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18.02 Multivariable Calculus, Fall 2007
Transcript — Lecture 9

VW WL Xy VLT

Chu y: Nhitng céng thic gido su viét |én bang thi khdng cdn thém vao phu dé, hay dé
cac dau ba cham.

Chuong 9: Bai toan Max-min; binh phuong tdi thiéu
Pay la phan ghi chép trén 18p. V@ bai giang, cac ban cb6 thé xem tai:
http://www.mientayvn.com/OCW/MIT/giai tich nhieu bien.html

OK. We have a new topic today. Silence, please. Today we are going to see how to
use what we saw last time about partial derivatives to handle minimization or
maximization problems involving functions of several variables. Remember last time
we said that when we have a function, say, of two variables, x and y, then we have
actually two different derivatives, partial f, partial x, also called f sub x, the

derivative with respect to x keeping y constant.

Vang. Hém nay chuing ta chuyén sang chi d& mdi. Xin cac ban gilt im Iang. H6m nay
chiing ta s& thdy dudc nhitng gi chidng ta da hoc Ian trudc dugc ('ng dung nhu thé nao dé
khao sat bai toan cuc ti€u va cuc dai cia ham nhiéu bién. Hdy nhd réng lan trudc ching ta
d& néi réng khi ching ta c6 mét ham, gia s, hai bién, x va y, thi ching ta thuc su cé hai
dao ham, dao ham riéng cla f theo x, con dudc goi la f x, dao ham theo x gilt y khdng ddi.

And we have partial f, partial y, also called f sub y, where we vary y and we keep X
as a constant. And now, one thing I didn't have time to tell you about but hopefully
you thought about in recitation yesterday, is the approximation formula that tells you
what happens if you vary both x and y. f sub x tells us what happens if we change x
a little bit, by some small amount delta x. f sub y tells us how f changes, if you
change y by a small amount delta y. If we do both at the same time then the two
effects will add up with each other, because you can imagine that first you will
change x and then you will change vy.

Va ching ta cé dao ham riéng theo y, con dudc goi la fy, 8 d6 ching ta thay d6iy va
chiing ta gilr x khdng d6i. Va bay gid, mot diéu tdi d& khdng cd thdi gian dé ndi véi ban
la nhung hy vong ban da nghi vé né trong budi kiém tra miéng hdm qua, la cdng thirc
gan dung cho ban biét nhitng gi xay ra néu ban thay ddi ca x va y. f x cho ching ta biét
nhitng gi s& xay ra néu ching ta thay d6i x moét chit, mét lugng nho delta x nao do. fy
cho chiing ta biét f thay d6i nhu thé nao, néu ban thay d6i y mdt lugng nho delta y. Néu
ching ta thay d&i ca hai cing moét Itc thi hai hiéu ing sé cdng nhau, bdi vi ban cé thé
tudng tugng rang dau tién ban sé thay ddi x va sau d6 ban sé thay ddi y.

Or the other way around. It doesn't really matter. If we change x by a certain
amount delta x, and if we change y by the amount delta y, and let's say that we
have z= f(x, y) then that changes by an amount which is approximately f sub x
times delta x plus f sub y times delta y. And that is one of the most important
formulas about partial derivatives. The intuition for this, again, is just the two effects
of if I change x by a small amount and then I change y. Well, first changing x will
modify f, how much does it modify f? The answer is the rate change is f sub x.

Hodc mot cach khac. N6 khdng thuc su quan trong. Néu ching ta thay d8i x mot Iugng
delta x nao dd, va néu chidng ta thay déi y mot lugng delta y nao dd, va gia su rang
ching ta cé z = f (x, y) thi cdi d6 thay d6i mét lugng gan bang f x nhan delta x cdng véi
f y nhan delta y. Va d6 la mot trong nhitng céng thic quan trong nhat vé dao ham
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riéng. Truc giac cho diéu nay, mot Ian nita, chi la hai anh hudng clha viéc tdi thay ddi x
mét lugng nhod va sau dé thay ddi y. Vang, thay ddi x dau tién sé thay déi f, né lam
thay d6i f bao nhiéu? Cau tra 15i 1a t8c dd thay déi la f x.

And if I change y then the rate of change of f when I change y is f sub y. So all
together I get this change as a value of f. And, of course, that is only an
approximation formula. Actually, there would be higher order terms involving second
and third derivatives and so on. One way to justify this -- Sorry. I was distracted by the
microphone. OK. How do we justify this formula? Well, one way to think about it
is in terms of tangent plane approximation.
Va néu to6i thay ddi y thi t6c d6 thay ddi cua f khi tdi thay dGi y 1a f y. Vi vay, gdp ching
v@i nhau tdi nhan dudgc su thay d6i cla f. Va, tat nhién, dé chi la mot cdng thlc gan dung.
Trong thuc té, sé cé cac s6 hang bac cao hon lién quan dén dao ham béac hai va bac ba va
V.V... MOt cach dé& chirng minh diéu nay - Xin 16i. Téi d& phan tdm bdi micro. Vang. Lam thé
nao dé chi’ng minh céng thirc nay? Vang, mét cach dé lam la s dung phép gén ding mat
phang ti€p tuyén.

Let's think about the tangent plane with regard to a function f. We have some
pictures to show you. It will be easier if I show you pictures. Remember, partial f,
partial x was obtained by looking at the situation where y is held constant. That
means I am slicing the graph of f by a plane that is parallel to the x, z plane. And
when I change x, z changes, and the slope of that is going to be the derivative with
respect to x. Now, if I do the same in the other direction then I will have similarly the
slope in a slice now parallel to the y, z plane that will be partial f, partial y. In fact, in
each case, I have a line. And that line is tangent to the surface.

H&y suy nghi vé nhitng mat phang tiép tuyén d6i véi ham f. Ching tdi cé mot s6 hinh dé
cho ban thdy. S& dé& dang han néu tdi chi cho ban thay trén hinh. H3y nhd réng, dao ham
riéng theo x thu dudc bdng cich xét trudng hgp trong dé y gilt khdng déi. Piéu dé co
nghia la tdi cat dd thi f bang mdét mat phdng song song v8i mat phang x, z. Va khi toi
thay ddi x, z thay d6i, va hé sé gbc cua cai dé s& |a dao ham ddi v3i x. Bay gid, néu toi
lam nhu vay theo mét hudng khac thi téi s€ cé hé s6 gbéc tudng tu trong mat song song
v@i mdt phdng y, z nd sé& 1a dao ham riéng cua f theo y. Qua thuc, trong mdi trudng hap,
tdi c6 mot dudng thdng. Va dudng thing do ti€p tuyén véi bé mat.

Now, if I have two lines tangent to the surface, well, then together they determine
for me the tangent plane to the surface. Let's try to see how that works. We know

that f sub x and f sub y are the slopes of two tangent lines to this plane, two tangent
lines to the graph. And let's write down the equations of these lines. I am not going

to write parametric equations. I am going to write them in terms of x, y, z



coordinates. Let's say that partial f of a partial x at the given point is equal to a. That
means that we have a line given by the following conditions. I am going to keep y
constant equal to yO.

Bay gid, néu tdi c6 hai dudng thang ti€p xtc véi bé mat, vang, thi cing nhau ching xac
dinh cho tdi mat phang ti€p tuyén véi bé& mat. H3y xét diéu do chi ti€t hon. Chdng ta biét
réng f x va f y 1a hé s8 gdc cua hai dudng ti€p tuyén véi mat phdng nay, hai dudng tiép
tuyé&n cua db thi. Va chdng ta hay viét ra cadc phuong trinh clda nhitng dudng thdng nay. Toi
sé khong viét cac phuong trinh tham s6. T6i sé viét ching theo cac toa do x, y, z. Gia sur
rang dao ham riéng theo x tai diém nao dé bang a. Diéu dé cé nghia la ching ta cd mot
dudng thadng dudc cho bdi nhitng diéu kién sau. Tdi s& gilt cho y khdng ddi bang y0.

And I am going to change x. And, as I change x, z will change at the rate that is

equal to a. That would be z = 0 a(x - x0). That is how you would describe a line that,

I guess, the one that is plotted in green here, been dissected with the slice parallel

to the x, z plane. I hold y constant equal to y0. And z is a function of x that varies

with a rate of a. And now if I look similarly at the other slice, let's say that the partial
with respect to y is equal to b, then I get another line which is obtained by the fact
that z now will depend ony. i i

Va tdi s& thay ddi x. Va, khi téi thay ddi x, z sé thay déi véi téc dd bdng a. P6sélaz=0a
(x - x0). DS 1a cach ban md td mét dudng thdng,ma téi dodn, cdi dugc v& mau xanh 13 cay
3 day, dudc cdt ra ti'ng manh vdi cdc nhat cit song song véi mat phadng x, z. Téi gill y
khéng ddi bang y0. Va z la ham cla x thay déi vdi téc dd a. Va bay gid néu tdi xét tuong
tu cac nhat cat khac, gia s rang dao ham riéng theo y bang b, thi tdi nhan dudc dudng
thang khéac thu dugc qua viéc bay gi& z s& phu thudc vao y.

And the rate of change with respect to y will be b. While x is held constant equal to
x0. These two lines are both going to be in the tangent plane to the surface. They

are both tangent to the graph of f and together they determine the plane. And that
plane is just given by the formula z = z0 a( x - x0) b ( y - y0). If you look at what
happens -- This is the equation of a plane. z equals constant times x plus constant
times y plus constant. And if you look at what happens if I hold y constant and vary

x, I will get the first line. If I hold x constant and vary y, I get the second line.

Another way to do it, of course, would provide actually parametric equations of these
lines, get vectors along them and then take the cross-product to get the normal

vector to the plane.

Va t6c dd thay déi d6i véi y sé 1a b. Trong khi x dudgc gilt khdng d6i bédng x0. Ca hai dudng
thang nay s& & trong mat phang ti€p tuyén véi bé mat. Ching déu tiép xuc vai db thi cla f
va ching cung nhau xac dinh mdt mat phdng. Va mat phadng dé dudc cho bdi z = z0 a (x -
x0) b (y - y0). Néu ban xét nhiing gi xay ra - Day la phuang trinh cia mat phang. z bang
héng s6 nhan x céng hang s6 nhén y cdng hdng s6. Va néu ban xét nhiing gi xay ra néu
tdi gilr y khdng ddi va thay déi x, tdi s& nhan dudc dudng thdng dau tién. Néu tdi gilr x
khéng d6i va thay ddi y, téi nhan dudc dudng thdng th(& hai. Mot cach khac dé lam diéu
dd, t&t nhién, 1a cung c8p cac phuong trinh tham s8 thuc su cua nhitng dudng thdng nay,
cé dudc cac vectd doc theo ching va sau dé I8y tich vector d& nhdn dudgc vector phap
tuyé&n clia mat phang.

And then get this equation for the plane using the normal vector. That also works
and it gives you the same formula. If you are curious of the exercise, do it again

using parametrics and using cross-product to get the plane equation. That is how we
get the tangent plane. And now what this approximation formula here says is that, in
fact, the graph of a function is close to the tangent plane. If we were moving on the
tangent plane, this would be an actual equality. Delta z would be a linear function of
delta x and delta y. And the graph of a function is near the tangent plane, but is not
quite the same, so it is only an approximation for small delta x and small delta y.

Va sau d6 nhan dudc phuong trinh ndy cho mat phdng bang cach s dung vector phéap
tuyén. Lam vay ciling dudc va nd sé cho ban cung mot céng thdc. NEu ban to mod vé cac bai
tdp, hdy lam lai dung cac tham s& va dung tich vector d& nhdn dugc phuong trinh mat
phang. Pé 1a céch ching ta tim mat phang tiép tuyén. Va gi& day, céng thirc gén ding nay
phat biéu rdng, qua thuc, d6 thi cia ham gan giéng véi mat phang tiép tuyén. Néu ching ta



di chuyén trén mat phang tiép tuyén, day sé la su tudng duong thuc su. Delta z s& 1a mot
ham tuyén tinh cla delta x va delta y. Va d6 thi cia ham gén giéng mat phang ti€p tuyén,
nhung khong gidng hoan toan, do dd, né chi la mét sy gan dang khi delta x nho va delta y
nho.

The approximation formula says the graph of f is close to its tangent plane. And we
can use that formula over here now to estimate how the value of f changes if I
change x and y at the same time. Questions about that? Now that we have caught

up with what we were supposed to see on Tuesday, I can tell you now about max

and min problems. That is going to be an application of partial derivatives to look at
optimization problems.

Cong thirc gan ding ndi d6 thi cua f gan giéng véi mat phang ti€p tuyén cua nd. Va ching
ta co thé sir dung céng thirc trén day bay gid dé udc tinh gid tri cta f thay d6i nhu thé nao
néu toi thay d6i x va y cing ldc. Co ai héi vé diéu do khdng? Bay gid ching ta da bat kip
v@i nhitng gi ching ta d& hoc vao th( ba, tdi cd thé cho ban biét ngay bay gid v& bai toan
cuc dai va cuc ti€u. D6 s& 1a mdt i'ng dung clia dao ham riéng dé xem xét bai toan t6i uu.

Maybe ten years from now, when you have a real job, your job might be to actually
minimize the cost of something or maximize the profit of something or whatever. But
typically the function that you will have to strive to minimize or maximize will depend

on several variables. If you have a function of one variable, you know that to find its
minimum or its maximum you look at the derivative and set that equal to zero. And
you try to then look at what happens to the function. Here it is going to be kind of
similar, except, of course, we have several derivatives.

C6 thé mudi ndm nita, khi ban cd mot céng viéc thuc té&, cdng viéc clia ban cb thé la giam
thi€u chi phi ciia cdi gi d6 hodc t8i da hda Igi nhuén cla cdi gi dé hay bét c diéu gi. Nhung
thudng ham ma ban sé phai c¢6 géng dé giam thi€u hodc t8i da hda sé& phu thudc vao nhiéu
bién. N&u ban c6 mét ham mot bién, ban biét rdng dé tim cuc tiéu va cuc dai ctia né ban
xét dao ham va cho né bang khdng. Va ban xét nhitng gi xay ra cho ham sau dé. O day
cling phan nao tudng tu, ngoai trur, tat nhién, chling ta c6 nhiéu dao ham.

For today we will think about a function of two variables, but it works exactly the
same if you have three variables, ten variables, a million variables. The first

observation is that if we have a local minimum or a local maximum then both partial
derivatives, so partial f partial x and partial f partial y, are both zero at the same

time. Why is that? Well, let's say that f of x is zero. That means when I vary x to first
order the function doesn't change. Maybe that is because it is going through...

HOom nay chung ta sé xét ham hai bién, nhung cach lam nay cling ding cho ham ba bién,
mudi bién, mot triéu bién. Quan sat dau tién la néu ching ta c6 mot cuc dai dia phuong va
cuc ti€u dia phuong thi ca hai dao ham riéng, vang dao ham riéng theo x va dao ham riéng
theo y, déu bdng khéng cing mot IGc. Tai sao vay? Vang, gia s rang f x bang khéng. Diéu
db cé nghia Ia khi téi thay d6i x d6i v8i bac nhat ham khéng thay d6i. C6 18 dé 1a bédi vi nd
sé di qua



If I look only at the slice parallel to the x-axis then maybe I am going through the
minimum. But if partial f, partial y is not 0 then actually, by changing y, I could still
make a value larger or smaller. That wouldn't be an actual maximum or minimum. It
would only be a maximum or minimum if I stay in the slice. But if I allow myself to
change y that doesn't work. I need actually to know that if I change y the value will

not change either to first order.

Né&u to6i chi xét tai nhat cat song song vdi truc x thi cé 1& t6i sé di qua cuc tiéu. Nhung néu
dao ham riéng f theo y khac khéng thi thuc su, bang cach thay déi y, tdi van cd thé tao ra
mot gia tri I6n hon hodc nhoé hon. D6 khdng phai Ia mét cuc dai hodc cuc ti€u thuc su. N6
s& chi 1a mdt cuc dai hodc cuc ti€u néu tdi § tai nhat cdt. Nhung néu tdi tu cho phép toi
thay d6i y n6é khéng ding nira. Tdi thuc su can biét réng néu tdi thay déi y gid tri sé khdng
thay d6i tuong tu ddi v6i bac nhét.

That is why you also need partial f, partial y to be zero. Now, let's say that they are
both zero. Well, why is that enough? It is essentially enough because of this formula
telling me that if both of these guys are zero then to first order the function doesn't
change. Then, of course, there will be maybe quadratic terms that will actually turn
that, you know, this won't really say that your function is actually constant. It will

just tell you that maybe it will actually be quadratic or higher order in delta x and

delta y.

Pé ciing 1a ly do tai sao ban cling cdn dao ham riéng cla f theo y béng khdng. By gid, gia
sr rdng chang déu bang khdng. Vang, tai sao diéu dé du? Vé cd ban nd du vi cdng thic
nay cho t6i biét rang néu ca hai thdng nay bang khong thi d6i véi bac nhdt ham khong
thay d6i. Thi, t&t nhién, s& thuc su cd cac s8 hang bac hai thuc su chuyén nd, ban da biét,
diéu nay khéng thuc su ndéi rdng ham cla ban thuc su khéng d6i. N6 sé chi cho ban biét
rang cé thé nd sé 1a ham béc hai hodc cao han theo delta x va delta y.

That is what you expect to have at a maximum or a minimum. The condition is the
same thing as saying that the tangent plane to the graph is actually going to be
horizontal. And that is what you want to have. Say you have a minimum, well, the
tangent plane at this point, at the bottom of the graph is going to be horizontal. And
you can see that on this equation of a tangent plane, when both these coefficients

are 0 that is when the equation becomes z equals constant: the horizontal plane.

D4 la nhitng gi ban mong dgi d& cd mot cuc dai hodc cuc tiéu. Diéu kién tusng tu nhu noi
réng mat phang ti€p tuyén ctia d6 thj s& ndm ngang. Va dé |a nhitng gi ban mudn cd. Gia
st ban cé mot cuc ti€éu, vadng, mat phang tiép tuyén tai diém nay, & phia dudi ctia do thi s&
nam ngang. Va ban c6 thé thdy rdng & phudng trinh mat phang tiép tuyén nay, khi ca hai
hé s& nay bang 0 dé la khi phuong trinh trd thanh z bang hdng s6: mat phang ngang.

Does that make sense? We will have a name for this kind of point because, actually,
what we will see very soon is that these conditions are necessary but are not
sufficient. There are actually other kinds of points where the partial derivatives are
zero. Let's give a name to this. We say the definition is (x0, y0) is a critical point of f

-- -- if the partial derivative, with respect to x, and partial derivative with respect to

y are both zero. Generally, you would want all the partial derivatives, no matter how
many variables you have, to be zero at the same time. Let's see an example.

DPiéu d6 cd nghia khong? Ching ta s& c6 mdt tén cho loai diém nay bdi vi, trén thuc té,
nhirng gi chidng ta sé& thay ngay la nhitng diéu kién nay la can nhung chua da. Thuc sy, co
nhitng loai diém khac ma & dé dao ham riéng bang khdng. Hay dat tén cho cai nay. Ching
ta néi dinh nghia la (x0, y0) 1a mot diém tdi han cua f - - Néu dao ham riéng, theo x, va
dao ham riéng theo y déu bang khéng. N6i chung, ban s& muén tat ca cac dao ham riéng,
bat k& s& bién bao nhiéu, bang khdéng cling lic. Hay xét mot vi du.

Let's say I give you the function f(x;y)= x"2 - 2xy 3y”~2 2x - 2y. And let's try to
figure out whether we can minimize or maximize this. What we would start doing
immediately is taking the partial derivatives. What is f sub x? It starts with 2x - 2y 0

2. Remember that y is a constant so this differentiates to zero. Now, if we do f sub vy,



that is going to be 0-2x 6y-2. And what we want to do is set these things to zero.

And we want to solve these two equations at the same time. An important thing to
remember, and maybe I should have told you a couple of weeks ago already, if you
have two equations to solve, well, it is very good to try to simplify them by adding
them together or whatever, but you must keep two equations. If you have two
equations, you shouldn't end up with just one equation out of nowhere.

Gia slr rang tdi cho ban ham f(X; y) =..cccccevveennn. . Va chung ta hay thu nghi xem ching ta
c6 thé cuc tiéu hda hodc cuc dai héa ham nay hay khéng. Nhitng gi ching ta s& bat dau
lam ngay l&p tic la I8y dao ham riéng. f x la gi? N6 bat dau vdi 2x - 2y 02. H3y nhd réng
y la mét hang sé vi vay cai nay 18y vi phan bang khéng. Bay gid, néu chdng ta tinh f y, né
s& bang 0-2x 6y-2. Va nhitng gi ching ta muén thuc hién la cho nhitng cdi nay bang
khong. Va chidng ta mudén giai hai phuong trinh nay cing mot lic. Mot diéu quan trong
can nhd, va cé Ié téi da ndi véi ban moét vai tuan trudc rbi, n€u ban can giai hai phudng
trinh, véng, nén don gidn hda ching b&ng cach cdng ching v8i nhau hay bat c& gi do,
nhung ban phai gilt hai phuong trinh. Néu ban cé hai phuong trinh, ban khéng nén két
thuc véi chi véi mot phudng trinh tir dau khong biét.

For example here, we can certainly simplify things by summing them together. If we
add them together, well, the x's cancel and the constants cancel. In fact, we are just
left with 4y for zero. That is pretty good. That tells us y should be zero. But then we
should, of course, go back to these and see what else we know. Well, now it tells us,

if you put y = 0 it tells you 2x 2 = 0. That tells you x = - 1. We have one critical

point that is (x, y) = (- 1; 0). Any questions so far? No. Well, you should have a
question. The question should be how do we know if it is a maximum or a minimum?

Vi du & ddy, chdc chdn ching ta cé thé don gian hdéa moi th& badng cach céng ching véi
nhau. N&u chlng ta céng ching véi nhau, vang, cac x triét tiéu va cic héng sd triét tiéu.
Trong thuc té&, chldng téi chi con lai 4y bang khdng. Diéu dé kha tét. Diéu dé tugng ducng y
s& bang khong. Nhung sau dd tat nhién, ching ta nén, trd lai nhitng cai nay va xem ching
ta biét gi nira. Vang, bay gid cho ching ta biét, néu ban dat y = 0 né sé cho ban biét 2x 2
= 0. Piéu d6 cho ban x = - 1. Chlng ta c6 mét diém tdi han dé la (x, y) = (- 1; 0). Dén day
c6 cau haéi nao khéng? Khong. Vang, cac ban nén hédi. Cau hoi sé la lam sao chung ta biét
né la cuc dai hay cuc tiéu?

Yeah. If we had a function of one variable, we would decide things based on the
second derivative. And, in fact, we will see tomorrow how to do things based on the
second derivative. But that is kind of tricky because there are a lot of second



derivatives. I mean we already have two first derivatives. You can imagine that if
you keep taking partials you may end up with more and more, so we will have to
figure out carefully what the condition should be. We will do that tomorrow. For now,
let's just try to look a bit at how do we understand these things by hand?

Vang. Néu chidng ta c6 ham mot bién, ching ta sé quyét dinh moi th{r dua trén dao ham
bac hai. Va, qua thuc, ngay mai ching ta sé& thdy cach dé xét bai todn dua trén dao ham
bac hai. Nhung diéu dé hdi phirc tap vi ¢ rat nhiéu dao ham bac hai. Y téi la ching ta da
cé hai dao ham bé&c nhét réi. Ban cé thé tudng tugng réang néu ban tiép tuc 18y dao ham
riéng thi ban sé& c6 thém va thém nifa, vi vy ching ta s& phai suy ludn cén than diéu kién
s€ la gi. Chung ta sé thuc hién diéu dé vao ngay mai. Bay gid, ching ta chi xét mot chat
vé viéc |lam thé& nao dé€ ching ta hiéu nhitng th& nay bang cach thu céng?

In fact, let me point out to you immediately that there is more than maxima and
minima. Remember, we saw the example of x~2 y~2. That has a critical point. That
critical point is obviously a minimum. And, of course, it could be a local minimum
because it could be that if you have a more complicated function there is indeed a
minimum here, but then elsewhere the function drops to a lower value.

Qua thuc, hdy dé téi chi ra cho ban ngay cé nhiéu hon mét cuc dai va cuc tiéu. Hay nhd
réng, ching ta da gdp vi du x ~ 2 y ~ 2. N6 c6 mét diém téi han. Diém téi han dé hién
nhién 1a cuc ti€u. Va, tat nhién, nd cé thé 1a mdt cuc tiéu dia phudng bdi vi cé thé Ia néu
ban c6 mét ham phdc tap hon thuc su sé& c6 mét cuc ti€u & day, nhung sau dé & cac ndi
khac ham giam xubng gia tri thap han.

We call that just a local minimum to say that it is a minimum if you stick two values
that are close enough to that point. Of course, you also have local maximum, which I
didn't plot, but it is easy to plot. That is a local maximum. But there is a third

example of critical point, and that is a saddle point. The saddle point, it is a new
phenomena that you don't really see in single variable calculus.

Chung ta chi goi d6 1a cuc tiéu dia phuong dé ndi rang né la modt cuc ti€u néu ban xét

hai gia tri du gan diém dé. Tat nhién, ban cling c6 cuc dai dia phuong, téi d& khong vé

né, nhung né dé vé. Po6 1a mdt cuc dai dia phuong. Nhung cd mot vi du th& ba vé

diém t&i han, va doé 1a mot diém yén ngua. Piém yén ngua, nd 1a mét hién tugng mdi

ma ban chua gap trong giai tich ham mot bién.

It is a critical point that is neither a minimum nor a maximum because, depending
on which direction you look in, it's either one or the other. See the point in the

middle, at the origin, is a saddle point. If you look at the tangent plane to this graph,
you will see that it is actually horizontal at the origin. You have this mountain pass
where the ground is horizontal. But, depending on which direction you go, you go up

or down. So, we say that a point is a saddle point if it is neither a minimum or a
maximum.

Pay la mot diém t8i han khéng phai 1a cuc ti€u ma cling khéng la cuc dai bdi vi, tly
thudc vao ban nhin hudng nao, né hodc la cai nay hodc cai khac. Xét cac diém & giira,

& gbc toa do, la diém yén ngua. NEu ban xét mat phang tiép tuyén vdi dd thi nay, ban

s& thdy rdng né thuc su nam ngang tai goc toa dé. Ban c6 déo nay & dé mat dat ndm
ngang. Tuy nhién, tuy thudc vao ban di huéng nao, ban di Ién hodc xubng. Vi vay,
chiing ta néi rdng mot diém |a diém yén ngua néu nd khéng la cuc ti€u hodc cuc dai.

Possibilities could be a local min, a local max or a saddle. Tomorrow we will see how

to decide which one it is, in general, using second derivatives. For this time, let's just
try to do it by hand. I just want to observe, in fact, I can try to, you know, these
examples that I have here, they are x~2 y~2, y~2 - x~2, they are sums or

differences of squares. And, if we know that we can put things as sum of squares for

example, we will be done.

Kha ndng cé thé 1a cuc tiéu dia phuong, cuc dai dia phudng hodc diém yén ngua. Ngay mai

chling ta s& biét cdch quyét dinh xem né |a cdi nao, ndi chung, bang céch sir dung dao

ham béc hai. LUc nay, ching ta hay thu thuc hién né tha cong. T6i chi mubn quan sat, qua

thuc, tdi co thé thir, ban da biét, nhitng vi du ma tdi c6 & day, chidng la .............. , chidng la



téng hodc hiéu cla cac binh phuong. Va, néu ching ta biét radng ching ta cé thé dat cac
th& nhu tdng cac binh phuong vi du, chldng ta s& hoan thanh.

Let's try to express this maybe as the square of something. The main problem is this
2xy. Observe we know something that starts with x~2 - 2xy but is actually a square

of something else. It would be x~2 - 2xy y~2, not plus 3y2. Let's try that. So, we
are going to complete the square. I am going to say it is x minus y squared, so it
gives me the first two terms and also the y2. Well, I still need to add two more y~2,
and I also need to add, of course, the 2x and - 2y.

Hay thi biu dién cai nay theo binh phuong clia cac thit. V&n dé chinh 1a 2xy ndy. Quan
sat ching ta biét cai gi do bat dau véi x ~ 2 - 2xy nhung thuc su la binh phuong cla céi gi
khac. N6 s€ la x ~ 2 - 2xy y ™ 2, khéng cbng 3y2. Hay thir diéu do. Vi vay, chung ta sé
hoan toan binh phuong. Tdi s& ndi rang noé la x trir y binh phudng, vi vay né mang lai cho
to6i hai s6 hang bac nhat va tudng tu y2. Vang, tdi van con cin phai cong thém hai y~2
nifa, va t6i cling can phai thém, di nhién, 2x va - 2y.

It is still not simple enough for my taste. I can actually do better. These guys look

like a sum of squares, but here I have this extra stuff, 2x - 2y. Well, that is 2 (x - y).

It looks like maybe we can modify this and make this into another square. So, in

fact, I can simplify this further to (x - y 1)~2. That would be (x - y)~2 2( x - y), and
then there is a plus one. Well, we don't have a plus one so let's remove it by
subtracting one. And I still have my 2y~ 2. Do you see why this is the same function?
N6 van khéng du ddn gian d6i véi tdi. Toi thuc su cé thé lam tét hon. Nhitng théng nay cé
vé nhu téng clia cac binh phuong, nhung & day tdi c6 thém cai nay, 2x - 2y. Vang, dé la 2
(x - y). C6 vé nhu chlng ta c6 thé thay ddi cdi nay va lam cho cdi nay thanh binh phuadng
khac. Vi vay, trong thuc té, téi cd thé don gian hda cai nay thém nita (x - y 1) ~ 2. N4 sé&
bang (x - y) A 2 2 (x - y), va sau dé c6 cong mot. Vang, ching ta khéng c6é cong mot vi
vay hay loai bo n6é bang cach trir mot. Va tdi van con cd 2y~ 2 cla tdi. Ban cé biét tai sao
day la ham tudng tu khéng?

Yeah. Again, if I expand x minus y plus one squared, I get (x - y)*2 2 (x - y) 1. But
I will have minus one that will cancel out and then I have a plus 2y”~2. Now, what I
know is a sum of two squared minus one. And this critical point, (x,y) = (-1,;0), that
is actually when this is zero and that is zero, so that is the smallest value. This is
always greater or equal to zero, the same with that one, so that is always at least
minus one. And minus one happens to be the value at the critical point.

Vang. Mot 1an nitfa, néu t6i khai trién x trir y cdng mét binh phuong, t6i dudc..........
Nhung t6i sé cd trir mot sé triét tiéu va sau dd téi c6 cong 2y ~ 2. Bay gid, nhiing gi
toéi biét la téng clia hai binh phuong trir mét. Va diém téi han nay, (x, y) = (-1; 0),
diéu dé thuc su khi cdi ndy bang khéng va cai d6 bang khéng, do d6, dé Ia gid tri nho
nh&t. Cai nay luén ludn 16n hon hodc bdng khéng, giéng vdi céi dd, vi vay cdi dé nho
nhat 13 b&ng trir mot. Va trir moét ngdu nhién 1a gid tri tai diém tdi han.



So, it is @ minimum. Now, of course here I was very lucky. I mean, generally, I
couldn't expect things to simplify that much. In fact, I cheated. I started from that, I
expanded, and then that is how I got my example. The general method will be a bit
different, but you will see it will actually also involve completing squares. Just there

is more to it than what we have seen. We will come back to this tomorrow. Sorry?
How do I know that this equals -

Vi vdy, nd 1a mdt cuc tiéu. Bay gid, tat nhién & day toi d& r&t may mén. Y téi 1a, noi
chung, t6i khdng thé trong dgi dé dan gian hoda cai dé nhiéu hon. Qua thuc, toéi da Ila.
Toi bat dau tir do, toi khai trién, va rdi d6 1a cach t6i nhan dugc vi du cla tdi. Phudng
phép téng quat sé haoi khac, nhung ban sé& thdy né cling thuc su lién quan dén cac binh
phuong hoan toan. Chi can thém vao né nhitng gi ching ta da gap. Chang ta sé quay lai
didu ndy vao ngay mai. Xin 16i? Lam thé& ndo dé tdi biét réng cai nay tudng duong -

How do I know that the whole function is greater or equal to negative one? Well, I
wrote f of X, y as something squared plus 2y~2 - 1. This squared is always a positive
number and not a negative. It is a square. The square of something is always non-
negative. Similarly, y~2 is also always non-negative. So if you add something that is

at least zero plus something that is at least zero and you subtract one, you get
always at least minus one. And, in fact, the only way you can get minus one is if
both of these guys are zero at the same time. That is how I get my minimum.

Lam thé& nao tdi biét rang toan bé ham 18n hon hodc bang trir mét? Vang, toi viét f (x,

y) nhu cai gi d6 binh phudgng cong véi ......... . Cai nay binh phuong luén ludn la s
dudng va ch khéng am. N6 la binh phudng. Binh phudng cla cai gi dé luén luén
khong am. Tudng tu nhu vay, y ~ 2 cling luon luén khdong am. Vi vay, néu ban cbng

cai gi d6 nhd nhét la bang khdng cdng cai gi dé nho nhat bang khdng va ban trir mét,

ban ludn nhan dugc k&t qua nhé nhit bang trir mét. Va, qua thuc, cach duy nhét dé

ban nhan dudc trr moét la khi ca hai thdng nay déng thai bang khdng. D6 la cach toi
nhan dugc cuc tiéu cua toi.

More about this tomorrow. In fact, what I would like to tell you about now instead is

a nice application of min, max problems that maybe you don't think of as a min, max
problem that you will see. I mean you will think of it that way because probably your
calculator can do it for you or, if not, your computer can do it for you. But it is

actually something where the theory is based on minimization in two variables. Very
often in experimental sciences you have to do something called least-squares
intercalation. And what is that about?

Chi tiét hon vé diéu nay vao ngay mai. Bay gig, t6i mudn néi vé mét i’ng dung dep cula cac
bai todn min, max ma ban khong nghi nd 1a bai todn min, max. Y tdi 1a ban s& nghi vé né
theo cach dé bai vi cé thé may tinh clia ban c6 thé lam diéu dé cho ban hodc, hodc, néu
khoéng, mdy tinh cua ban cé thé 1am diéu dé cho ban. Nhung dé thuc su la mét céi gi d6é &
dé ly thuyét dua trén cuc ti€u hdéa hai bién. R&t thudng trong khoa hoc thuc nghiém ban
phai lam moét cai gi d6 goi la su xen k& binh phudng t6i thiéu. Va ndi dung cta né la gi?

Well, it is the idea that maybe you do some experiments and you record some data.
You have some data x and some data y. And, I don't know, maybe, for example, x is

-- Maybe your measuring frogs and you're trying to measure how bit the frog leg is
compared to the eyes of the frog, or you're trying to measure something. And if you
are doing chemistry then it could be how much you put of some reactant and how
much of the output product that you wanted to synthesize generated.

Vang, sé li tudng han néu ban thuc hién moét vai thi nghiém va thu dudgc mot s6 dit liéu.
Ban c6 mdt s6 dit liéu x va mot s6 dif liéu y. Va, toi khdng biét, cé thé, vi du, x la- Cé thé
nhiing con &ch do Iudng cla ban va ban dang thir do chan &ch nhu thé nao so vGi mat &ch,
hodc ban dang thir do mét cai gi d6. Va néu ban dang lam thi nghiém héda hoc thi cé thé Ia
ban d&t bao nhiéu chat phan 'ng va ban nhan dugc bao nhiéu san phdm & dau ra.

All sorts of things. Make up your own example. You measure basically, for various
values of x, what the value of y ends up being. And then you like to claim these
points are kind of aligned. And, of course, to a mathematician they are not aligned.



But, to an experimental scientist, that is evidence that there is a relation between
the two. And so you want to claim -- And in your paper you will actually draw a nice
little line like that. The functions depend linearly on each of them. The question is
how do we come up with that nice line that passes smack in the middle of the
points? The question is, given experimental data xi, yi —

T&t ca céc loai. Trang diém cho vi du cua riéng ban. V& co ban ban do, ddi véi cac
gia tri x khac nhau, thi gia tri cta y s& bang bao nhiéu. Va sau d6 ban muén xac
nhan nhitng diém nay thdng hang. Va, tat nhién, d6i v4i mot nha toan hoc ching
khoéng thdng hang. Nhung, ddi v4i mot nha khoa hoc thuc nghiém, hién nhién cé
maGi quan hé gilra hai cai. Va do d6, ban mu6n xac nhan - Va trén gidy, ban thuc su
s& v& mot dudng thing dep gibng nhu thé&. Cac ham phu thudc tuyén tinh vao moi
cdi trong chldng. Cau héi 1a Iam thé& nao ching ta cé dudc dudng thdng dep dd di
qua miéng giira cac diém? Cau héi |a, dit liéu thuc nghiém cho trudc xi, yi -

Maybe I should actually be more precise. You are given some experimental data. You
have data points x1, y1, x2, y2 and so on, xn, yn, the question would be find the
"best fit" line of a form y equals ax b that somehow approximates very well this

data. You can also use that right away to predict various things. For example, if you
look at your new homework, actually the first problem asks you to predict how many
iPods will be on this planet in ten years looking at past sales and how they behave.
One thing, right away, before you lose all the money that you don't have yet, you
cannot use that to predict the stock market. So, don't try to use that to make
money. It doesn't work.

Co 1é t6i thuc su can chinh xac han. Ban dugc cho mot sé dif liéu thuc nghiém. Ban cé
cac diém dir liéu x1, y1, x2, y2 va v.v.., xn, yn, cau hdi s& 1a tim dudng thdng"khdp
nhat" dang y bédng ax b nhu thé& nao dé tiém can tét véi dif liéu nay. Ban ciling cd thé s
dung diéu dé ngay l4p tic d€ du doan nhitng th( khac nhau. Vi du, néu ban xét bai tap
6 nha mdi cla ban, thuc su bai tdp dau tién sé yéu cau ban du doan cé bao nhiéu may
nghe nhac iPod trén hanh tinh nay trong mudi nam nhin vao doanh s6 ban hang trong
qua kh(r va cach ching hoat déng. M6t diéu, ngay lap tuc, trudc khi ban mat tat ca s6
tién ma ban chua cd, ban khdng thé s dung diéu dé dé du dodn thi trudng ching
khoan. Vi vy, khdng nén th sir dung diéu dé dé kiém tién. Khéng ap dung dugc.

One tricky thing here that I want to draw your attention to is what are the unknowns
here? The natural answer would be to say that the unknowns are x and y. That is not
actually the case. We are not going to solve for some x and y. I mean we have some
values given to us. And, when we are looking for that line, we don't really care about



the perfect value of x. What we care about is actually these coefficients a and b that

will tell us what the relation is between x and y. In fact, we are trying to solve for a and

b that will give us the nicest possible line for these points. The unknowns, in our
equations, will have to be a and b, not x and v.
Mot tha thudt & day la t6i mudn hudng su chd y clia ban dén viéc cac bién & day la gi? Cau
trd 18i tu nhién sé 1a ndi rdng cac bién la x va y. Diéu do khong that su dang. Chung ta sé
khéng giai phudng trinh d&€ tim x va y. Y tdi 1a ching ta c6 mdt s6 gia tri dudc cho chlng
ta. Va, khi ching ta tim dudng thang do, ching ta khdng thuc sy quan tdm
gia tri hoan hao cua x. Nhitng gi ching ta thuc su quan tdm la cac hé s6 a, b nay sé cho
ching ta biét m&i quan hé gitta x va y 1a gi. Qua thuc, ching ta s c6 géng tim a va b dé
cho ching ta dudng thdng dep nhit ¢ thé cua nhiing diém nay. Bién, trong phuong trinh
cua chung ta, sé phai la a va b, khong phaila x va y.

The question really is find the "best" a and b. And, of course, we have to decide what
we mean by best. Best will mean that we minimize some function of a and b that
measures the total errors that we are making when we are choosing this line

compared to the experimental data. Maybe, roughly speaking, it should measure

how far these points are from the line. But now there are various ways to do it. And

a lot of them are valid they give you different answers. You have to decide what it is

that you prefer. For example, you could measure the distance to the line by

projecting perpendicularly.

Cau hoi thuc sy la tim a va b tot nhat. Va, tat nhién, ching ta phai quyét dinh chdng ta

mudn noi gi qua tir tét nhat. T8t nhat cd nghia I ching ta cuc ti€u héa ham nao dé cla a

va b do sai s6 toan phan ma chlng ta tao ra khi ching ta chon dudng thdng nay so véi cac

di¥ liéu thuc nghiém. C6 I&, ndi mdt cach don gian 13, cdn do nhiing diém nay cach xa

dudng thdng dé bao nhiéu. Nhung lic nay cé nhiéu cach khac nhau dé thuc hién viéc dé.

Va nhiéu cai trong sé ching hgp 1é ching cung cadp cho ban nhitng cau tra I3i khac nhau.

Ban phai quyét dinh ban thich cach nao. Vi du, ban cd thé do khoang cach t&i dudng thing

bang cach chiéu vudng géc.

Or you could measure instead, for a given value of x, the difference between the
experimental value of y and the predicted one. And that is often more relevant
because these guys actually may be expressed in different units. They are not the
same type of quantity. You cannot actually combine them arbitrarily. Anyway, the
convention is usually we measure distance in this way. Next, you could try to
minimize the largest distance.

Hodc thay vi vy ban c6 thé do, cho mét gid tri nhat dinh cla x, su khac biét giita gia tri
thuc nghiém cla y va gia tri du doan. Va diéu dé thudng thich hgp han bdi vi nhiing
thdng nay thuc su dugc biéu dién theo nhitng don vi khac nhau. Ching khéng phai 1a
cac dai lugng cung loai. Ban khdng thé két hdp ching tuy tién. DU sao di nita, thdng
thudng chiing ta do khoang cach theo céach nay. Tiép theo, ban cd thé thr cuc tiéu hda
khoang cach I8n nhét.

Say we look at who has the largest error and we make that the smallest possible.
The drawback of doing that is experimentally very often you have one data point that
is not good because maybe you fell asleep in front of the experiment. And so you
didn't measure the right thing. You tend to want to not give too much importance to
some data point that is far away from the others. Maybe instead you want to
measure the average distance or maybe you want to actually give more weight to
things that are further away.

Gia s chlng ta xét ai cd sai s 16n nhat va chidng ta lam cho né nhd nhat cé thé. Han
ché& cua viéc d6 1a vé mat thuc nghiém rat thudng xuyén ban cé mot diém dir liéu khéng
t6t vi c6 thé ban ngl gat trong thi nghiém. Va nhu vay ban khéng do chinh xac. Ban cé
xu hudng xem thudng mot s6 diém nao dé ndm xa cac diém con lai. C6 |1& thay vi ban
muén do khoang céch trung binh hodc cé khi ban chl trong cac diém xa han.

And then you don't want to do the distance with a square of the distance. There are
various possible answers, but one of them gives us actually a particularly nice
formula for a and b. And so that is why it is the universally used one. Here it says list



squares. That's because we will measure, actually, the sum of the squares of the
errors. And why do we do that? Well, part of it is because it looks good. When you see
this plot in scientific papers they really look like the line is indeed the ideal line. And
the second reason is because actually the minimization problem that we will get
is particularly simple, well-posed and easy to solve. So we will have a nice formula
for the best a and the best b. If you have a method that is simple and gives you a
good answer then that is probably good.
Va do dé ban khdng muén lam khoang cach véi mot binh phudng khoang cach. Cé thé
c6 nhitng cau tra I16i khac, nhung mét trong s6 ching sé cho ching ta mot cong thirc
d&c biét hay cho a va b. Va vi vay do 1a ly do tai sao nd 13 cai dugc dung phd bién. O
day nd néi danh sach cac binh phuong. D6 1a bdi vi ching ta s& do, thuc su, téng cac
binh phuadng sai s6. Va tai sao chidng ta lam diéu d6? Vang, mét phan la bgi vi né cé
vé tét. Khi ban thay d6 thi nay trong bai bao khoa hoc thuc su ching trong giong nhu
dudng thang Ii tudng. Va ly do th{ hai la bdi vi thuc sy bai todn cuc tiéu ma chdng ta
xét s& dic biét don gian, dudc gia dinh tot va dé giai. Vi vay, chlng ta s& cé mot cong
thirc t6t cho a t6t nhat va b tot nhat. Néu ban c6 mot phuaong phap don gian va dem
dén cho ban mot cau tra I tot thi cd 1€ no tot.

We have to define best. Here it is in the sense of minimizing the total square error.

Or maybe I should say total square deviation instead. What do I mean by this? The
deviation for each data point is the difference between what you have measured and
what you are predicting by your model. That is the difference between y1 and axi

plus b. Now, what we will do is try to minimize the function capital D, which is just
the sum for all the data points of the square of a deviation.

Chulng ta phai xac dinh t6t nhat. O day né 13 y nghia cta cuc tiéu hda sai s6 binh phudong
toan phan. Hodc thay vi vay cé Ié toi nén noi d6 lIéch quan phudng toan phan. Té6i mudn
néi gi qua diéu nay? Do léch d6i v8i moi diém dir liéu 1a su khac biét gitra nhitng gi ban
d&d do dudc va nhitng gi ban du doan bdi bang mé hinh cda ban. Pé 1a su khac biét giira
yl va axi cdng b. Bay gid, nhitng gi ching ta sé& lam la thi cuc tiéu héa ham D hoa, né
chi 1a tdng cho t&t ca cac diém dif liéu cua binh phudng dé 1éch.

Let me go over this again. This is a function of a and b. Of course there are a lot of
letters in here, but xi and yi in real life there will be numbers given to you. There will

be numbers that you have measured. You have measured all of this data. They are

just going to be numbers. You put them in there and you get a function of a and b.

Any questions? How do we minimize this function of a and b? Well, let's use your

knowledge. Let's actually look for a critical point. We want to solve for partial d over



partial a= 0, partial d over partial b = 0. That is how we look for critical points. Let's
take the derivative of this with respect to a. Well, the derivative of a sum is sum of
the derivatives. And now we have to take the derivative of this quantity squared.

Hay dé€ todi diém qua diéu nay mot lan nira. D4y la mdt ham cua a va b. T4t nhién cé rét
nhiéu ky tu & day, nhung xi va yi trong cudc séng thuc sé |a cac s6. Sé cd cac s6 ma ban
da do. Ban da do tat ca dir liéu nay. Chung sé la cac sé. Ban dat ching & dé va ban dugc
mot ham cla a va b. Cé cadu hoi nao khéng? Lam thé nao dé€ ching ta cuc ti€u héa ham
theo a va b nay? Vang, hady s dung kién thirc clia ban. Hay tim mét diém tdi han. Chiang
ta mudn gidi cho dao ham riéng d trén a = 0, dao ham riéng d trén b = 0. Bd la cach
chiing ta tim cdc diém tdi han. Ching ta hdy I8y dao ham cla cai nay theo a. Vang, dao
ham cla moét téng l1a tdng cla cac dao ham. Va bay gid ching ta phai 18y dao ham cua dai
lugng nay binh phuaong.

Remember, we take the derivative of the square. We take twice this quantity times the
derivative of what we are squaring. We will get 2(yi - axi) b times the derivative
of this with respect to a. What is the derivative of this with respect to a? Negative xi,
exactly. And so we will want this to be 0. And partial d over partial b, we do the
same thing, but different shading with respect to b instead of with respect to a.
Again, the sum of squares twice yi minus axi equals b times the derivative of this
with respect to b is, I think, negative one. Those are the equations we have to solve.
Well, let's reorganize this a little bit.
Hay nhd rang, ching ta 18y dao ham cua binh phuong. Ching ta 18y hai lan dai lugng nay
nhan v@i dao ham cla nhitng gi chldng ta sé binh phudng. Ching ta sé nhan dudc két qua
2 (yi - axi) b nhan dao ham cua thdng nay theo a. Dao ham cla thdng nay theo a la gi?
Trur xi, chinh xac. Va vi vy ching ta s& mudn cdi nay béng 0. Va dao ham riéng d theo b,
ching ta lam tudng tu, nhung bdng khac nhau ddi vdi b thay vi doi vdi a. Mot lan nira,
téng cac binh phudng hai lan yi trir axi bdng b nhdn dao ham cua thdng nay theo b 13,
bang, toi nghi, la trir mot. D6 1a nhitng phudng trinh ma chang ta phai giai. Vang, ching ta
hay t6 chilc lai cai nay mét chut.

The first equation. See, there are a's and there are b's in these equations. I am

going to just look at the coefficients of a and b. If you have good eyes, you can see
probably that these are actually linear equations in a and b. There is a lot of clutter
with all these x's and y's all over the place. Let's actually try to expand things and
make that more apparent. The first thing I will do is actually get rid of these factors

of two. They are just not very important. I can simplify things.

Phuong trinh dau tién. Thay khong, c6 cac a va b trong nhitng phudng trinh nay. To6i sé chi
xét cidc hé s8 cua a va b. NEu ban cbé mat tét, co I& ban cd thé thdy rédng day |a nhitng
phuang trinh tuyén tinh theo a va b. Cac x va y 16n x6n & khap moi ngi. Chlng ta hdy thr
khai trién cac th( va lam cho nd rd rang hon. Diéu dau tién tdi s& 1am la bd cac hé sb hai
nay. Chung khdng quan trong. Téi c6 thé don gian héa moi thur.

Next, I am going to look at the coefficient of a. I will get basically a times xi squared.
Let me just do it and should be clear. I claim when we simplify this we get xi squared
times a plus xi times b minus xiyi. And we set this equal to zero. Do you agree that
this is what we get when we expand that product? Yeah. Kind of? OK. Let's do the
other one. We just multiply by minus one, so we take the opposite of that which
would be axi plus b. I will write that as xia plus b minus yi.

Tiép theo, tbi s& xét hé s6 cla a. V& cd ban, tdi s& dudgc a nhan xi binh phuong. Hay dé
téi lam diéu dé rd rang. Téi cho rang khi chidng ta don gian hda céi nay, chdng ta nhan
dudc xi binh nhan a cdng xi nhan b trir xiyi. Va ching ta sé& cho cai nay bang khdng. Ban
c6 ddéng y réng day la nhitng gi ching ta nhdn dugc khi ching ta khai trién tich d4?
Vang. Loai nao? Vang. Hay thuc hién cai con lai. Ching ta chi cdn nhan véi trtr mot, do
dd, chidng ta nhan dugc cai ngudc lai sé la axi cong b. Toi sé viét cai dé nhu la xia cong
b trur yi.

Sorry. I forgot the n here. And let me just reorganize that by actually putting all the a's
together. That means I will have sum of all the xi2 times a plus sum of xib minus sum
of xiyi equal to zero. If I rewrite this, it becomes sum of xi2 times a plus sum of the xi's



time b, and let me move the other guys to the other side, equals sum of xiyi.
And that one becomes sum of xi times a. Plus how many b's do I get on this one? I
get one for each data point. When I sum them together, I will get n. Very good. N
times b equals sum of yi. Now, this quantities look scary, but they are actually just
numbers. For example, this one, you look at all your data points. For each of them
you take the value of x and you just sum all these numbers together. What you get,
actually, is a linear system in a and b, a two by two linear system.
Xin 16i. T6i quén n & day. Va hdy dé toi sdp x&p lai nd bang cach dit t&t ca cac a véi nhau .
DPiéu dé c6 nghia la tdi s& cé tdng cla tdt cd xi2 nhan a cdng tdng cla xib trir tdng cla
xiyi bdng khdng. Né&u tdi viét lai cdi nay, n6 s& trd thanh téng cla xi2 nhan a cdng téng
cla cac xi nhadn b, va hdy dé cho téi chuyén nhitng thang con lai sang v€ bén kia, bang
téng cua xiyi. Va cai do trd thanh téng cua xi nhan a. Cédng bao nhiéu b ma t6i nhan dugc
trén cai nay? Toi nhan dudc mot cai cho mbi diém dir liéu. Khi tdi cdng ching véi nhau, toi
s& nhan dugc n. R4t tdt. N nhan b bang tdng cua yi. Bay gid, cac dai lugng nay tréng dang
sg, nhung chung thuc su chi la cac con s6. Vi dy, céi nay, ban nhin vao tat ca cac diém dir
liéu. DAi v8i moi ching ban I8y gia tri cia x va ban chi can céng tat ca nhitng sé nay vdi
nhau. Nhitng gi ban nhan dugc, thuc su, la mét hé tuyén tinh cia a va b, mot hé tuyén
tinh hai nhan hai.

And so now we can solve this for a and b. In practice, of course, first you plug in the
numbers for xi and yi and then you solve the system that you get. And we know how

to solve two by two linear systems, I hope. That's how we find the best fit line. Now,
why is that going to be the best one instead of the worst one? We just solved for a
critical point. That could actually be a maximum of this error function D. We will have
the answer to that next time, but trust me. If you really want to go over the second
derivative test that we will see tomorrow and apply it in this case, it is quite hard to
check, but you can see it is actually a minimum. I will just say -

Va vi vay bay gid ching ta cé thé giai hé nay dé tim a va b. Trong thuc té, tat nhién, dau
tién ban thé vao cac s6 cho xi va yi va sau dé ban gidi hé ma ban nhan dudgc. Va hy vong,
ching ta biét cach giai hé tuyén tinh hai nhan hai. D6 la cach ching ta tim dudng thdng
khép nhat. Bay gid, tai sao sé la cai tot nhat thay vi cai xdu nhat? Chung ta chi gidi cho mét
diém tdi han. P6 thuc su 1a cuc dai cua ham sai s6 D nay. Ching ta sé& cd cdu tra I8i cho
diéu do6 vao lan sau, nhung ti tin twdng ban. N&u ban thuc sv mudn kiém tra dao ham béac
hai ma chdng ta s& hoc vao ngay mai va ap dung né trong trudng hop nay, nd kha kho dé
ki€m tra, nhung ban cé thé thdy né thuc su |a mét cuc ti€u. Tdi sé& chi ndi -

-- we can show that it is a minimum. Now, the event with the linear case is the one
that we are the most familiar with. Least-squares interpolation actually works in

much more general settings. Because instead of fitting for the best line, if you think

it has a different kind of relation then maybe you can fit in using a different kind of
formula. Let me actually illustrate that with an example. I don't know if you are
familiar with Moore's law. It is something that is supposed to tell you how quickly



basically computer chips become smarter faster and faster all the time. It's a law
that says things about the number of transistors that you can fit onto a computer
chip. Here I have some data about -

- Chlng ta co thé chi ra rdng d6 la mot cuc tiéu. Hién tai, trudng hgp tuyén tinh 13
trudng hdp ma ching ta quen thudc. N6i suy binh phuong tdi thi€u thuc su tdng quat
hon. Bdi vi thay vi lam khdp cho dudng thdng tét nhét, néu ban nghi né cé moét loai
quan hé khac thi cé 18 ban c6 thé khdp bang viéc dung mét loai cdng thic khac. Hay
dé to6i minh hoa diéu d6 v8i mdt vi du. Toi khdng biét 1a ban cd biét dinh ludt Moore
khong. N6 la th sé cho ban biét cac con chip may tinh tré n én ngay cang nhanh han
va théng minh hon moi lic nhu thé nao. P4 la dinh luat néi vé s6 lugng transistor ma
ban cé thé gén trén mot chip may tinh. O day tdi cd mdt s6 dif liéu vé -

Here is data about the number of transistors on a standard PC processor as a

function of time. And if you try to do a best-line fit, well, it doesn't seem to follow a
linear trend. On the other hand, if you plug the diagram in the log scale, the log of a
number of transitions as a function of time, then you get a much better line. And so,

in fact, that means that you had an exponential relation between the number of
transistors and time. And so, actually that's what Moore's law says. It says that the
number of transistors in the chip doubles every 18 months or every two years. They
keep changing the statement. How do we find the best exponential fit?

DAy la di liéu vé sb transistor trén mdt bd vi x{r ly may tinh tiéu chudn nhu ham theo thdi
gian. Va néu ban thir khép dudng t6t nhat, vang, n6 cé vé khong tuan theo khuynh hudng
tuyén tinh. Mat khac, néu ban thé gian do theo ti 1é log, log cla s6 transistor nhu ham
theo thdi gian, thi ban nhan dudc dudng thang t6t hon nhiéu. Va nhu vay, qua thuc, dé la
y nghia cla dinh ludt Moore. N ndi réng s6 transistor trong mot chip nhan déi moi 18
thang hodc sau mdi hai ndm. Chlng lién tuc thay ddi phat biéu. LAdm thé& ndo dé tim su
khdp ham mi tét nhat?

Well, an exponential fit would be something of a form y equals a constant times
exponential of a times x. That is what we want to look at. Well, we could try to
minimize a square error like we did before. That doesn't work well at all. The
equations that you get are very complicated. You cannot solve them. But remember
what I showed you on this log plot. If you plot the log of y as a function of x then
suddenly it becomes a linear relation. Observe, this is the same as In of y equals In

of c plus ax.

Véng, su khdp ham mi sé& c6 dang y bang mdt hang s6 mii nhan e mid a nhan x. Do la
nhirng gi ching ta mudn xét. Vang, chlng ta sé th cuc ti€u hda sai s6 b inh phuong gidng
nhu ching ta da ting lam. Biéu dé khéng phai Iic nao ciing thuc hién dudc. Cac phudng
trinh ma ban nhan dudc rat phlc tap. Ban khdng thé gidi ching. Nhung hdy nhé nhitng gi
toi chi cho ban trén d6 thi log nay. Néu ban vé log y nhu ham theo x thi né trg thanh hé
thirc tuyén tinh ngay. Quan sat, diéu nay ciing giéng nhu In cla y bdng In ¢ cdng ax.

And that is the linear best fit. What you do is you just look for the best straight line

fit for the log of y. That is something we already know. But you can also do, for
example, let's say that we have something more complicated. Let's say that we have
actually a quadratic law. For example, y is of the form ax”~2 bx c. And, of course,

you are trying to find somehow the best. That would mean here fitting the best
parabola for your data points.

Va do la su khdp tuyén tinh tét nhat. Nhitng gi ban lam la ban chi can tim dudng

thang khdp tét nhat cho log cua y. DPd la thr ma chlng ta da biét. Nhung ban ciing

c6 thé l1am, vi du, gia st rang ching ta cé cai gi d6 phic tap hon. Gia s réng chiing

ta c6 mot dinh luat bac hai. Vi du, y cdé dang ax”™ 2 bx c. Va, tat nhién, ban dang c6

géng tim badng cach nao dé tét nhat. Diéu dé cb nghia la & day khdp parabon tét nhat

cho céc diém dir liéu cta ban.

Well, to do that, you would need to find a, b and c. And now you will have actually a
function of a, b and ¢, which would be the sum of the old data points of the square
deviation. And, if you try to solve for critical points, now you will have three



equations involving a, b and c, in fact, you will find a three by three linear system.
And it works the same way. Just you have a little bit more data. Basically, you see
that this best fit problems are an example of a minimization problem that maybe you
didn't expect to see minimization problems come in. But that is really the way to
handle these questions.

Vang, dé€ lam diéu dd, ban s& can phai tim a, b, c. Va bay gid ban s& phai thuc su ¢ ham
cla a, b, ¢, d6 sé& |a tdng cac diém dir liéu cli cta dd léch binh phuong. Va, néu ban thir
giai cho cac diém tdi han, bay gid ban s& c6 ba phuong trinh lién quan dén a, b, ¢, thuc
su, ban sé tim thdy mét hé tuyén tinh ba nhan ba. Va nd hoat dong theo cung mét cach.
Chi can ban c6 thém mot it di liéu. V& ca ban, ban thay rang bai toan khép tét nhat nay la
mot vi du vé bai todn cuc ti€u ma cé thé ban chua tung nghi dén. Nhung thuc su dé 1a
cach dé xur ly nhitng cau héi nay.

Tomorrow we will go back to the question of how do we decide whether it is a
minimum or a maximum. And we will continue exploring in terms of several
variables.

Ngay mai ching ta sé trd lai vdn d& lam thé nao dé& ching ta biét dugc né la cuc
ti€u hay cuc dai. Va chlng ta sé& tiép tuc xét trudng hop nhiéu bién.



