khdng hiéu nhau. Cac sach gido khoa dang ndm vdi ban. Xem nao. Xac nhan tha
nhét va th( hai, tdi khéng thuc su’ cdn phai chirng minh vi cai dau tién chi la bat dau
nguyén Ii téng quat nao dd, nhung tdi khdng tao ra chitng minh todn hoc chinh xac.Th
hai, vang, chung ta da biét cong thic gan dung roi, vi vay toéi khéng can phai ching
minh né cho ban. Nhung, mat khac, cong thic nay & day, y toi la, cé thé ban cé quyén
mong dgi mot s6 ly do tai sao diéu nay dang. Tai sao diéu nay hgp 1€?

After all, I first told you we have these new mysterious objects. And then I am telling
you we can do that, but I kind of pulled it out of my hat. I mean I don't have a hat.
Why is this valid? How can I get to this? Here is a first attempt of justifying how to
get there. Let's see. Well, we said df is f sub x dx plus f sub y dy plus f sub z dz. But
we know if x is a function of t then dx is x prime of t dt, dy is y prime of t dt, dz is z
prime of t dt.

Sau hét, dau tién t6i d3 ndi véi ban ching ta cé nhitng ddi tugng bi 4n mdi. Va sau dé
toi s& bao ban ching ta cé thé lam diéu d6, nhung tdi phan nado loai nd ra khdi dau toi. Y
toi la téi khong cé m. Tai sao diéu nay hogp 18? Lam thé& nao tdi cé thé nhén dudgc diéu
nay? Day 1a mot nd luc dau tién chitng minh cach nhdn dudc né. Xem nado. Vang, ching
ta d& noi df badng f x dx cong véi fy dy cong vdi f z dz. Nhung chiing ta biét néu x 1a mot
ham cua t thi dx bdng x phdy t dt, dy bang y phdy t dt, dz bang z phéy t dt.

If we plug these into that formula, we will get that df is f sub x times x prime t dt
plus f sub y y prime of t dt plus f sub z z prime of t dt. And now I have a relation
between df and dt. See, I got df equals sometimes times dt. That means the rate of
change of f with respect to t should be that coefficient. If I divide by dt then I get the
chain rule. That kind of works, but that shouldn't be completely satisfactory. Let's
say that you are a true skeptic and you don't believe in differentials yet then it is
maybe not very good that I actually used more of these differential notations in
deriving the answer.

Né&u chlng ta thé& nhitng cdi nay vao cdng thiric d6, chiing ta s& nhan dugc df bang f x
nhan x phdy t dt cdng vdi fy y phdy t dt cdng véi f z z phdy t dt. Va bay gi& t6i cd6 mét
hé thirc gitra df va dt. Thay khdng, t6i nhan dugc df bang cai gi d6 nhan dt. Diéu dé co
nghia |a dd bién thién cla f dbi vGi t sé béng hé s& dé. Néu tdi chia cho dt thi téi nhén
dudc quy tdc day chuyén. Diéu d6 phan nao ddng, nhung s& khdng hoan toan thoa
dang. Gia st ban la mot ngudi thuc su hoai nghi va ban chua tin vao cac vi phan thi cé
vé nhu khong t6t khi toi dung thém cac ki hiéu vi phan nay trong viéc rut ra cau tra 15i.

That is actually not how it is proved. The way in which you prove the chain rule is

not this way because we shouldn't have too much trust in differentials just yet. I
mean at the end of today's lecture, yes, probably we should believe in them, but so
far we should be a little bit reluctant to believe these kind of strange objects telling

us weird things. Here is a better way to think about it. One thing that we have trust
in so far are approximation formulas. We should have trust in them. We should
believe that if we change x a little bit, if we change y a little bit then we are actually
going to get a change in f that is approximately given by these guys.

D6 thuc su khdng phai la cach chiing minh nd. Cach dé€ chirng minh céng thirc ddy chuyén
khéng phai cich nay bdi vi chling ta chua tin tudng nhiéu vao cac vi phan. Y toi 1a vao
cuGi bai gidng hom nay, vang, co |é chldng ta nén tin vao ching, nhung dén bay giG ching
ta chi tin mot cach hai mién cudng vao nhitng loai d6i tugng ki la ndy cho ching ta biét
nhirng diéu ky la. Day 1& mot cach tdt hon dé nghi vé nd. Mot diéu ma chlng ta da tin
tudng vao Iic nay la cong thic gan dung. Chung ta phai cé 10ng tin vao ching. Chung ta
nén tin réng néu ching ta thay ddi x mét chit, néu ching ta thay déi y mot chdt thi
chiling ta dang thuc sy nhén dudc su thay déi cla f dudc tinh gén dlng bdi nhitng thang
nay.
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And this is true for any changes in X, y, z, but in particular let's look at the changes
that we get if we just take these formulas as function of time and change time a little
bit by delta t. We will actually use the changes in X, y, z in a small time delta t. Let's
divide everybody by delta t. Here I am just dividing humbers so I am not actually
playing any tricks on you. I mean we don't really know what it means to divide
differentials, but dividing numbers is something we know. And now, if I take delta t
very small, this guy tends to the derivative, df over dt. Remember, the definition of

df over dt is the limit of this ratio when the time interval delta t tends to zero.

Va diéu nay la dung cho b4t ky thay dGi nao trong X, y, z, nhung déc biét hdy nhin vao
nhirng thay d&i ma ching ta nhan dudc néu chlng ta chi chon cac cdng thirc nay nhu ham
cua thgi gian va do bién thién nho cla thdi gian delta t. Chang ta thuc su sé s dung
nhitng thay d6i cla x, y, z theo moét su thay ddi nho cua thdi gian delta t. Hay chia moi th(
cho delta t. & ddy toi chi chia cho cac s8 vi vay tbi khong thuc su chdi bat ky thu doan nao
vdi ban. Y t6i 1a chiing ta khdng biét y nghia cta viéc chia cho vi phan la gi, nhung chia
cho céac con s thi ching ta biét. Va bay gid, néu tbi chon delta t rat nhd, thang nay trd
thanh dao ham, df trén dt. H3y nhd réng, dinh nghia cua df trén dt |a gidi han cla ty s&
nay khi khoang thdgi gian delta t ti€n dén khong.

That means if I choose smaller and smaller values of delta t then these ratios of
numbers will actually tend to some value, and that value is the derivative. Similarly,
here delta x over delta t, when delta t is really small, will tend to the derivative
dx/dt. And similarly for the others. That means, in particular, we take the limit as
delta t tends to zero and we get df over dt on one side and on the other side we get f
sub x dx over dt plus f sub y dy over dt plus f sub z dz over dt. And the
approximation becomes better and better. Remember when we write approximately
equal that means it is not quite the same, but if we take smaller variations then
actually we will end up with values that are closer and closer.

Diéu dé co nghia la néu tbi chon cac gia tri ngay cang nhd hdn cua delta t thi cac ty

sO nay cua cac s6 thuc su sé cé xu hudng tién dén mot gia tri nao do, va gia tri doé la
dao ham. Tuong tu, & day delta x trén delta t , khi delta t thuc su nho, sé trg thanh

dao ham dx / dt. Va tuang tu cho nhitng cai con lai. Diéu dé cé nghia la, dac biét,

ching ta 18y giGi han khi delta t tién dén khong va ching ta nhan dugc df trén dt &

mot vé va vé bén kia chling ta nhan dugc f x dx trén dt cong véi f y dy trén dt cong

vdi f z dz trén dt. Va phép gan ding trd nén ngay cang t6t hon. H3y nhdg rang khi

chlng ta viét gan bdng diéu dd cé nghia la nd khéng hoan toan giéng nhau, nhung

néu chuing ta chon su bién thién nho han thi thuc su ching ta sé dugc cac gia tri ngay
cang gan hon.

When we take the limit, as delta t tends to zero, eventually we get an equality. I
mean mathematicians have more complicated words to justify this statement. I will
spare them for now, and you will see them when you take analysis if you go in that
direction. Any questions so far? No. OK. Let's check this with an example. Let's say
that we really don't have any faith in these things so let's try to do it.

Khi chung ta 13y gidi han, khi delta t tién dén khong, cudi cung ching ta nhan dugc mot
su tuong dudng. Y toi la cac nha toan hoc cé nhitng tir phirc tap hon dé chirng minh phét
bi€u nay. Bay gid tdi sé& khéng can dén chlng, va ban sé& hiéu ching khi ban thuc hién
phéan tich néu ban di theo hudng d6. C cdu hdi ndo khéng? Khéng. Budc roi. Hay kiém
tra diéu nay v&i mot vi du. Gia s la chdng ta hoan toan khong tin vao nh tng diéu nay vi
vay hay thu lam diéu do.
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Let's say I give you a function that is x 22 y z. And let's say that maybe x will be t, y
will be e~t and z will be sin(t). What does the chain rule say? Well, the chain rule
tells us that dw/dt is, we start with partial w over partial x, well, what is that? That is
2xy, and maybe I should point out that this is w sub x, times dx over dt plus -- Well,
w sub y is x squared times dy over dt plus w sub z, which is going to be just one, dz
over dt. And so now let's plug in the actual values of these things. x is t and y is e/t,
so that will be 2t e to the t, dx over dt is one plus x squared is t squared, dy over dt
is e over t, plus dz over dt is cosine t.

Gia s t6i cho ban mét ham dang x ~ 2y z. Va gia sirréng ¢ I€ x bang t, y s bang e ~ t
va z s& badng sin (t). Ndi dung clia quy tac day chuyén 13 gi? Vang, quy tac day chuyén ndi
réng dw/dt bdng, ching ta bt dau v3i dao ham riéng cua w theo x, vdng, né bang cai gi?
N6 bang 2xy, va cé 1€ t6i nén chi ra rang day la w x, nhan dx trén dt cong - Vang,w y
bang x binh phugng nhan dy trén dt cong w z, né sé chi bang mét, dz trén dt. Va vi vay
bay giG hay thé& nhiing gia tri thuc cia nhiing thr nay. x bang t va y bang e ~ t, vi vay dai
lugng d6 sé bang 2t e mii t, dx trén dt bang mét cong vdi x binh phuong bang t binh
phuang, dy trén dt bang e trén t, cdng vdi dz trén dt bang co sin t.

At the end of calculation we get 2t e to the t plus t squared e to the t plus cosine t.
That is what the chain rule tells us. How else could we find that? Well, we could just
plug in values of x, y and z, x plus w is a function of t, and take its derivative. Let's
do that just for verification. It should be exactly the same answer. And, in fact, in
this case, the two calculations are roughly equal in complication. But say that your
function of x, y, z was much more complicated than that, or maybe you actually
didn't know a formula for it, you only knew its partial derivatives, then you would
need to use the chain rule. So, sometimes plugging in values is easier but not
always.

Khi két thuc tinh toan ching ta nhan dugc 2t e mi t cong véi t binh phudng e mi t cong
vdi ¢d sin t. D6 la nhitng gi quy tac day chuyé&n dem lai cho chiing ta. C6 cach nao khac
dé chlng ta tim dugc diéu do khdng? Vang, chldng ta chi can thé& cac gia tri cla x, y, z, X
cdng w la mot ham cua t, va 18y dao ham nd. Hay lam diéu dé chi d€ kiém tra lai. Chlng
ta sé tim dudc két qua tuong tu. Va, trén thuc té, trong trudng hgp nay, hai tinh toan la
tuong duong nhau vé tinh phdc tap. Nhung gia s rang ham theo x, y, z ciia ban phc
tap hon nhiéu han thé, hodc cé thé ban thuc su khdng biét cdng thic cho nd, ban chi biét
dao ham riéng cua nd, thi ban sé& can dung quy tac day chuyén. Vi vay, dbéi khi thé& vao
céc gia tri dé hon nhung khdng phai lic ndo ciing vay.

Let's just check quickly. The other method would be to substitute. W as a function of
t. Remember w was x"2y z. x was t, so you get t squared, y is e to the t, plus z was
sine t. dw over dt, we know how to take the derivative using single variable calculus.
Well, we should know. If we don't know then we should take a look at 18.01 again.
The product rule that will be derivative of t squared is 2t times e to the t plus t
squared time the derivative of e to the t is e to the t plus cosine t. And that is the
same answer as over there. I ended up writing, you know, maybe I wrote slightly
more here, but actually the amount of calculations really was pretty much the same.
Chi d& chlng ta kiém tra nhanh. Cac phudng phap con lai sé thay thé€. W nhu ham theo t.
Hay nh& rédng w bang x ~ 2y z. x bang t, vi vy ban nhan dudc t binh phuong, y béng e
md t, cong z béng sin t. dw trén dt, ching ta biét cach tinh dao ham dung giai tich ham
mot bién. Vang, ching ta nén biét. Néu chung ta khéng biét thi chidng ta can xem lai
18,01. Céac quy téc tich sé& la dao ham cula t binh phugng bang 2t nhdn e mi t céng t binh
phudng nhén dao ham cla e mii t bdng e mi t cdng véi cb sin t. Va dd Ia cdu trd I8i tudsng
tu nhu trén dd. Toi nging viét, ban da biét, cé & toi da viét hagi nhiéu & day, nhung thuc té
s0 lugng tinh toan thuc su kha giéng nhau.

Any questions about that? Yes? What kind of object is w? Well, you can think of w as
just another variable that is given as a function of x, y and z, for example. You would
have a function of x, y, z defined by this formula, and I call it w. I call its value w so

that I can substitute t instead of x, y, z. Well, let's think of w as a function of three
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variables. And then, when I plug in the dependents of these three variables on t,

then it becomes just a function of t. I mean, really, my w here is pretty much what I
called f before. There is no major difference between the two.

C6 céu hoi nao vé diéu dé khdng? Sao? W la loai d6i tugng gi? Vang, ban cé thé nghi w
nhu bién khac dugec cho nhu ham cuda x, y va z, chdng han. Ban sé& cé mét ham clia x, vy, z
dugc xac dinh bdi cdng thlc nay, va toi goi nd |a w. Tdi goi gid tri ciia né6 w dé toi cd thé
thé t thay vi x, y, z. Vang, ching ta hdy nghi w nhu ham ba bi€n. Va sau d96, khi téi thé
cac su phu thudc ctia ba bién nay vao t, thi né chi trg thanh ham cua t. Y toi la, thuc su, w
cua toi ¢ day la kha nhiéu so véi nhitng gi toi da goi f trudc day. Khong cé su khac biét 16n
gilra hai cai.

Any other questions? No. OK. Let's see. Here is an application of what we have seen.
Let's say that you want to understand actually all these rules about taking

derivatives in single variable calculus. What I showed you at the beginning, and then
erased, basically justifies how to take the derivative of a reciprocal function. And for
that you didn't need multivariable calculus. But let's try to justify the product rule,

for example, for the derivative. An application of this actually is to justify the product
and quotient rules.

Cé6 cau hédi nao khac khéng? Khong. Buge. Xem nao. Day la mot i'ng dung cua nhiing gi
ching ta d& th8y. Gia s rang ban muén thuc su hiéu tat ca nhitng quy tic vé Idy dao h am
nay trong giai tich ham mot bién. Nhitng gi to6i da chi cho ban ldc dau, va sau dé da xoa
hoan toan, vé cd ban ch{rfng minh cach |dy dao ham clta ham ngudc. Va dé lam diéu dé
ban khéng cén giai tich nhiéu bién. Nhung hady th& chéfng minh quy tac tich, vi du, cho dao
ham. M6t &'ng dung cua cai nay la d& chirng minh quy tac tich va quy tdc thuong.

Let's think, for example, of a function of two variables, u and v, that is just the

product uv. And let's say that u and v are actually functions of one variable t. Then,
well, d of uv over dt is given by the chain rule applied to f. This is df over dt. So df
over dt should be f sub g du over dt plus f sub v plus dv over dt. But now what is the
partial of f with respect to u? It is v. That is v du over dt.

Hay xét, vi du, ham hai bién, u va v, dé chi la tich uv. Va gia s rdng u va v la cac ham mot
bién t. Do dd, vang, d cla uv trén dt dugc cho bdi quy tdc day chuyén ap dung cho f. Day
la df trén dt. Vi vay, df trén dt s& bang f q du trén dt cdng vdi f v cdng vdi dv trén dt.
Nhung bay gid dao ham riéng cla f theo u la gi? N6 bang v. D6 la v du trén dt.

And partial of f with respect to v is going to be just u, dv over dt. So you get back
the usual product rule. That is a slightly complicated way of deriving it, but that is a
valid way of understanding how to take the derivative of a product by thinking of the
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product first as a function of variables, which are u and v. And then say, oh, but u
and v were actually functions of a variable t. And then you do the differentiation in
two stages using the chain rule. Similarly, you can do the quotient rule just for
practice. If I give you the function g equals u of v. Right now I am thinking of it as a
function of two variables, u and v.

Va dao ham riéng cu f theo v s& bang u, dv trén dt. Vi vy, ban c6 thé trd vé cac quy téc
tich binh thudng. D6 Ia mot cach hadi phirc tap dé rit ra nd, nhung dé 1a mot cach hop 1é
dé hiéu cach 18y dao ham cua mot tich badng cach dau tién nghi vé tich nhu ham theo céc
bi€n, 6 day la u va v. Va sau d6 gia s, oh, nhung u va v thuc su la cac ham mét bién t.
Va sau d6 ban |8y vi phan hai giai doan dung quy tdc day chuyén. Tuong tu, ban cé thé
lam quy tdc thuang dé€ thuc hanh. Né&u tdi cho ban ham g bang u cua v. Ngay bay giJ ti
dang nghi vé n6 nhu mot ham hai bién, u va v.

U and v themselves are actually going to be functions of t. Then, well, dg over dt is
going to be partial g, partial u. How much is that? How much is partial g, partial u?
One over v times du over dt plus -- Well, next we need to have partial g over partial

v. Well, what is the derivative of this with respect to v? Here we need to know how

to differentiate the inverse. It is minus u over v squared times dv over dt. And that is
actually the usual quotient rule just written in a slightly different way.

Chinh u va v thuc su 1a ham cua t. Thé thi, vang, dg trén dt bdng dao ham riéng g theo u.
N6 bang bao nhiéu? Dao ham riéng g theo u bang bao nhiéu? Mot trén v nhan du trén dt
cong - Vang, ti€p theo ching ta can phai cé dao ham riéng g theo v. Vang, dao ham cua cai
nay theo v 1a gi? O day ching ta can phai biét cach 18y vi phan ngudc. N6 béng trir u trén v
binh nhén dv trén dt. Va dé thuc su la quy tac thuong thdng thudng dudc viét theo cach haoi
khac.

I mean, just in case you really want to see it, if you clear denominators for v squared
then you will see basically u prime times v minus v prime times u. Now let's go to
something even more crazy. I claim we can do chain rules with more variables. Let's
say that I have a quantity. Let's call it w for now. Let's say I have quantity w as a
function of say variables x and y. And so in the previous setup x and y depended on
some parameters t.

Y t6i 13, chi trong trudng hdp ban thuc su mudn hiéu nd, néu ban x6a mau s6 ddi véi v binh
thi vé& co ban ban s& thdy u phdy nhan v trir v phdy nhan u. Bay gid ching ta hdy xét th( gi
dé hai ngd ngén. Téi khdng dinh ching ta cé thé thuc hién quy tdc day chuyén v43i nhiéu
bién hon nifa. Gia s rang téi c6 mot dai lugng. Bay gid hdy goi nd la w. Gia su rang toi co
dai lugng w nhu ham theo cac bién x va y. Va nhu vay trong thiét Iap trudc d6 x va y phu
thudc vao mot s6 thong s6 t nao dé.

But, actually, let's now look at the case where x and y themselves are functions of
several variables. Let's say of two more variables. Let's call them uand v. I am
going to stay with these abstract letters, but if it bothers you, if it sounds completely
unmotivated think about it maybe in terms of something you might now. Say, polar
coordinates. Let's say that I have a function but is defined in terms of the polar
coordinate variables on theta. And then I know I want to switch to usual coordinates
x and y. Or, the other way around, I have a function of x and y and I want to
express it in terms of the polar coordinates r and theta.

Tuy nhién, trén thuc t€, bay gid ching ta hady xét trudng hgp chinh x va y la ham

nhiéu bién. Gia s rdng hon hai bién. H3y goi chlng la u va v. T6i sé gil lai vdi

nhirng ki tu trirtu tugng nay, nhung néu né phién ban, néu nd cé vé hoan toan

khéng c6 li do d& nghi vé nd cé thé theo thr gi d& ma ban cé thé ngay bay gid. Gia

str, hé toa dd cuc. Gia s réng t6i cé6 mot ham nhung dudc xac dinh theo cac bién

toa dd cuc theta. Va sau dé t6i biét tdéi mudn chuyén sang toa dd binh thudng x va

y. Hodc, cach khac , t6i c6 mot ham theo x va y va tdéi mudn biéu dién né theo cac

toa do cuc r va theta.
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Then I would want to know maybe how the derivatives, with respect to the various
sets of variables, related to each other. One way I could do it is, of course, to say

now if I plug the formula for x and the formula for y into the formula for f then w
becomes a function of u and v, and it can try to take partial derivatives. If I have
explicit formulas, well, that could work. But maybe the formulas are complicated.
Typically, if I switch between rectangular and polar coordinates, there might be
inverse trig, there might be maybe arctangent to express the polar angle in terms of

x and y. And when I don't really want to actually substitute arctangents everywhere,
maybe I would rather deal with the derivatives.

Thé thi, toi mudn biét cac dao ham ddi vdi tap hgp cac bién khac nhau lién hé véi nhau nhu
thé& ndo. Mot cach tdi c thé lam né la, tat nhién, bay gid nodi rdng néu tdi thé céng thirc
cla x va cong thirc clia y vao cong thic cta f thi w trgd thanh mot ham ctia u va v, va né cé
thé thir 18y dao ham riéng. Néu t6i cé cdng thic tudng minh, vang, diéu dé cé thé dung.
Nhung cé 18 cac cong thirc phirc tap. Théng th udng, néu tdéi chuyén ddi gilra cac hé toa do
vudng va hé toa do cuc, cd thé cé lugng gidc ngudc, cé thé cé arctang dé biéu dién gdc cuc
theo x va y. Va khi téi khéng thuc su mudn thay thé& arctang & khdp moi n gi, co 18 tdi sé&
doi phé v@i cac dao ham.

How do I do that? The question is what are partial w over partial u and partial w over
partial v in terms of, let's see, what do we need to know to understand that? Well,
probably we should know how w depends on x and y. If we don't know that then we
are probably toast. Partial w over partial x, partial w over partial y should be
required. What else should we know? Well, it would probably help to know how x and
y depend on u and v. If we don't know that then we don't really know how to do it.
We need also x sub u, x sub v, y sub u, y sub v.

T6i lam diéu dé nhu thé nao? Van dé la dao ham riéng w theo u va dao ham riéng w theo
v theo, xem nao, nhitng gi ching ta can biét dé& hi€u diéu d6? Vang, cé 1& ching ta nén
bi€t w phu thudc vao x va y nhu thé nao. Néu ching ta khdéng biét diéu dé thi co 1€
khoéng 6n. Can phai biét dao ham riéng w theo x, dao ham riéng w theo y. Con gi khac
ching ta can biét? Vang, nd cé I&é sé gilp biét x va y phu thudc vao u va v nhu thé nao.
NEu chling ta khoéng biét diéu do thi ching ta khéng thuc su biét cach lam né. Chung ta
cingcdn xu, X v,y u, y V.

We have a lot of partials in there. Well, let's see how we can do that. Let's start by
writing dw. We know that dw is partial f, well, I don't know why I have two names, w
and f. I mean w and f are really the same thing here, but let's say f sub x dx plus f
sub y dy. So far that is our new friend, the differential. Now what do we want to do
with it? Well, we would like to get rid of dx and dy because we like to express things
in terms of, you know, the question we are asking ourselves is let's say that I change
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u a little bit, how does w change? Of course, what happens, if I change u a little bit,

is y and y will change.

Chlng ta c6 rét nhiéu dao ham riéng & db. Vang, chidng ta hdy xem chdng ta c6 thé lam
diéu d6 nhu thé nao. Hay bat dau bang cach viét dw. Ching ta biét rang dw | a dao ham
riéng cla f, vang, toi khong biét tai sao t6i cé hai tén, wva f. Y toila & day w va f thuc
su giéng nhau, nhung gia s rang f x dx cong fy dy. Cho dén bay gid dé la ban méi cla
chdng ta, vi phan. Bay gid chung ta muén lam gi véi né? Vang, chung ta mudn bo dx va dy
bdi vi chiing ta mudn biéu dién cac th(r theo, ban biét, cdc cdu hdi ma ching ta dang tu
hoi la giad s rang tdi thay d6i u mdt chit, w thay d6i nhu thé nao? Tat nhién, nhitng gi xay
ra, néu téi thay d8i u mot chit, 1a y va y sé& thay déi.

How do they change? Well, that is given to me by the differential. dx is going to be,
well, I can use the differential again. Well, x is a function of u and v. That will be x
sub u times du plus x sub v times dv. That is, again, taking the differential of a
function of two variables. Does that make sense? And then we have the other guy, f
sub y times, what is dy? Well, similarly dy is y sub u du plus y sub v dv. And now we
have a relation between dw and du and dv.

Chlng thay d6i nhu thé nao? Vang, vi phan cho tbi biét diéu d. dx sé la, vang, tdi co
thé s dung vi phan mot lan nira. Vang, x |a mét ham cua u va v. N6 s& bdng x u nhan
du céng véi x v nhan dv. B4 la, mot Ian nira, 18y vi phan cta mét ham hai bién. biéu do
c6 nghia khdng? Va sau dé ching ta c6 thang khéac, f y nhan, dy bang cai gi? Vang,
tuong tu dy bdng y u du céng y v dv. Va by gid ching ta cé hé thic gilta dw va du va
dv.

We are expressing how w reacts to changes in u and v, which was our goal. Now,
let's actually collect terms so that we see it a bit better. It is going to be f sub x
times x sub u times f sub y times y sub u du plus f sub x, x sub v plus f sub y y sub
v dv. Now we have dw equals something du plus something dv. Well, the coefficient
here has to be partial f over partial u. What else could it be? That's the rate of
change of w with respect to u if I forget what happens when I change v. That is the
definition of a partial.

Chung ta dang biéu dién w phan (ng nhu thé& nao véi su thay déi ctia u va v, dé l1a muc
tiéu clia ching ta. Bay gid, hdy thuc su thu thap cac s6 hang dé ching ta thy nd tét hon
mot chit. N6 s& bang fx nhén xu nhan fy nhén yu du cdng fx, xv cdng fy yv dv. Bay gi&
ching ta c6 dw bang cai gi d6 du cng cai gi dé dv. Vang, hé s6 & day phai la dao ham
riéng cua f theo u. N6 cé thé 1a gi khac nira? D6 1a dd bién thién cta w ddi véi u néu
khéng quan tdm nhiing gi xay ra khi tdi thay déi v. P4 1a dinh nghia cia dao ham riéng.

Similarly, this one has to be partial f over partial v. That is because it is the rate of
change with respect to v, if I keep u constant, so that these guys are completely
ignored. Now you see how the total differential accounts for, somehow, all the partial
derivatives that come as coefficients of the individual variables in these expressions.
Let me maybe rewrite these formulas in a more visible way and then re-explain them
to you.

Tudng tu nhu vay, cai nay phai la dao ham riéng cla f theo v. Dé la béi vi né la d6 bién
thién ddi véi v, néu tdi gilt u khéng ddi, do dd, nhitng thdng nay hoan toan bi bé qua. Bay
giG ban xét vi phén toan phan giai thich cho, bdng cach nao do, tat ca cac dao ham riéng
xudt hién nhu cac hé s cua cac bién riéng biét trong cac bi€u thrc nay.Hay dé toi viét lai
cac cong thirc nay mot cach rd han va sau dé giai thich lai cho ban.

Here is the chain rule for this situation, with two intermediate variables and two
variables that you express these in terms of. In our setting, we get partial f over
partial u equals partial f over partial x time partial x over partial u plus partial f over
partial y times partial y over partial u. And the other one, the same thing with v
instead of u, partial f over partial x times partial x over partial v plus partial f over
partial u partial y over partial v.

Déy la quy tac day chuyén cho trudng hgp nay, vdéi hai bién trung gian va hai bi€n ma ban
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biéu dién nhitng cai nay theo né. Trong thiét I&p cua ching ta, ching ta nh&n dugc dao
ham riéng cua f theo u bang dao ham riéng cua f theo x nhdn dao ham riéng cua x theo u
cong dao ham riéng cua f theo y nhan dao ham riéng cua y theo u. Va cai con lai, giong
tudng tu véi v thay vi u, dao ham riéng f theo x nhan dao ham riéng x theo v céng dao
ham riéng f theo u dao ham riéng y theo v.

I have to explain various things about these formulas because they look complicated.
And, actually, they are not that complicated. A couple of things to know. The first
thing, how do we remember a formula like that? Well, that is easy. We want to know
how f depends on u. Well, what does f depend on? It depends on x and y. So we will
put partial f over partial x and partial f over partial y.

T6i phai giai thich nhitng diéu khac nhau vé cac cong thldc nay, vi ching trong cé vé
phtic tap. Va, qua thuc, ching khong phlc tap. Mot vai diéu can biét. biéu dau tién,
ching ta nhé mét cdng thirc gibng nhu vdy nhu thé nao? Vang, didu dé that dé. Ching
ta mudn biét f phu thudéc vao u nhu thé nao. Vang, f phu thudc vao gi? N6 phu thudc vao
X va y. Vi vay, chldng ta sé dat dao ham riéng f theo x va dao ham riéng f theo y.

Now, x and y, why are they here? Well, they are here because they actually depend
on u as well. How does x depend on u? Well, the answer is partial x over partial u.
How does y depend on u? The answer is partial y over partial u. See, the structure of
this formula is simple. To find the partial of f with respect to some new variable you
use the partials with respect to the variables that f was initially defined in terms of x
and vy.

Bay gid, x va y, tai sao ching & day? Vang, ching & day bdi vi ching cling phu thudc vao
u nifa. x phu thudc vao u nhu thé nao? Vang, cau tra i la dao ham riéng cua f theo u.y
phu thudc vao u nhu thé nao? Cau tra IGi 1a dao ham riéng y theo u. Xem nao, cau trdc
cla céng thirc nay don gian. D€ tim dao ham riéng cua f theo bién mdi nao d6 ban tinh
dao ham riéng ddi vdi cac bién ma f dugc xac dinh ban dau theo x va y.

And you multiply them by the partials of x and y in terms of the new variable that
you want to look at, v here, and you sum these things together. That is the structure
of the formula. Why does it work? Well, let me explain it to you in a slightly different
language. This asks us how does f change if I change u a little bit? Well, why would f
change if u changes a little bit? Well, it would change because f actually depends on
x and y and x and y depend on u. If I change u, how quickly does x change? Well,
the answer is partial x over partial u. And now, if I change x at this rate, how does
that have to change? Well, the answer is partial f over partial x times this guy. Well,
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at the same time, y is also changing. How fast is y changing if I change u? Well, at
the rate of partial y over partial u.

Va ban nhan ching vdéi dao ham riéng clia x va y theo bién md&i ma ban muén xét, v &
day, va ban cong nhitng cai nay vdi nhau. Bé la cau tric cua cong thlc. Tai sao nd
ding? Vang, hdy dé téi giai thich nd cho ban theo moét ngdn ngit hoi khac. Diéu nay hoi
chiing ta f thay d&i nhu th& nao néu téi thay d6i u mot it? Vang, tai sao f thay ddi néu u
thay d6i mot chat ? Vang, né sé thay déi bai vi f thuc su phu thudc vao x vay va x vay
phu thudc vao u. Néu téi thay dbi u, x thay d6i nhanh nhu thé nao? Vang, ciu tra I5i la
dao ham riéng cla x theo u. Va bay gi&, néu tdi thay ddi x vai tdc dd nay, cai dé phai
thay déi nhu thé& nado? Vang, cau tra I5i |a dao ham riéng f theo x nhan thang nay. Vang,

ddng thdi, y cling dang thay déi. y thay d6i nhanh nhu thé& nao néu t6i thay ddi u? Vang,
V@i téc do dao ham riéng cua y theo u.

But now if I change this how does f change? Well, the rate of change is partial f over
partial y. The product is the effect of how you change it, changing u, and therefore
changing f. Now, what happens in real life, if I change u a little bit? Well, both x and
y change at the same time. So how does f change? Well, it is the sum of the two
effects. Does that make sense? Good. Of course, if f depends on more variables then
you just have more terms in here.

Nhung bay gi& néu tdi thay dGi cai nay f thay d6i nhu thé nao? Vang, téc do thay ddi la dao
ham riéng cua f theo y. Tich 1a anh hudng cla ban thay d6i nd, thay ddi u nhu thé nao, va
do dé thay ddi f. Bay gid, nhitng gi xay ra trong cudc sdng thuc, néu tdi thay déi u mot
chit? Vang, ca x va y thay d6i cing mét luc. Vi vay, f thay d6i nhu thé nao? Vang, né la
téng clia hai hiéu Ung. Diéu dé c6 nghia khéng? Tét. Tat nhién, néu f phu thudc vao nhiéu
bi€n haon ban chi cé thém cac s6 hang & day.

OK. Here is another thing that may be a little bit confusing. What is tempting? Well,
what is tempting here would be to simplify these formulas by removing these partial
x's. Let's simplify by partial x. Let's simplify by partial y. We get partial f over partial
u equals partial f over partial u plus partial f over partial u. Something is not working
properly. Why doesn't it work? The answer is precisely because these are partial
derivatives. These are not total derivatives. And so you cannot simplify them in that
way. And that is actually the reason why we use this curly d rather than a straight d.
It is to remind us, beware, there are these simplifications that we can do with
straight d's that are not legal here. Somehow, when you have a partial derivative,
you must resist the urge of simplifying things.

Vang. Dudi day 1a mot didu khac cé thé gay ra nhdm lan. Diéu gi 1a hdp dan? Vang,
nhitng gi hap din & day 13 dé& don gidn hda cac cong thirc nay bang céch loai bo nhitng x
riéng phan nay. Hay ddn gidn hdéa x riéng phan. Hay daon gian héa y riéng phéan. Ching
ta nhén dugc dao ham riéng cua f theo u bdng dao ham riéng cua f theo u cong dao ham
riéng cla f theo u. C6 gi d6 khéng 8n. Tai sao né khéng ding? Cau tra I18i 1a chinh xac vi
day la nhitng dao ham riéng. BDay khong phai la cac dao ham toan phan. Va nhu vay ban
khéng thé dan gian hda chiing theo cach db. Va dé thuc su la ly do tai sao ching ta si
dung d xo&n nay ch(r khdng phai d thdng. N6 nhdc nhd chlng ta, hdy can than, c
nhitng phép don gian héa ma chlng ta cé thé 1am vdi cac d thdng khéng thé ap dung &
day. Bdng cach nao do, khi ban c6 mét dao ham riéng, ban khdng dudc don gian hoa
moi thur.

No simplifications in here. That is the simplest formula you can get. Any questions at
this point? No. Yes? When would you use this and what does it describe? Well, it is
basically when you have a function given in terms of a certain set of variables
because maybe there is a simply expression in terms of those variables. But
ultimately what you care about is not those variables, z and y, but another set of
variables, here u and v. So x and y are giving you a nice formula for f, but actually
the relevant variables for your problem are u and v. And you know x and y are
related to u and v. So, of course, what you could do is plug the formulas the way
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that we did substituting. But maybe that will give you very complicated expressions.
Khéng dugc don gian hda & day. D6 la cdng thirc don gian nhat ban cé thé nhan dudc. Lic
nay cé cau hdi nao khéng? Khéng. Sao? Khi nao ban dung cai nay va né moé ta gi? Vang,vé
cd ban dé 1a khi ban c6 mdt ham dugc cho theo mot tdp hgp bién nao dé bdi vi cd thé cb
mot bi€u thlc don gian theo nhitng bién d6. Nhung cudi cing nhitng gi ban quan tdm
khéng phai la cac bién nay, z va y, ma la tap hgp cac bién khac, & day u va v. Vi vay, x va
y sé cho ban mét cong thirc dep cla f, nhung thuc té cac bién cé lién quan dén van deé cua
ching ta la u va v. Va ban biét x va y c6 lién quan dén u va v. Vi vay, tat nhién, nhitng gi
ban cé thé 1am 1a thé& cac cdng thic theo cach ma ching ta da thé. Nhung cé 18 diéu do sé
cho ban céc biéu thirc rat phic tap.

And maybe it is actually easier to just work with the derivates. The important claim
here is basically we don't need to know the actual formulas. All we need to know are
the rate of changes. If we know all these rates of change then we know how to take
these derivatives without actually having to plug in values. Yes? Yes, you could
certain do the same things in terms of t. If x and y were functions of t instead of
being functions of u and v then it would be the same thing. And you would have the
same formulas that I had, well, over there I still have it. Why does that one have
straight d's? Well, the answer is I could put curly d's if I wanted, but I end up with a
function of a single variable. If you have a single variable then the partial, with
respect to that variable, is the same thing as the usual derivative. We don't actually
need to worry about curly in that case.

Va c6 |& 1am viéc vé8i cdc dao ham sé& dé dang han. Khéng dinh quan trong & day vé co
ban la ching ta khéng can biét cac cong thic thuc té. Tat ca nhirng gi chdng ta can biét la
do bién thién. Néu chung ta biét tat ca cac do bién thién nay thi chidng ta biét cach 1ay cac
dao ham nay ma khdng can phai thé vao céc gia tri. Sao? Vang, tat nhién ban cé thé lam
tudng tu theo t. Néu x va y la ham theo t chf khdong phai la ham theo u va v thi n6 sé
giéng nhau. Va ban s& cé clng cac cong thlrc ma tdi d& cd, vang, né van con & dang kia.
Tai sao cai d6 cd cac d thdng? Vang, clu tra I5i |a tdi c thé dat cac d xodn néu tdi mudn,
nhung két qua la ham mot bién. Néu ban cé ham mét bién duy nhat thi dao ham riéng
theo bién do, gibng nhu dao ham binh thudng. Ching ta thuc sy khdng cén phai lo lang
vé xoan trong trudng hgp dé.

But that one is indeed special case of this one where instead of x and y depending on
two variables, u and v, they depend on a single variable t. Now, of course, you can
call variables any name you want. It doesn't matter. This is just a slight
generalization of that. Well, not quite because here I also had a z. See, I am trying
to just confuse you by giving you functions that depend on various numbers of
variables. If you have a function of 30 variables, things work the same way, just
longer, and you are going to run out of letters in the alphabet before the end.
Nhung cai do thuc su la trudng hgp dac biét cua cai nay & do thay vi x va y phu thudc
vao hai bién, u va v, ching phu thudéc vao mot bién duy nhat t. Bay gid, tat nhién, ban
c6 thé goi cac bién theo bat ki tén nao ma ban muén. Piéu dé khéng quan trong. Cai
nay chi 1a mét su tdng quat cua cai dd. Vang, khdng hoan toan bdi vi & day téi cling da
cd z. Xem nao, tdi sé thir lam cho ban rdi 1én bang cach cho ban mdt ham phu thudc
vao mot s6 bién khac nhau. Néu ban c6 mét ham 30 bi€n, moi th&r déu tuan theo cling
mot quy ludt, chi la dai hdn, va ban sé vugt ra khoi cac ki tu trong bang chir cai tr uéc
khi két thuc.

Any other questions? No. What? Yes? If u and v themselves depended on another
variable then you would continue with your chain rules. Maybe you would know to
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express partial x over partial u in terms using that chain rule. Sorry. If u and v are
dependent on yet another variable then you could get the derivative with respect to
that using first the chain rule to pass from u v to that new variable, and then you
would plug in these formulas for partials of f with respect to u and v. In fact, if you
have several substitutions to do, you can always arrange to use one chain rule at a
time. You just have to do them in sequence. That's why we don't actually learn that,
but you can just do it be repeating the process.

C6 cau hédi nao khac khong? Khéng. Sao? Sao? Néu chinh u va v phu thudc vao bién khac
thi ban sé& ti€p tuc vai quy téc day chuyén. Co 1€ ban biét biéu dién dao ham riéng x theo u
qua viéc dung quy tdc chudi dé. Xin 16i. N&u u va v van con phu thudc vao bién khac thi
ban cé thé nhan dugc dao ham ddi vdi né dau tién dung quy tac day chuyén dé chuyén tir
uv sang bién mdi do, va sau dé ban thé nhitng cong thirc nay cho dao ham riéng cua f theo
u va v. Trong thuc t&, néu ban c6 mét vai su thay thé& dé lam, ban luén cé thé sdp x&p sur
dung mot quy tdc day chuy@&n mot [an. Ban chi can lam ching theo th( tu. D6 la ly do tai
sao chung ta khdng thuc su hoc nd, nhung ban cé thé lam diéu dé sé 13p lai qua trinh.

I mean, probably at that stage, the easiest to not get confused actually is to
manipulate differentials because that is probably easier. Yes? Curly f does not exist.
That's easy. Curly f makes no sense by itself. It doesn't exist alone. What exists is
only curly df over curly d some variable. And then that accounts only for the rate of
change with respect to that variable leaving the others fixed, while straight df is
somehow a total variation of f. It accounts for all of the partial derivatives and their
combined effects. OK. Any more questions? No.

Y t6i 13, cé thé & budc dd, don gian nhat dé khong bi 1an 16n 1a thao tac cac vi phan vi cé 1&
né dé han. Sao? f cong khong ton tai. Didu d6 qué dé. f cong tu né khdng cé nghia. N6
khong tén tai mot minh. Nhirng gi ton tai chi df cong trén d cong bié€n nao dé. Va thé thi
nhirng tinh todn dé chi cho dd bién thién déi vdi bién d6 dé lai nhirng bién con lai khéng
dGi, trong khi df thdng la mot su bién thién toan phan cua f. N6 tinh cho tat ca cac dao
ham riéng va cac anh hudéng két hgp cla ching. Vang. Cé thém cau hoii nao khéng?
Khong.

Let me just finish up very quickly by telling you again one example where completely
you might want to do this. You have a function that you want to switch between
rectangular and polar coordinates. To make things a little bit concrete. If you have
polar coordinates that means in the plane, instead of using x and vy, you will use
coordinates r, distance to the origin, and theta, the angles from the x-axis.

H&y dé t6i hoan thanh nhanh b&ng céch lai cho ban mét vi du 6 d6 ban cé thé hoan

toan muén lam diéu nay. Ban c6 moét ham ma ban mudn chuyén giita cac toa dd

vudng va cac toa dd cuc. D& lam cho moi th{ cu thé. Néu ban cé toa dd cuc cé nghia

la trong mat phang, thay vi sir dung x va y, ban sé& sir dung toa d6 r, khodng céch tdi
gOc toa do, va theta, cac goc tu truc x.

The change of variables for that is x equals r cosine theta and y equals r sine theta.
And so that means if you have a function f that depends on x and vy, in fact, you can
plug these in as a function of r and theta. Then you can ask yourself, well, what is
partial f over partial r? And that is going to be, well, you want to take partial f over
partial x times partial x partial r plus partial f over partial y times partial y over
partial r. That will end up being actually f sub x times cosine theta plus f sub y times
sine theta.

Su thay d6i cac bién cua nd 1a x bang véi r cd sin theta va y bang theta sin r. Va nhu vay
diéu dé cé nghia la néu ban c6 mot ham f phu thudc vao x va y, qua thuc, ban cé thé thé
nhitng cai nay vao nhu ham cla r va theta. Thi ban cé thé tu hdi, vdng, dao ham riéng cua
f theo r la gi? Va dé sé la, vang, ban mudn 1dy dao ham riéng cla f theo x nhan dao ham
riéng clia x theo r cong dao ham riéng cula f theo y nhan dao ham riéng clua y theo r. Két
qua la f x nhan cb sin theta cong véi f y nhan sine theta.
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And you can do the same thing to find partial f, partial theta. And so you can express
derivatives either in terms of x, y or in terms of r and theta with simple relations
between them. And the one last thing I should say. On Thursday we will learn about
more tricks we can play with variations of functions. And one that is important,
because you need to know it actually to do the p-set, is the gradient vector. The
gradient vector is simply a vector. You use this downward pointing triangle as the
notation for the gradient. It is simply is a vector whose components are the partial
derivatives of a function. I mean, in a way, you can think of a differential as a way to
package partial derivatives together into some weird object.

Va ban cé thé l1am tuong tu dé tim dao ham riéng cla f theo theta. Va nhu vay ban cé thé
biéu dién cac dao ham hodc theo X, y hodc theo r va theta v3i cac hé thirc don gian gilra
ching. Va mét diéu cudi cling téi nén ndi. Ngay th* ndm ching ta s& tim hiéu thém vé tha
thudt ma chiing ta cé thé thuc hién vdi su bién thién cla cdc ham. Va mét diéu quan trong,
bdi vi ban can phai biét né thuc su thuc hién cac p-set, la vector gradient. Cac vector
gradient chi don gian la mot vector. Ban dung ki hiéu tam gidc hudng xudng nay dé ki hiéu
cho gradient. N6 chi don gidn la mot vector cé cac thanh phéan la dao ham riéng cua moét
ham. Y tdi 13, theo cach nao dd, ban cé thé xem vi phan nhu 1 cach dé déng goi cac dao
ham riéng lai véi nhau thanh mét déi tugng la.

Well, the gradient is also a way to package partials together. We will see on

Thursday what it is good for, but some of the problems on the p-set use it.

Vang, gradient cling 1a moét cdch dé ddng géi cdc dao ham riéng. Ching ta sé& thdy vao th(r
nam chung co ich cho viéc gi, nhung mot s6 bai tap trong p-set dung né.



