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Transcript - Lecture 10
Chudng 10: Phép kiém tra dao ham béc hai; bién va vd cung.

VW WL CHA Y VLSO

D&y la phan ghi chép trén 18p. V& bai gidng, cdc ban cd thé xem tai:
http://www.mientayvn.com/OCW/MIT/qgiai tich nhieu bien.html

OK, let's start. Thanks. So, today we are going to continue looking at critical points,
and we'll learn how to actually decide whether a typical point is a minimum,
maximum, or a saddle point. So, that's the main topic for today. So, remember
yesterday, we looked at critical points of functions of several variables. And, so a
critical point functions, we have two values, x and y. That's a point where the partial
derivatives are both zero. And, we've seen that there's various kinds of critical

points. There's local minima. So, maybe I should show the function on this contour
plot,there is local maxima, which are like that. And, there's saddle points which are
neither minima nor maxima.

Vang, hdy bat ddu hoc. Cadm dn. Vang, hdm nay ching ta s& tiép tuc xét cac diém tai
han, va ching ta sé& tim hiéu xem lam thé& nao dé biét mot diém tdi han |a cuc tiéu, cuc
dai, hodc mdt diém yén ngua. Vi vay, dé la chu dé chinh cdia ngay hdm nay. Vang, hdm
qua ching ta d& xét cac diém tdi han cua cdc ham nhiéu bién. Va, do d4, mot diém tai
han céc ham, ching ta cé hai gia tri, x va y. D4 la mdt diém ma tai d6 ca hai dao ham
riéng déu bdng khdng. Va, ching ta da th8y cd cac loai diém tdi han khac nhau. Co cuc
ti€u dia phuong. Vi vy, cé I8 tdi nén hién thi ham trén dd thi contour nay, cé cuc dai
dia phuong, nd gidng nhu thé. Va, con cb cac diém yén ngua khdng phai la cuc ti€u va
cling khong la cuc dai.

And, of course, if you have a real function, then it would be more complicated. It will
have several critical points. So, this example here, well, you see on the plot that

there is two maxima. And, there is in the middle, between them, a saddle point. And,
actually, you can see them on the contour plot. On the contour plot, you see the
maxima because the level curves become circles that now down and shrink to the
maximum. And, you can see the saddle point because here you have this level curve
that makes a figure eight. It crosses itself. And, if you move up or down here, so

along the y direction, the values of the function will decrease.

Va, tat nhién, néu ban cé mdt ham thuc, thi né s& phlc tap hon. N6 s& c6 vai diém tdi
han. Vang, vi du nay & day, a, ban thay trén d6 thi cé hai cuc dai. Va, & gilta, gilta ching,
cd mot diém yén ngua. Va, qua thuc, ban cé thé thdy ching trén dd thi contour. Trén d6
thi contour, ban sé thay cuc dai vi cac dudng dong mulc la cac dudng tron ma bay gid di
xuéng va co vao cac cuc dai. Va, ban cd thé thdy diém yén ngua bdi vi 6 ddy ban c6 dudng
déng mrc nay tao thanh hinh s tdm. N6 tu chéo vdi nd. Va, néu ban di chuyén Ién hodc
xuéng G day, doc theo hudng vy, cac gia tri cia ham sé giam.

Along the x direction, the values will increase. So, you can see usually quite easily
where are the critical points just by looking either at the graph or at the contour
plots. So, the only thing with the contour plots is you need to read the values to tell
a minimum from a maximum because the contour plots look the same. Just, of
course, in one case, the values increase, and in another one they decrease.
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Theo hudng x, cac gid tri s& téng |é&n. Vi vay, ban cd thé dé& dang thady cac diém tdi
han & dau chi bdng cach nhin trén d6 thi hodc cac dd thi contour. Vi vay, th duy
nhat véi cac dd thi contour 1a ban can phai doc cac gia tri d€ suy ra mét cuc tiéu tir
mot cuc dai bdi vi cac do thi contour déu gidng nhau. Chi can, tat nhién, trong trudng
hgp nay, cac gia tri tang, va trong trudng hgp khac chidng giam.

So, the question -- -- is, how do we decide -- -- between the various possibilities?
So, local minimum, local maximum, or saddle point. So, and, in fact, why do we

care? Well, the other question is how do we find the global minimum/maximum of a
function? So, here what I should point out, well, first of all, to decide where the
function is the largest, in general you'll have actually to compare the values. For
example, here, if you want to know, what is the maximum of this function? Well, we
have two obvious candidates. We have this local maximum and that local maximum.
And, the question is, which one is the higher of the two? Well, in this case, actually,
there is actually a tie for maximum.

Vi vdy, v8n dé dat ra - - 13, lam thé& nao dé chldng ta quyét dinh - - trong cac kha néng
khac nhau? Vang, cuc ti€u dia phudng , cuc dai dia phuong , hodc diém yén ngua. Vi vay,
va, trén thuc té, tai sao ching ta quan tdm? Vang, ciu hoi khac la lam thé nao dé ching ta
tim th8y cuc ti€u hodc cuc dai cua mdt ham? Vi vdy, & day nhitng gi tdi can chi ra, vang,
trudc hét la, tim xem & dau ham cé gia tri I6n nhat, ndi chung ban sé phai thuc su so sanh
cac gia tri. Vi du, & day, néu ban mudn biét, cuc dai cia ham nay la gi? Vang, rd rang
ching ta c6 hai 'ng clr vién. Chang ta cé cuc dai dia phuong nay va cuc dai dia phudng dé.
Va, cau hoi la, cai nao Ién han trong hai cdi? Vang, trong truéng hdp nay, thuc su, cé su
rang budc cho cuc dai.

But, in general, you would have to compute the function at both points, and compare
the values if you know that it's three at one of them and four at the other. Well, four
wins. The other thing that you see here is if you are looking for the minimum of this
function, well, the minimum is not going to be at any of the critical points. So,

where's the minimum? Well, it looks like the minimum is actually out there on the
boundary or at infinity. So, that's another feature. The global minimum or maximum
doesn't have to be at a critical point. It could also be, somehow, on the side in some
limiting situation where one variable stops being in the allowed rang of values or

goes to infinity.

Nhung, néi chung, ban sé& phai tinh gia tri cia ham tai ca hai diém, va so sanh céc gia tri
néu ban biét rang mot s6 bdng ba va sd con lai bdng bdn. Vang, bén thing. M6t thr khac
ma ban thdy & day la néu ban tim cuc ti€u cha ham nay, vang, cuc ti€u s& khdng & tai bat
ki diém td&i han nao. Vay, cuc tiu & dau? Vang, cd vé nhu cuc tiéu thuc su 6 ngoai dé trén
bién hodc vé cung. Vi vay, dé la tinh cht khac. Cuc ti€u hodc cuc dai khdng can phai § tai
diém t&i han. N6 ciling cé thé 1a, bang cach nao dd, trong mot s6 trudng hdp gidi han &
phia ma mot bién dirng ton tai trong khoang gid tri dugc phép hodc tién dén vo cung.
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So, we have to actually check the boundary and the infinity behavior of our function

to know where, actually, the minimum and maximum will be. So, in general, I should
point out, these should occur either at the critical point or on the boundary or at
infinity. So, by that, I mean on the boundary of a domain of definition that we are
considering. And so, we have to try both. OK, but so we'll get back to that. For now,
let's try to focus on the question of, you know, what's the type of the critical point?

So, we'll use something that's known as the second derivative test. And, in principle,
well, the idea is kind of similar to what you do with the function of one variable,
namely, the function of one variable.

Vi vy, chlng ta phai thuc su kiém tra tinh chat cia ham & bién va vd cung dé biét cuc dai
va cuc tiéu thuc su & dau. Vi vdy, ndi chung, tdi phai chi ra, nhitng cdi nay s& xay ra hodc
tai di€ém tdi han hodc & bién hodc & vd cling. Vang, bdng cach dd, y toi la bién cia mién xac
dinh ma ching ta dang xét. Va nhu vay, ching ta phai th ca hai. Vang, nhung nhu vay
ching ta s& quay lai dé. Bay gi¥, ching ta hdy c6 géng tép trung vao van dé, ban da biét
la, cac loai diém tdi han la gi? Vi vy, chldng ta sé& s dung phép kiém tra dao ham béac hai.
Va, vé nguyén tac, vang, y tudng cling hagi giéng véi nhitng gi ban da thuc hién véi ham
mot bién, cu thé 14, ham mot bién.

If the derivative is zero, then you know that you should look at the second

derivative. And, that will tell you whether it's curving up or down whether you have a
local max and the local min. And, the main problem here is, of course, we have more
possible situations, and we have several derivatives. So, we have to think a bit

harder about how we'll decide. But, it will again involve the second derivative.

Né&u dao ham badng khdng, thi ban biét rdng ban can tiép tuc tinh dao ham béc hai. Va, né
sé cho ban biét dudng cong dang cong |én hai cong xudng cho du ban cé cuc dai cuc b va
cuc tiu cuc bd. Va, van dé chinh & day la, tat nhién, ching ta cé nhiéu tinh huéng cé thé
Xay ra, va ching ta c6 vai dao ham. Vi vay, chiang ta phai suy nghi khé khan h gn mot chit
vé cach chung ta quyét dinh. Nhung, nd lai sé lién quan dén dao ham bac hai.

OK, so let's start with just an easy example that will be useful to us because actually

it will provide the basis for the general method. OK, so we are first going to consider

a case where we have a function that's actually just quadratic. So, let's say I have a
function, W of (x,y) that's of the form ax”2 bxy cy”~2. OK, so this guy has a critical
point at the origin because if you take the derivtive with respect to x, well, and if

you plug x equals y equals zero, you'll get zero, and same with respect to y. You can
also see, if you try to do a linear approximation of this, well, all these guys are much
smaller than x and y when x and y are small. So, the linear approximation, the
tangent plane to the graph is really just w=0.

Véng, vi vy hdy bat dau vdi mot vi du dé va hitu ich cho chdng ta béi vi thuc su né sé
cung c8p cd sd cho phuong phap tdéng quat. Vang, vi vy dau tién chldng ta xét ham dang
toan phuong. Vi vay, gia sur tdi c6 mot ham, W (x, y) c6 dang ax ~ 2 bxy cy ~ 2. Vang, vi
vay, thdng nay c6 mot diém tdi han tai gbc toa d& bdi vi néu ban 18y dao ham theo x,
vang, va néu ban thé& x bang y béng khong, ban s& nhan dugc khdng, va tuang tu ddi véi
y. Ban ciling cé thé thdy, néu ban th( thuc hién phép x&p xi tuyén tinh cta cai nay, vang,
tdt ca nhitng thdng nay nho hon nhiéu x va y khi x va y nhé. Vi vay, phép xap xi tuyén
tinh, mat phdng tiép tuyé&n vdi dbé thi thuc su chi la w = 0.

OK, so, how do we do it? Well, yesterday we actually did an example. It was a bit
more complicated than that, but let me do it, so remember, we were looking at
something that started with x~2 2xy 3y”~2. And, there were other terms. But, let's
forget them now. And, what we did is we said, well, we can rewrite this as (x y)"~2
2y~ 2. And now, this is a sum of two squares. So, each of these guys has to be
nonnegative. And so, the origin will be a minimum. Well, it turns out we can do
something similar in general no matter what the values of a, b, and c are. We'll just
try to first complete things to a square. OK, so let's do that.

Vang, nhu véy, lam thé& nao dé€ ching ta lam diéu dé? Vang, thuc su ngay hdm qua chiing
ta d& xét mot vi du. N6 haoi phiic tap hon cdi d6 mdt chit, nhung hdy dé téi lam diéu do,
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nén nhdg, ching ta dang xét x ~ 2 2xy 3y N 2. Va, da cé nhitng thuat nglr khac. Nhung,
bady gid ching ta hdy quén ching. Va, nhitng gi ching ta da lam la chdng ta da ndéi, vang,
ching ta cd thé viét lai thang nay nhu la (xy) A 22y ~ 2. Va by gi¥, day la tdéng cda hai
binh phuang. Vi vy, tat ca ching déu khéng dm. Va nhu vay, gbc toa dd la mot cuc tiéu.
Vang, hoda ra ching ta cé thé& lam diéu gi dé tudng tu ndi chung céc gid tri cta a, b, va ¢
bao nhiéu khéng quan trong. Pau tién, ching ta chi s& c§ gang hoan tdt nhitng s6 hang
binh phuong. Vang, vay hay lam diéu dé.

So, in general, well, let me be slightly less general, and let me assume that a is not
zero because otherwise I can't do what I'm going to do. So, I'm going to write this as

a times x”2 plus b over axy. And then I have my cy”~2. And now this looks like the
beginning of the square of something, OK, just like what we did over there. So, what

is it the square of? Well, you'd start with x plus I claim if I put b over 2a times y and

I square it, then see the cross term two times x times b over 2a y will become b over
axy. Of course, now I also get some y squares out of this.

Vi v8y, ndi chung, vang, hay dé tdi lam hai it tdng quat, va gia si a khac khdng bdi vi néu
khong téi khéng thé& 1am nhitng gi t6i s& 1am. Vi vay, tdi s& viét cdi nay nhu 1a a nhan x ~ 2
coOng véi b trén axy. Va sau do toi cé cy N 2 cla toi. Va gid day, diéu nay cé vé nhu khdi
dau clia binh phuong ciia mét cai gi do, vang, giéng nhu nhitng gi ching ta dd lam & dang
kia. Vi vay, nd la binh phudng cla cai gi? Vang, ban muén bat dau vdi x céng tdi khang
dinh néu t6i dat b trén 2a nhan y va toi binh phuaong no, thi thdy s6 hang chéo hai nhan x
nhan b trén 2ay sé tré thanh b trén axy. Tat nhién, bay giG toi cling nhan dugc mot s6 vy
binh phuong nao dé ngoai nay.

How many y squares do I get? Well, I get b~2 over 4a”~2 times a. So, I get b2 over
4a y~N2. So, and I want, in fact, c times y~2. So, the number of y~2 that I should

add is ¢ minus b~2 over 4a. OK, let's see that again. If I expand this thing, I will get
ax”N2 plus a times b over 2a times 2xy. That's going to be my bxy. But, I also get

b~2 over 4a”2 y”~2 times a. That's b~2 over 4ay”~2. And, that cancels out with this
guy here. And then, I will be left with cy”~2. OK, do you see it kind of?

T6i sé€ nhan dudc bao nhiéu y binh phuong? Vang, téi nhan dugc b ~ 2 trén 4a ~ 2 nhan a.
Vi vay, t6i nhan dudgc b2 trén 4a y »~ 2. Vi vay, va téi mudén, qua thuc, c nhan y ~ 2. Vi
vay, s6 y N 2 ma toi can thém la c trr b ~ 2 trén 4a. Vang, ching ta hay xem lai diéu do
mét [an nita. Né&u tdi khai trién cai nay, tdi s& nhan dugdc ax ~ 2 cdng a nhan b trén 2a
nhan 2xy. N6 sé bang bxy. Nhung, téi cling nhan dudc b ~ 2 trén 4a ~ 2 y ~ 2 nhén a. D6
la b ~ 2 trén 4ay ~ 2. V4, nd triét tiéu véi thdng nay & day. Va sau dé, tdi sé con lai cy
2. Vang, ban hiéu dugc gi khéng?

OK, if not, well, try expanding this square again. OK, maybe I'll do it just to convince
you. But, so if I expand this, I will get A times, let me put that in a different color
because you shouldn't write that down. It's just to convince you again. So, if you
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don't see it yet, let's expend this thing. We'll get a times x~2 plus a times 2xb over
2ay. Well, the two A's cancel out. We get bxy plus a times the square of that's going
to be b~2 over 4a”2 y~2 plus cy”™2 minus b~2 over 4ay”2.

Vang, néu khdng, vang, hay thir khai trién binh phuong nay 1an nita. Vang, cé |1& toi s& lam
diéu do chi d€ thuyét phuc ban. Nhung, vang néu tdi khai trién cai nay, toi s& nhan dugc A
nhan, hay dé tdi ki hiéu cdi d6 mau khac bdi vi ban khdng nén viét diéu doé ra. N6 chi la dé
thuyé&t phuc ban mét Ian nira. Vi vdy, néu ban chua hiéu nd, hdy khai trién cdi nay. Ching
ta s€ nhan dugc ..........c......... . Vang, hai A triét tiéu nhau. Chdng ta hdy dat bxy cong véi a
nhan binh phudng clia cai d6 S8 1a........cceveuveeceeeceeeeeceee .

Here, the a and the a simplifies, and now these two terms simplify and give me just
cy”~2 in the end. OK, and that's kind of unreadable after I've canceled everything,

but if you follow it, you see that basically I've just rewritten my initial function. OK,

is that kind of OK? I mean, otherwise there's just no substitute. You'll have to do it
yourself, I'm afraid. OK, so, let me continue to play with this. So, I'm just going to
put this in a slightly different form just to clear the denominators. OK, so, I will
instead write this as one over 4a times the big thing.
O day, a va a dan gian, va bay gid hai s6 hang nay daon gidn va cudi cling cho téi cy ~
2. Vang, va cai doé phan nao khé doc sau khi t6i da triét tiéu tat ca moi thr,nhung néu
ban lam theo nd, vé& cd ban ban sé& thdy rdng tbi chi can viét lai ham ban dau cua toi.
Vang, diéu d6 8n ddng khdng? Y tdi 1a, néu khdng sé& khéng cé gi thay thé&. Toi sg ban
sé& phai tu thuc hién nd. Vang, vi vy, hdy dé toi ti€p tuc chaoi vGi cdi nay. Vi vay, toi
chi can ddt cdi nay dudi dang hdi khac dé xdéa cadc mau s6. Vang, vi vay, thay vao dé
toi sé viét diéu nay nhu mot trén 4a nhan cai 16n.

So, I'm going to just put 4a”~2 times x plus b over 2ay squared. OK, so far I have

the same thing as here. I just introduced the 4a that cancels out, plus for the other
one, I'm just clearing the denominator. I end up with (4ac-b”~2)y~2. OK, so that's a
lot of terms. But, what does it look like? Well, it looks like, so we have some
constant factors, and here we have a square, and here we have a square. So,
basically, we've written this as a sum of two squares, well, a sum or a difference of
two squares. And, maybe that's what we need to figure out to know what kind of
point it is because, see, if you take a sum of two squares, that you will know that
each square takes nonnegative values.

Vi vay, toi sé chi can dat 4a ~ 2 nhan x cdng vdi b trén 2ay binh phuong. Vang, cho dén
bay gid t6i cd thr tuong tu nhu & day. T6i chi dua vao 4a triét tiéu, cong thém cho cai con
lai, toi chi can xéa mau s6. Toi dudc két qua................. . Vang, vi vay do la nhiéu sb hang.
Nhung, nd trong nhu thé€ nao? Vang, co vé nhu, vi vy ching ta c6 thira s6 hdng s6 nao
dod, va & day chung ta cé a binh phuadng, va & day chidng ta c6 a binh phudng. Vi vay,vé
cd ban, ching ta da viét lai cai nay nhu téng cua hai binh phuong, vang, tdng hodc hiéu
cla hai binh phuong. Va, cé 1& d6 1a nhitng gi ching ta can dé biét loai diém t&i han la
loai ndo bai vi, xem nao, néu ban c6 mdt téng clia hai binh phudng, ban s& biét r&ng moi
binh phuong khéng am.

And you will have, the function will always take nonnegative values. So, the origin
will be a minimum. Well, if you have a difference of two squares that typically you'll
have a saddle point because depending on whether one or the other is larger, you

will have a positive or a negative quantity. OK, so I claim there's various cases to
look at. So, let's see. So, in fact, I claim there will be three cases. And, that's good
news for us because after all, we want to distinguish between three possibilities. So,
let's first do away with the most complicated one. What if 4ac minus b2 is

negative? Well, if it's negative, then it means what I have between the brackets is,

so the first guy is obviously a positive quantity, while the second one will be
something negative times y2.

Va ban sé cd, gia tri cia ham sé luon luén khéng am. Vi vay, goc toa dé sé la cuc

ti€u. Vang, néu ban cb hiéu cda hai binh phuong ma thdng thudng ban s& c6 mét
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diém yén ngua vi tuy thudc vao cai nay hay cdi con lai I6n hon, ban s& cé mot dai
lugng duong hay am. Vang, vi vay tbi cho réng can xét nhiéu trudng hgp khac
nhau. Vi vdy, chdng ta hdy xét. Vang, qua thuc, tdi cho rang sé& co ba trudng hap.
Va, dé la tin tot lanh cho ching ta vi sau hét, ching ta mudn phan biét gilra ba
kha nang. Vi vay,trudc tién hay tranh xa cai phlc tap nhat. biéu gi xa ra néu 4ac
trr b ~ 2 am? Vang, néu ndé am, thi cé nghia la nhithg gi toi cé gilra cac dau
ngodc la, vi vay thang dau tién hién nhién 1a dai lugng dudng, trong khi théng th(
hai sé la cdi gi d6 am nhan y2.

So, it will be a negative quantity. OK, so one term is positive. The other is negative.
That tells us we actually have a saddle point. We have, in fact, written our function
as a difference of two squares. OK, is that convincing? So, if you want, what I could
do is actually I could change my coordinates, have new coordinates called u equals x
b over 2ay, and v, actually, well, I could keep y, and that it would look like the
difference of squares directly.

Vi vay, nd sé la dai lugng am. Vang, do d6, mot sé hang dudgng. S6 hang con lai am.
DPiéu dé c6 nghia Ia thuc su ching ta c6 mot diém yén ngua. Ching ta cd, trén thuc

t€, viét ham cula chung ta nhu hiéu cta hai binh phuong. Vang, diéu do cé thuyét
phuc khdng? Vi vdy, néu ban muén, nhitng gi tdi cé thé lam 1a thuc su tdi cd thé
thay ddi hé toa dd cla téi, c6 cac toa dd mdi dudc goi la u bang xb trén 2ay, va v,
thuc su, vang, t6i c6 thé gilr y, va nd s& nhu hiéu cta hai binh phuong mot cach truc
tiép.

OK, so that's the first case. The second case is where 4ac-b~2 = 0. Well, what
happens if that's zero? Then it means that this term over there goes away. So, what
we have is just one square. OK, so what that means is actually that our function
depends only on one direction of things. In the other direction, it's going to actually

be degenerate. So, for example, forget all the clutter in there. Say I give you just
the function of two variables, w equals just x~2. So, that means it doesn't depend

on vy at all. And, if I try to plot the graph, it will look like, well, x is here.

Vang, do dd, do la trudng hgp dau tién. Trudng hgp thir hai la 4ac-b ~ 2 = 0. Vang, diéu
gi xay ra néu cai doé bang khdng? Thi n6 cé nghia la s6 hang nay & dang kia bi€n mat. Vi
vay, nhitng gi chidng ta c6 la mét binh phudgng. Vang, vi vay diéu dé cé nghia la thuc su
ham cua ching ta chi phu thuéc vao moét huéng nao dé. Theo hudng khac, thuc su nd sé
suy bién. Vi vay, vi du, quén tat ca nhitng I16n x6n & ddé. Gia su to6i cho ban ham hai bién,
w bdng x ~ 2. Vi vay, diéu do c6 nghia la n6 khéng phu thudc vao y gi ca. Va, néu téi thlr
vé do thi, n6 sé giébng nhu, vang, x & day.

So, it will depend on x in that way, but it doesn't depend on y at all. So, what the
graph looks like is something like that. OK, basically it's a valley whose bottom is
completely flat. So, that means, actually, we have a degenerate critical point. It's
called degenerate because there is a direction in which nothing happens. And, in
fact, you have critical points everywhere along the y axis. Now, whether the square
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that we have is x or something else, namely, x plus b over 2a vy, it doesn't matter. I
mean, it will still get this degenerate behavior. But there's a direction in which
nothing happens because we just have the square of one quantity.

Vi vay, nd sé chi phu thudc vao x theo cach dé, nhung né khéng phu thudc vao y gi
ca. Vi vay, do thi c6 dang gidng nhu thé. Vang, vé cc ban do la mot thung Iling cé
dady hoan toan phang. Vi vay, cé nghia 13, trén thuc té&, chling ta c6 mot diém tdi
han suy bién. N6 dugc goi la suy bién vi c6 mot hudng ma theo dé khong cé gi xay
ra. Va, qua thuc, ban c6 diém tdi han & khdp moi noi doc theo truc y. By gid, cho
du binh phuong ma ching ta cd 1a x hay th (& gi khéac, cu thé 13, x cdng véi b trén 2a
y, né khdng quan trong. Y tdi 1, n6é van con tinh chat suy bién. Nhung c6 mét
hudng ma theo hudng dé khéng cd gi xay ra vi chang ta chi c6 binh phuong cla
mot dai lugng.

I'm sure that 300 students means 300 different ring tones, but I'm not eager to hear
all of them, thanks. [LAUGHTER] OK, so, this is what's called a degenerate critical
point, and [LAUGHTER]. OK, so basically we'll leave it here. We won't actually try to
figure out further what happens, and the reason for that is that when you have an
actual function, a general function, not just one that's quadratic like this, then there
will actually be other terms maybe involving higher powers, maybe x~3 or y~3 or
things like that.

Toi chdc chadn rédng 300 sinh vién cé 300 kiéu nhac chudng khac nhau, nhung tdi khéng
mudn nghe tat ca chldng, cdm on. [Cudi] Vang, vi vay, day la nhitng gi dudc goi la diém tdi
han suy bién, va [cudi]. Vang, vi vy vé cd ban ching ta sé& dé lai né 6 day. Thuc su ching
ta s& khoéng c6 gdng suy ra thém nhiing gi s& xay ra, va ly do cho diéu d6 la khi ban cé
mét ham thuc t&€, mdt ham téng quat, khéng chi 1a binh phudng giéng nhu thé nay, thi sé
thuc su c6 cac s6 hang khac lién quan dén nhitng Iy thira cao haon , c6 thé x ~ 3 hodcy ~
3 hodac nhirng th gidbng nhu thé.

And then, they will mess up what happens in this valley. And, it's a situation where

we won't be able, actually, to tell automatically just by looking at second derivatives
what happens. See, for example, in a function of one variable, if you have just a
function of one variable, say, f of x equals x to the five, well, if you try to decide

what type of point the origin is, you're going to take the second derivative. It will be
zero, and then you can conclude. Those things depend on higher order derivatives.

Va do dd, ching sé lam héng nhitng gi xay ra trong thung lling nay. Va, dé la trudng hgp
ma thuc su ching ta s& khdng thé, xem xét b ai todn chi bdng cach xét dao ham béc hai.
Xem nao, vi du, trong ham moét bién, néu ban chi c6 ham mdt bién, giad si, f x bang x dén
nam, vang, néu ban dang thir xét gbc toa dd |a loai diém tdi han nao, ban s& phai 18y dao
ham béc hai. N6 s& bdng khdng, va sau d6 ban cé thé két ludn. Nhitng cai dé phu thudc
vao cac dao ham bac cao haon.

So, we just won't like that case. We just won't try to figure out what's going on here.
Now, the last situation is if 4ac-b”~2 is positive. So, then, that means that actually
we've written things. The big bracket up there is a sum of two squares. So, that

means that we've written w as one over 4a times plus something squared plus
something else squared, OK? So, these guys have the same sign, and that means

that this term here will always be greater than or equal to zero. And that means that
we should either have a maximum or minimum. How we find out which one it is?

Vi vay, trudng hgp chidng ta dang xét khéng giong tr udng hgp d6. Chang ta sé khong c6
géng tim ra nhitng gi dang xay ra & day. Bay gid, trudng hgp cudi clung la néu 4ac-b ~ 2
dudng. Vi vay, nhu thé thi, diéu do c6 nghia la thuc su chidng ta da viét ra cac th&. Dau
ngodc Ién trén dé 1a téng cua hai binh phuong. Vi vy, diéu dé cé nghia la chidng ta da viét
w nhu mot trén 4a nhan cong cai gi d6 binh phudng cong thém céi gi dé nira binh phuadng,
dang khéng? Vi vay, nhiing thang nay c6 cung ddu, va dé co nghia la s6 hang nay & day
s& [udn ludn I6n hon hodc béng khdng. Va diéu dd cé nghia la ching ta hodc s& c6 mot cuc
dai hodc mot cuc tiéu. Lam thé nao dé ching ta xac dinh né 1a cai nao?
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Well, we look at the sign of a, exactly. OK? So, there's two sub-cases. One is if a is
positive, then, this quantity overall will always be nonnegative. And that means we
have a minimum, OK? And, if a is negative on the other hand, so that means that we
multiply this positive quantity by a negative humber, we get something that's always
negative. So, zero is actually the maximum. OK, is that clear for everyone? Yes?

Vang, ching ta nhin vao dau cla a, chinh xac. Bang khéng? Vi vay, cd hai trudng hgp nho.
Mot la néu a la dudng, thi, toan bo dai lugng nay sé khong am. Va diéu do cé nghia la
chiing ta c6 mdt cuc ti€u, ding khéng? Va, néu a &m & vé& con lai, do dé diéu d6 c6 nghia la
chung ta nhan dai lugng duong nay vGi mot s6 am, chidng ta nhan dugc cai gi do ludn ludn
am. Vi vay, khdng thuc su 1a cuc dai. Vang, cac ban cé hiéu ré chua? Sao?

Sorry, yeah, so I said in the example w equals x~2, it doesn't depend on y. So, the
more general situation is w equals some constant. Well, I guess it's a times (x b over
2a times y)” 2. So, it does depend on x and vy, but it only depends on this
combination. OK, so if I choose to move in some other perpendicular direction, in the
direction where this remains constant, so maybe if I set x equals minus b over 2a vy,
then this remains zero all the time.

Xin 16i, & vang, vang t6i da noi trong vi du w b&ng x ~ 2, né khéng phu thudc vao y. Vi
vay, trudng hap tdng quat hon 1a w bdng hang s6 nao dé. Vang, tdi dodn né la a nhan (x
b trén 2a nhan y) ~ 2. Vi vay, ndé phu thudc vao x va y, nhung né chi phu thudc vao té
hdgp nay. Vang, vi vy néu tdi di chuyén theo mét sd hudng vudng gbc khac, theo hudng
ma cai nay gilt khdng ddi, nhu vy cé 18 néu tdi dat x bang trir b trén 2a y, thi cai nay
lubn bdng khong.

So, there's a degenerate direction in which I stay at the minimum or maximum, or
whatever it is that I have. OK, so that's why it's called degenerate. There is a
direction in which nothing happens. OK, yes? Yes, yeah, so that's a very good
question. So, there's going to be the second derivative test. Why do not have
derivatives yet? Well, that's because I've been looking at this special example where
we have a function like this. And, so I don't actually need to take derivatives yet.

But, secretly, that's because a, b, and c will be the second derivatives of the

function, actually, 2a, b, and 2c. So now, we are going to go to general function. And
there, instead of having these coefficients a, b, and c given to us, we'll have to
compute them as second derivatives.

Vi vdy, cé mot hudng suy bién ma theo hudng dé tdi & tai cuc ti€u hodc cuc dai, hodc né 1a
bat cr diéu gi ma téi cd. Vang, vi vay do la ly do tai sao n6 dudc goi la suy bién. Co6 mét
huéng, ma theo dé khong cd gi xay ra. Vang, sao a? bung, ding vay, vang dé la cau hdi
hay. Vi vdy, dé sé la phép kiém tra dao ham béc hai. Tai sao khéng c6 dao ham? Vang, dé
la bédi vi téi da xét cac vi du dac biét nay trong do chung ta c6 mot ham gidong nhu thé
nay. Va, vi vay toi thuc su khéng can lay dao ham.Tuy nhién, bi mat, dé la bdi via, b, va c
sé la cac dao ham béc hai cua ham, trén thuc t€, 2a, b, va 2c. Vi vay, bay gid, ching ta sé
di d&n ham téng quat. Va & do, thay vi cé cac hé sb a, b, va ¢ cho trudc, ching ta sé& phai
tinh chiing nhu dao ham béac hai.

OK, so here, I'm basically setting the stage for what will be the actual criterion we'll
use using second derivatives. Yes? So, yeah, so what you have a degenerate critical
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point, it could be a degenerate minimum, or a degenerate maximum depending on
the sign of a. But, in general, once you start having functions, you don't really know
what will happen anymore. It could also be a degenerate saddle, and so on. So, we
won't really be able to tell.

Vang, vi vay & day, vé co ban t6i dang thiét lap trang thai cho tiéu chi thuc su ma ching
ta s& st dung bang cach diung dao ham béc hai. Sao? Vang, ding, ban cé mét diém tdi
han suy bién, nd c6 thé Ia mot cuc ti€u suy bién, hay cuc dai suy bién phu thudc vao
d&du cta a. Nhung, ndi chung, khi ban bdt dadu cé cac ham, ban khéng thuc su biét diéu
gi s& xay ra nita. N6 cling cd thé |a mot diém yén ngua suy bién, va v.v.... Vi vy, chlng
ta sé khong thuc su két luan dugc.

Yes? It is possible to have a degenerate saddle point. For example, if I gave you x"3
y~3, you can convince yourself that if you take x and y to be negative, it will be
negative. If x and y are positive, it's positive. And, it has a very degenerate critical
point at the origin. So, that's a degenerate saddle point. We don't see it here

because that doesn't happen if you have only quadratic terms like that. You need to
have higher-order terms to see it happen.

Sao? C4 thé cd mot diém yén ngua suy bién. Vi du, néu tdi cho ban x ~ 3y ~ 3, ban ¢
thé tu thuyét phuc rang néu ban chon x va y &m, né s& 4&m. Néu x va y dudng, nd sé
dudng. Va, né c6 mot diém tdi han rat suy bién tai g6c toa dd. Vi vdy, dé diém yén ngua
suy bién. Chung ta khong thdy n6 & day bdgi vi diéu dé khong xay ra néu ban chi cé cac s6
hang bac hai nhu thé. Ban cdn cd cac s6 hang béc cao hon dé thdy né xay ra.

OK. OK, so let's continue. Before we continue, but see, I wanted to point out one
small thing. So, here, we have the magic quantity, 4ac minus b~2. You've probably
seen that before in your life. Yet, it looks like the quadratic formula, except that one
involves b~ 2-4ac. But that's really the same thing. OK, so let's see, where does the
quadratic formula come in here? Well, let me write things differently. OK, so we've
manipulated things, and got into a conclusion. But, let me just do a different
manipulation, and write this now instead as y”~2 times a times x over y squared plus
b(x over y) plus c. OK, see, that's the same thing that I had before.

Vang. Vang, chdng ta hay ti€p tuc. Trudc khi chidng ta ti€p tuc, nhung xem nay, t6i mudn
chi ra mot diéu nho. Vi vay, § day, ching ta coé dai lugng ao, 4ac trr b ~ 2. C6 |€ ban da
tlrng gap no réi. Tuy nhién, ndé giéng nhu céng thirc bac hai, ngoai trir cai lién quan dén b ~
2-4ac. Nhung chung thuc su giGng nhau. Vang, vi vay ching ta hay xét, cong thic nghiém
cla phuong trinh bac hai dén tir dau? Vang, hdy dé tdi viét cac th( theo cach khac. Vang,
vi vy chlng ta da lam moi th&, va di dén két ludn. Nhung, hdy dé toi lam moét thao tac
khac, va thay vao dé viét cadi nay nhu la y A 2 nhan a nhan x trén y binh phuong céng vdi
b(x trén y) céng c. Vang, thay khong, cai dé giong vdi cai téi da co trudc day.

Well, so now this quantity here is always nonnegative. What about this one? Well, of
course, this one depends on x over y. It means it depends on which direction you're
going to move away from the origin, which ratio between x and y you will consider.
But, I claim there's two situations. One is, so, let's try to reformulate things. So, if a
discriminate here is positive, then it means that these have roots and these have
solutions.

Vang, vi vay bay giG dai lugng nay & day luén luén khong am. Con cai nay thi sao? Vang,
tat nhién, cai nay phu thubéc vao x trén y. C6 nghia la né phu thudc vao hudng ban di
chuyén ra xa gbc toa dd, ty & nao gilta x va y ma ban sé& xét. Nhung, téi cho rang cé hai
trudng hgp. Mot la, do d6, ching ta h&y sap xé&p lai cac thdr. Vi vay, néu dinh thic & day la
duadng, thi cé nghia la nhitng cdi nay cé can va nhitng cai nay cé nghiém.

And, that means that this quantity can be both positive and negative. This quantity
takes positive and negative values. One way to convince yourself is just to, you

know, plot at~2 bt c. You know that there's two roots. So, it might look like this, or
might look like that depending on the sign of a. But, in either case, it will take values
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of both signs. So, that means that your function will take values of both signs.

Va, diéu dé cbé nghia la dai lugng nay cé thé &m hodc duong. Pai Ilugng nay nhén gia tri
dudng va d&m. Mét cach dé tu thuyét phuc Ia, ban da biét, do thi at”~ 2 bt c. Ban biét cd hai
nghiém. Vi vay, nd co thé trong nhu thé nay, hodc cd thé hinh nhu phu thudc vao diu cla
a. Nhung, trong ca hai trudng hdp, nd sé nhan gid tri cia ca hai dau. Vi vay, diéu dé cé
nghia la ham sé nhan gia tri clia ca hai dau.

The value takes both positive and negative values. And, so that means we have a
saddle point, while the other situation, when b~ 2-4ac is negative -- -- means that

this equation is quadratic never takes the value, zero. So, it's always positive or it's
always negative, depending on the sign of a. So, the other case is if b~2-4ac is
negative, then the quadratic doesn't have a solution. And it could look like this or like
that depending on whether a is positive or a is negative.

Gia tri nhan ca duong va 4m. Va, nhu vay diéu dé c6 nghia Ia ching ta cd mot diém yén
ngua, trong khi trong trudng hgp khac, khi b ~ 2-4ac am - - c6 nghia la phudng trinh nay la
bac hai khéng bao gid nhan gia tri, khéng. Vi vay, no luén luén duong hoac ludn ludén am,
tuy thudc vao dau cua a. Vi vay, truéng hgp con lai la néu b ~ 2-4ac am, thi phuadng trinh
khoéng cé nghiém. Va né cb thé giéng nhu thé nay hay nhu thé kia tuy thudc vao a 1a duong
hay am.

So, in particular, that means that ax over y2 plus bx over y plus c is always positive
or always negative depending on the sign of a. And then, that tells us that our
function, w, will be always positive or always negative. And then we'll get a minimum
or maximum. OK, we'll have a min or a max depending on which situation we are in.
OK, so that's another way to derive the same answer. And now, you see here why
the discriminate plays a role. That's because it exactly tells you whether this
quadratic quantity has always the same sign, or whether it can actually cross the
value, zero, when you have the root of a quadratic.

Vi vay, dac biét, diéu dé cé nghia la ax trén y2 cong bx trén y céng c ludn ludon ducng
hodc luén ludn &m phu thudc vao d&u cia a. Va do do, diéu d6 cho ching ta biét réng
ham cua ching ta, w, sé€ luén luén dudng hoac ludn lubn am. Va thé€ thi ching ta sé
nhan dugc mdt cuc ti€u hodc mot cuc dai. Vang, ching ta s& cd mot cuc ti€u hodc mét
cuc dai tuy thudc vao ching ta dang & trudng hgp nao. Vang, vi vay dé la mot cach
khac dé rat ra dudc clu tra I8i tuong tu. Va bay gid, & day ban thdy tai sao dinh thirc
dong vai tro quan trong. D6 1a bai vi nd cho ban biét chinh xac dai lugng bac hai nay
lubn luén cé cung d&u, hay né cé thé chéo gid tri, khdng, khi ban cé nghiém cla
phuang trinh bac hai.

OK, so hopefully at this stage you are happy with one of the two explanations, at
least. And now, you are willing to believe, I hope, that we have basically a way of
deciding what type of critical point we have in the special case of a quadratic
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function. OK, so, now what do we do with the general function? Well, so in general,
we want to look at second derivatives. OK, so now we are getting to the real stuff.
So, how many second derivatives do we have? That's maybe the first thing we
should figure out. Well, we can take the derivative first with respect to x, and then
again with respect to x. OK, that gives us something we denote by partial square f
over partial x squared or fxx.

Vang, do dé, hy vong lic nay ban dang rat thoai mai véi mot trong hai cach giai thich,
it nhat 1& nhu thé&. Va bay gid, ban sdn sang tin réng, tdi hy vong rdng vé cd ban
ching ta cé cach dé& quyét dinh loai diém t&i han ma chdng ta cé trong ting trudng
hop cu thé d6i véi ham béc hai. Vang, vi vay, bdy gid ching ta 1am gi v&i ham téng
quat? Vang, do do, néi chung, chdng ta mudén xét dao ham béac hai. Vang, vay bay gid
ching ta dang nhan dudgc nhitng th thuc su. Vi vay, chidng ta cé bao nhiéu dao ham
bac hai? D6 c6 |& la th& dau tién ma chdng ta nén suy ra. Vang, ching ta cé thé 18y
dao ham béac nhét theo x, va r6i lam lai [an nita d6i véi x. Vang, chidng ta ki hiéu no la
dao ham riéng cua f theo x binh hay fxx.

Then, there's another one which is fxy, which means you take the derivative with
respect to x, and then with respect to y. Another thing you can do, is do first
derivative respect to y, and then with respect to x. That would be fyx. Well, good
news. These are actually always equal to each other. OK, so it's the fact that we will
admit, it's actually not very hard to check. So these are always the same.

Do do, c6 mét dai lugng khac la fxy, cd nghia la ban 1dy dao ham theo x, va sau dé theo y.
Ban c6 thé lam theo cach khac, dau tién |dy dao ham theo y, va sau dé theo x. D6 1a fyx.
Véang, tin tét. Thuc su nhitng cai nay ludn ludn bang nhau. Vang, vi vay nd la su that ma
ching ta sé& thira nhan, thuc su khéng khé kiém tra. Vang, nhitng cdi nay ludn ludn giéng
nhau.

We don't need to worry about which one we do. That's one computation that we
won't need to do. We can save a bit of effort. And then, we have the last one,
namely, the second partial with respect to y and y fyy. OK, so we have three of
them. So, what does the second derivative test say? It says, say that you have a
critical point (x0, y0) of a function of two variables, f, and then let's compute the
partial derivatives. So, let's call capital A the second derivative with respect to x.

Let's call capital B the second derivative with respect to x and y. And C equals fyy at
this point, OK?

Chung ta thuc hién cai nao khong quan trong. D6 la mot tinh todn ching ta khéng can
lam. Chlng ta cé thé tiét kiém mot chat cdng sirc. Va rdi, ching ta ¢ cdi cubi cung, cu thé
la, dao ham bac hai theo y va y fyy. Vang, vi vay chling ta cé ba trong s6 chung. Vi vay,
ndi dung cua phép kiém tra dao ham béac hai 1a gi? Né ndi, ndi réng ban cé mdt téi han
(x0, y0) cua moOt ham hai bién, f, va sau d6é ching ta tinh todn cac dao ham riéng. Vang,
hay goi A la dao ham béc hai d6i véi x. Hay goi B la dao ham béac hai d6i vGi x vay. Va C
bang fyy tai diém nay, ding khéng?

So, these are just numbers because we first compute the second derivative, and
then we plug in the values of x and y at the critical point. So, these will just be
numbers. And now, what we do is we look at the quantity AC-B~2. I am not

forgetting the four. You will see why there isn't one. So, if AC-B”2 is positive, then
there's two sub-cases. If A is positive, then it's local minimum. The second case, so,
still, if AC-B~2 is positive, but A is negative, then it's going to be a local maximum.
And, if AC-B”2 is negative, then it's a saddle point, and finally, if AC-B~2 is zero,

then we actually cannot compute.

Vi vay, day chi la nhitng con s6 bdi vi dau tién ching ta tinh dao ham bac hai, va sau doé
chiing ta thé& vao cac gia tri cia x va y tai diém tdi han. Vi vdy, day chi la cac con sé. Va
bay gid, nhitng gi ching ta lam la ching ta xét dai lugng AC-B ~ 2. Khong phai toi quén sd
4. Ban sé thay tai sao n6 khéng cé. Vang, néu AC-B ~ 2 dudng, thi c6 hai trudng hgp nhd.
Né&u A duong, thi né 1d mot cuc tiéu dia phuong. Trudng hdp th hai, vang, van 13, néu AC-
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B ~ 2 dudng, nhung A am, thi né sé la cuc dai dia phuong. Va, néu AC-B ~ 2 am, thi né la
mét diém yén ngua, va cubi cung, néu AC-B ~ 2 bdng khdng, thi thuc su chiing ta khdng
thé tinh.

We don't know whether it's going to be a minimum, a maximum, or a saddle. We
know it's degenerate in some way, but we don't know what type of point it is. OK, so
that's actually what you need to remember. If you are formula oriented, that's all

you need to remember about today. But, let's try to understand why, how this comes
out of what we had there. OK, so, I think maybe I actually want to keep, so maybe I
want to keep this middle board because it actually has, you know, the recipe that we
found before the quadratic function.

Chung ta khdng biét dugc nd sé la cuc tiéu, cuc dai, hay diém yén ngua. Ching ta biét nd
suy bién theo cach nao d4, nhung ching ta khéng biét né la loai diém gi. Vang, vi vay dé
thuc su la nhitng gi chdng ta phai nhd. Néu ban la céng thic dinh hudng, dé la tat ca
nhitng gi ban can nhd trong hdm nay. Nhung, ching ta cling can hi€u nguyén nhéan tai
sao, cong thirc nay dugc suy ra tir bén trén. Vang, vi vay, co Ié toi nghi toi thuc su mudn
gir lai, do d6, co Ié to6i mudn gilr lai bang gilta nay bdi vi nd thuc su c6, ban biét, cac cong
thifc ma chdng ta da tim dudgc tU trudc cho ham toan phuong.

So, let me move directly over there and try to relate our old recipe with the new. OK,
you are easily amused. OK, so first, let's check that these two things say the same
thing in the special case that we are looking at. OK, so let's verify in the special case
where the function was ax”2 bxy cy”~2. So -- Well, what is the second derivative
with respect to x and x? If I take the second derivative with respect to x and x, so
first I want to take maybe the derivative with respect to x. But first, let's take the

first partial, Wx. That will be 2ax by, right? So, Wxx will be, well, let's take a partial
with respect to x again. That's 2a. Wxy, I take the partial respect to y, and we'll get

b.

Vi védy, hdy dé toi chuyén truc ti€p dén déng kia va c8 géng thiét 1ap mdi quan hé gilta
céng thirc cli cia ching ta vdi cdi mdi. Vang, ban cé thé dé dang thich thd. Vang, do d9,
dau tién, hdy kiém tra xem hai diéu nay c6 phai giéng nhau trong trudng hgp déc biét ma
ching ta dang xét. Vang, vi vay hady kiém lai trong trudng hgp ddc biét ¢ d6 ham bang ax
~ 2 bxy cy ~ 2. Vivay, - Vang, dao ham béac hai theo x va theo x bédng bao nhiéu? Né&u toi
Idy dao ham bac hai theo x va theo x, do d6, dau tién co6 I€ t6i mudn lay dao ham theo x.
Nhung trude hét, ching ta hdy 18y dao ham riéng, Wx. N6 s& bdng 2ax, phai khdng? Vi
vay, Wxx sé& bang, vang, ching ta hay I8y dao ham theo x 1an nita. N6 bang 2a. Wxy, toi
lay dao ham riéng theo y, va ching ta dudc b.

OK, now we need, also, the partial with respect to y. So, Wy is bx 2cy. In case you
don't believe what I told you about the mixed partials, Wyx, well, you can check. And
it's, again, b. So, they are, indeed, the same thing. And, Wyy will be 2c. So, if we
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now look at these quantities, that tells us, well, big A is two little a, big B is little b,
big C is two little c. So, AC-B”2 is what we used to call four little ac minus b2.

OK, bay giG chung ta can, tuong tu, dao ham riéng d6i vdi y. Vi vay,
Wy bang bx 2cy. Trong trudng hgp ban khong tin vao nhirng gi t6i da
noi v@i ban vé cac dao ham hon hgp, Wyx, vang, ban cé thé kiém tra.
Va mot 1an nira, né bang , b. Vi vay, qua that, chdng giéng nhau. Va3,
Wyy s& bdng 2c. Vi vay, néu bay gid ching ta xét nhitng dai lugng
nay, no cho ching ta biét, vang, A I6n bang hai a nho, B I6n bang b
nhd, C I6n bang hai ¢ nho. Vi vay, AC-B ~ 2 la nhitng gi ching ta da
dung dé goi 4 ac nho trur b2.

OK, ooh. [LAUGHTER] So, now you can compare the cases. They are not listed in the
same order just to make it harder. So, we said first, so the saddle case is when AC-
BA~2 in big letters is negative, that's the same as 4ac-b2 in lower case is negative.

The case where capital AC-B2 is positive, local min and local max corresponds to this
one. And, the case where we can't conclude was what used to be the degenerate

one. OK, so at least we don't seem to have messed up when copying the formula.
Now, why does that work more generally than that?

Vang, 6. [Cudi] Vi vy, bdy gid ban cb thé so sanh cac tr udng hdp. Ching khéng dudc
liét ké theo th( tu chi d€ Iam cho né khd haon. Vi vdy, trudc hét ching ta da noi, vang
trudng hop diém yén ngua khi AC-B ~ 2 theo cac ki tu 16n &m, né gidng nhu 4ac-b2
trong trudng hop thdp hon &m. Trudng hop AC - B2 hoa dudng, cuc tiéu dia phuong va
cuc dai dia phudng tudng (ng vai cai nay. Va, trudng hop chiing ta khdng thé két luén

la nhitng gi dugc dung la trudng hgp suy bién. Vang, do dé, vi vay it nhat ching ta
khéng réi 1én khi sao chép cac cdng thirc. Bay gid, tai sao cai dé tdng quat hon cai dé?

Well, the answer that is, again, Taylor approximation. Aww. OK, so let me just do
here quadratic approximation. So, quadratic approximation tells me the following
thing. It tells me, if I have a function, f of xy, and I want to understand the change

in f when I change x and y a little bit. Well, there's the first-order terms. There is the
linear terms that by now you should know and be comfortable with. That's fx times

the change in x. And then, there's fy times the change in y. OK, that's the starting
point.

Vang, cau tra I18i mot 1an nira, d6 la, xap xi Taylor. Aww. Vang, vi vdy hdy dé tdi chi can
lam & day xap xi bac hai. Vi vay, xdp xi bac hai cho chlng ta biét cac thir sau. N6 ndi rang,
néu tbi c6 mdt ham, f xy, va tdi mudn biét su bién thién cua f khi toi thay d6i x va y mot
chut. Vang, cé cac s6 hang bac nhat. Cé cac s6 hang tuyén tinh ma bay gid ban nén biét
va quen thuoc véi né. B4 la fx nhan su bién thién cua x. Va sau dd, co6 fy nhan su bién
thién cda y. Vang, dé la diém khdi dau.

But now, of course, if x and y, sorry, if we are at the critical point, then that's going
to be zero at the critical point. So, that term actually goes away, and that's also zero
at the critical point. So, that term also goes away. OK, so linear approximation is
really no good. We need more terms. So, what are the next terms? Well, the next
terms are quadratic terms, and so I mean, if you remember the Taylor formula for a
function of a single variable, there was the derivative times x minus x0 plus one half
of a second derivative times x-x072. And see, this side here is really Taylor
approximation in one variable looking only at x. But of course, we also have terms
involving y, and terms involving simultaneously x and vy.

Nhung bay gid, tat nhién, néu x va vy, xin 18i, néu ching ta dang & diém tGi han, thi no sé&
bang khéng tai diém t&i han. Vi vdy, sd hang dé thuc su triét tiéu, va s6 hang dé cling
bang khdéng tai diém t&i han. Vi vdy, s6 hang dé cling bién mét. Vang, do dd, x&p xi
tuyén tinh thuc sy khong t6t. Ching ta can thém cac s6 hang. Vi vay, cac sé hang tiép
theo la gi? Vang, cac s6 hang ti€p theo la cac s6 hang bac hai, va vi vay y toi la, néu ban
nhé cong thldc Taylor cho ham mot bién, c6 dao ham nhan x trir x0 cong mot phan hai
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dao ham bac hai nhan x-x0 ~ 2. Va thay khong, bén nay & day thuc sy la xap xi Taylor
theo mot bi€n chi xét x. Nhung tat nhién, ching toi cling c6 cac s6 hang lién quan dén vy,
va cac s6 hang lién quan dong thgi dén x va y.

And, these terms are fxy times change in x times change in y plus one half of fyy(y-
y0)~ 2. There's no one half in the middle because, in fact, you would have two terms,
one for xy, one for yx, but they are the same. And then, if you want to continue,

there is actually cubic terms involving the third derivatives, and so on, but we are

not actually looking at them. And so, now, when we do this approximation, well, the
type of critical point remains the same when we replace the function by this
approximation. And so, we can apply the argument that we used to deduce things in
the quadratic case. In fact, it still works in the general case using this approximation
formula.

Va, nhitng s6 hang nay la fxy nhan do bién thién clia x nhan d6 bién thién clia y cOng mot
phan hai cua fyy (y-y0) ~ 2. Khong c6 moét phan hai & gilra vi, qua thuc, ban sé cé hai s6
hang, mot cho xy, mot cho yx, nhung ching déu gidong nhau. Va do do, néu ban mudn ti€p
tuc, cé cac s6 hang bac ba lién quan dén dao ham béac ba, va v.v.., nhung chidng ta khoéng
thuc sy xét ching. Va nhu vay, bay gid, khi ching ta thuc hién phép gan ddng n ay, vang,
loai diém td&i han van gilf nguyén khi ching ta thay thé ham b&ng phép x&p xi nay. Va nhu
vay, chlng ta c6 thé &p dung d6i s6 ma chlng ta d& dung dé€ suy ra cac th trong trudng
hop bac hai. Qua thuc, né van ding trong trudng hdp téng quat dung céng thirc gan ding
nay.

So -- The general case reduces to the quadratic case. And now, you see actually
why, well, here you see, again, how this coefficient which we used to call little a is

also one half of capital A. And, same here, this coefficient is what we call capital A.

And same here: this coefficient is what we call capital B or little b, and this

coefficient here is what we called little ¢ or one half of capital C. And then, when you
replace these into the various cases that we had here, you end up with the second
derivative test.

Vi vy, - Céc trudng hop tdng quat rat vé trudng hgp béc hai. Va bay gid, ban thuc su hiéu
tai sao, vang, & day ban thdy, mét [an nita, hé s& nay ma ching ta da dung dé goi a nho
cling bdng mdt phén hai A I8n. Va4, tuong tu & ddy, hé s6 nay 1a hé s6 ma ching ta goi la
A. Va tudng tu & day: hé s6 nay la nhitng gi chdng toi goi la B hoa hoac b nhd, va hé sé
nay & day la hé s6 ma ching ta goi la ¢ nhé hoac moét phan hai C I6n. Va sau dé, khi ban
thay thé nhirng cai nay vao cac trudng hgp khac ma chung ta da cé 6 day, ban két thac vaéi
phép ki€m tra dao ham béc hai.

So, what about the degenerate case? Why can't we just say, well, it's going to be a
degenerate critical point? So, the reason is that this approximation formula is
reasonable only if the higher order terms are negligible. OK, so in fact, secretly,
there's more terms. This is only an approximation. There would be terms involving
third derivatives, and maybe even beyond that. And, so it is not to generate case,
they don't actually matter because the shape of the function, the shape of the graph,
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is actually determined by the quadratic terms. But, in the degenerate case, see, if I
start with this and I add something even very, very small along the y axis, then that can
be enough to bend this very slightly up or slightly down, and turn my degenerate
point in to either a minimum or a saddle point.
Vang, con trudng hop suy bién thi sao? Tai sao ching ta khéng thé ndi, vang, nd sé& la mot
diém t&i han suy bién? Vang, nguyén nhan la cdng thirc gan ding nay chi hagp ly néu cac
s6 hang bac cao hon khdéng dang ké. Vang, vi vy trén thuc t&, bi mat, cé thém cac sé
hang. Day chi la mot phép gan ding. S€& cd cac s6 hang lién quan dén dao ham bac ba, va
tham chi c6 thé c6 cac bac cao hon nita. V4, do d6, né khéng phai 1a trudng hop suy bién,
chung khéng thuc su quan trong bdi vi dang ham, hinh dang cta do thi,
thuc su dudc quyét dinh bdi s6 hang bac hai. Nhung, trong trudng hgp suy bién, thay
khong, néu tbi bat dau vdi cai nay va tdi cong cai gi do tham chi rat, rat nho doc theo truc
y, thi né c6 thé du dé bé cong cai nay rat nhe Ién hodc hai xudng, va chuyén diém suy
bién thanh diém cuc tiéu hodc diém yén ngua.

And, I won't be able to tell until I go further in the list of derivatives. So, in the
degenerate case, what actually happens depends on the higher order derivatives. So,
we will need to analyze things more carefully. Well, we're not going to bother with

that in this class. So, we'll just say, well, we cannot compute, OK? I mean, you have

to realize that in real life, you have to be extremely unlucky for this quantity to end
up being exactly 0.

Va, toi s& khdng thé ndéi dudc cho dén khi téi di xa hon trong danh sach cdc dao ham. Vi
vay, trong trudng hgp suy bién, nhitng gi thuc su xay ra phu thudc vao cac dao ham bac
cao hon. Vi vdy, chlng ta s& can phai phan tich cac th{& cdn thdn han. Vang, ching ta sé
khong quan tam dén diéu dé trong I8p nay. Vi vay, chdng ta sé chi néi, vang, ching ta
khéng thé tinh, ding khdng? Y téi 14, ban phai nhan ra réng trong cudc séng thuc, ban &t
han 1a khdng may 1&dm mdi gdp trudng hop dai lugng nay dang bang 0.

[LAUGHTER] Well, if that happens, then what you should do is maybe try by
inspection. See if there's a good reason why the function should always be positive
or always be negative, or something. Or, you know, plot it on a computer and see
what happens. But, otherwise we can't compute. OK, so let's do an example. So,
probably I should leave this on so that we still have the test with us. And, instead,
OK, so I'll do my example here.

[Cudi] Vang, néu diéu dd xay ra, thi nhitng gi ban nén lam la cé thé th& bang cach kiém
tra. Xem cé khi nao c6 mét ly do chinh dang tai sao ham luon luén ducgng hoadc luén luén
am, hay gi dé khéng. Hodc, ban da biét, vé nd trén may tinh va xem dang cua né nhu
th& nao. Nhung, néu khdng ching ta khdng thé tinh todn. Vang, vy hay xét mot vi du.
Vi vay, c6 I& tdi nén dé lai diéu nay dé€ chidng ta kiém tra. Va, thay vao dd, vang, vi vay
toi sé thuc hién vi du cla téi g day.

OK, so just an example. Let's look at f of (x, y) = x y 1/xy, where x and y are
positive. So, I'm looking only at the first quadrant. OK, I mean, I'm doing this
because I don't want the denominator to become zero. So, I'm just looking at the
situation. So, let's look first for, so, the question will be, what are the minimum and
maximum of this function? So, the first thing we should do to answer this question is
look for critical points, OK?

Vang, vi vay chi cdn mot vi du. Hay xét f (x, y) = xy 1/xy, & day x va y la duong. Vi vay,
toi sé chi tim goc phan tu th& nhat. Vang, y toi la, téi lam diéu nay bdi vi téi khong mudn
cac mau sd bang khéng. Vi vay, toi chi nhin vao tinh hinh. Vi vay, dau tién hdy tim, vi
vay, céu hoi sé 13, cuc tiéu va cuc dai cia ham nay la gi? Vi vay, diéu dau tién ching ta
nén lam dé tra I8i cdu hdi nay la tim cac diém téi han, ding khéng?

So, for that, we have to compute the first derivatives. OK, so fx is one minus one
over xN2y, OK? Take the derivative of one over x, that's negative one over x"2.
And, we'll want to set that equal to zero. And fy is one minus one over xy”~2. And,
we want to set that equal to zero. So, what are the equations we have to solve?
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Well, I guess x”~2y equals one, I mean, if I move this guy over here I get one over
X2y equals one.

Vi vay, doi vGi nd, chiang ta phai tinh toan dao ham bac nhat. Vang, do do, fx la mot trir
mot trén x ~ 2y, ding khdng? L8y dao ham clia moét trén x, bang trir mot trén x ~ 2. Va,
ching ta cho n6 bang khéng. Va fy bang mot trir mot trén xy ~ 2. Va, ching ta muén cho
né bang khéng. Vi vay, cac phuang trinh ma ching ta phai giai la gi? Vang, toi doan x ~
2y bang mot, y téi 14, néu tdi bo théng nay & day tdi dugc mot trén x ~ 2y béang mot.

That's x~2y equals one, and xy”~2 equals one. What do you get by comparing these
two? Well, x and y should both be, OK, so yeah, I agree with you that one and one is
a solution. Why is it the only one? So, first, if I divide this one by that one, I get x
over y equals one. So, it tells me x equals y. And then, if x equals y, then if I put
that into here, it will give me y~3 equals one, which tells me y equals one, and
therefore, x equals one as well. OK, so, there's only one solution. There's only one
critical point, which is going to be (1, 1).

NS la x ~ 2y bang mdt, va xy ~ 2 bang mét. Ban nhan dudc gi qua su so sanh hai cai
nay? Vang, ca x va y bang, vang, do do, ding, t6i déng y vdi ban rdng mot va mot la
mo6t nghiém. Tai sao nd chi la mot? Vi vay, trudc hét, néu téi chia cai nay cho cai do, toi
dudc x trén y bdng mbt. Vi vay, nd cho tdi biét x bdng y. Va do dd, néu x bang y, thi néu
tdi dat cdi d6 vao day, nb sé cho tdi y ~ 3 bdng mdt, n6é cho tdi biét y bdng mdt, va do
dd, x cling bang mét. Vang, vi vay, chi cd6 moét nghiém. Chi c6 mét diém tdi han, nd sé 1a
(1, 1).

OK, so, now here's where you do a bit of work. What do you think of that critical
point? OK, I see some valid votes. I see some, OK, I see a lot of people answering
four. [LAUGHTER] that seems to suggest that maybe you haven't completed the
second derivative yet. Yes, I see someone giving the correct answer. I see some
people not giving quite the correct answer. I see more and more correct answers.
OK, so let's see. To figure out what type of point is, we should compute the second
partial derivatives. So, fxx is, what do we get what we take the derivative of this
with respect to x?

Vang, vi vy, hién nay day la ndi ban lam dugc mot chat viéc. Ban nghi gi vé diém téi
han dé? Vang, téi thay mot s6 phi€u hgp 1é. Téi thady mét sG6, Vang, toi thdy rat nhiéu
ngudi tra I8i bén. [Cudi] diéu d6 dudng nhu cho th8y rang cd thé ban chua hoan thanh
dao ham bac hai. Vang, toi thdy ai d6 dua ra cau tra I8i dung. T6i thdy mot s ngugi
khong dua ra cau tra I8i hoan toan chinh xac. T6i thdy thém nhiéu cau tra IGi niia.
Vang, do dd, hdy xem. Tim xem loai diém Ia gi, chiing ta nén tinh dao ham riéng cip
hai. Vi vay, fxx bang, ching ta nhan dudc gi néu chidng ta 18y dao ham cua cai nay
theo x?

Two over x~3y, OK? So, at our point, a will be 2. Fxy will be one over x~2y”~2. So, B
will be one. And, Fyy is going to be two over xy~3. So, C will be two. And so that
tells us, well, AC-B~2 is four minus one. Sorry, I should probably use a different
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blackboard for that. AC-B2 is two times two minus 1.2 is three. It's positive. That

tells us we are either a local minimum or local maximum. And, A is positive. So, it's a
local minimum. And, in fact, you can check it's the global minimum. What about the
maximum? Well, if a maximum is not actually at a critical point, it's on the boundary,

or at infinity.

Hai trén x ~ 3y, dung khong? Vi vy, tai diém cua chldng ta, a s& bang 2. Fxy s& bdng mot
trén x ~ 2y ~ 2. Vi vay, B s& bang mot. Va, Fyy sé la hai trén xy ~ 3. Vi vay, C sé& bang
hai. Va vi vy diéu dé cho ching ta, vang, AC-B ~ 2 béng bdn trir mot. Xin 16i, ¢ 1& toi
nén dung mot bang den khac cho diéu d6. AC-B2 bang hai nhan haitrir 1 ~ 2 b3ng ba. N6
dudng. Diéu dé cho chiing ta biét hodc |1a cuc tiéu dia phuong hodc cuc dai dia phuong. V3,
A dudng. Vi vy, né la mot cuc tiéu dia phuong. Va, trén thuc té€, ban cé thé kiém tra xem
né cé phai la cuc tiéu khéng. Con vé cuc dai thi sao? Vang, néu cuc dai khong & tai diém
tdi han, nd & bién, hodc & vo cuc.

See, so we have actually to check what happens when x and y go to zero or to
infinity. Well, if that happens, if x or y goes to infinity, then the function goes to
infinity. Also, if x or y goes to zero, then one over xy goes to infinity. So, the
maximum, well, the function goes to infinity when x goes to infinity or y goes to
infinity, or x and y go to zero. So, it's not at a critical point. OK, so, in general, we
have to check both the critical points and the boundaries to decide what happens.
OK, the end. Have a nice weekend.

Xem nao, vi vay thuc su ching ta phai kiém tra nhitng gi xay ra khi x va y tién dén
khong hoadc ti€n dén vo6 cung. Vang, néu diéu dé xay ra, néu x hodc y tién dén vo cung,
thi ham tién dén v6 cung. Tuong tu, néu x hodc y ti€n tdi khong, thi mot trén xy tién dén
vO cung. Vi vay, cuc dai, vang, ham tién dén v6 cung khi x ti€n dén vb cung hodc y tié€n
dén v clng, hodc x va y tién dén khdng. Vi vay, nd khéng phai & tai diém tdi han. Vang,
vi vdy, ndi chung, ching ta phai kiém tra ca hai diém t&i han va cac bién d&€ quyét dinh
diéu gi xay ra. Vang, két thac. Chdc mot ngay cudi tuan vui vé.



