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Dich va thém phu dé:

Thank you. Let's continue with vectors and operations of them. Remember we saw
the topic yesterday was dot product. And remember the definition of dot product,
well, the dot product of two vectors is obtained by multiplying the first component
with the first component, the second with the second and so on and summing these
and you get the scalar.

Cam on. Hay tiép tuc véi cac vector va cac phép tinh trén chdng. Hay nhg réng hém qua
ching ta da hoc vé tich vo hudng. Va hay nhd dinh nghia tich vé hudng, vang, tich vo
hudng cua hai vects thu dugc bang cach nhan thanh phan dau tién vdi thanh phan dau
tién, th(r hai v8i th hai va v.v... va I8y tdng cdc tich ndy va ban nhan dugc mét dai lugng
vO hudng.

And the geometric interpretation of that is that you can also take the length of A,
take the length of B multiply them and multiply that by the cosine of the angle
between the two vectors. We have seen several applications of that. One application
is to find lengths and angles. For example, you can use this relation to give you the
cosine of the angle between two vectors is the dot product divided by the product of
the lengths.

Va cach giai thich hinh hoc clia né la ban ciling cé thé I8y chiéu dai cla A, |18y chiéu dai
cua B nhan chdng véi nhau va nhan két qua dé vdi cb sin clia goc giira hai vects. Ching
ta da thay nhiéu 'ng dung cla phép toan d6. Mot ing dung la tim do dai va goc. Vi du,
ban cé thé s dung hé thic nay dé tim cos cua goc gilta 2 vector bang tich vé hudng
chia cho tich cac do dai.

Another application that we have is to detect whether two vectors are perpendicular.
To decide if two vectors are perpendicular to each other, all we have to do is

compute our dot product and see if we get zero. And one further application that we
did not have time to discuss yesterday that I will mention very quickly is to find
components of, let's say, a vector A along a direction u. So some unit vector. Let me
explain. Let's say that I have some direction. For example, the horizontal axis on this
blackboard. But it could be any direction in space. And, to describe this direction,
maybe I have a unit vector along this axis. Let's say that I have any of a vector A

and I want to find out what is the component of A along u.

Mot ’ng dung khac la xét xem hai vects cd vudng géc vdi nhau hay khéng. DE biét hai
vectd cé vuong géc véi nhau hay khong, tat cad nhirng gi chdng ta phai lam la tinh tich vo
hudng clia chiing va xem nd ¢b b&ng 0 hay khéng. Va thém mot i'ng dung nifa ma ching
ta da khdng cé thdi gian dé€ thao ludn ngay hém qua ma toi sé dé cdp dén rat nhanh 1a tim
cac thanh phan cua, gia sir, mot vector A doc theo mot hudng u. Vang, mét vector dan vi
nao dé. Hay dé téi gidi thich. Gia s réng t6i c6 mét hudng nao d6. Vi du, hudng ndm
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ngang trén bang nay. Nhung cé thé 1a bat ky hudng nao trong khdng gian. Va, dé mé ta
hudng nay, tdi chon mdt vector don vi doc theo truc nay. Gia s réng téi cd6 mot vector A
bat ky va téi mudn tim xem thanh phan cia A doc theo u la gi.

That means what is the length of this projection of A to the given direction? This
thing here is the component of A along u. Well, how do we find that? Well, we know
that here we have a right angle. So this component is just length A times cosine of the
angle between A and u. But now that means I should be able to compute it very
easily because that's the same as length A times length u times cosine theta because
u is a unit vector. It is a unit vector.
Nghia la d6 dai cua hinh chi€u nay cua A theo mot hudng cho trudc la gi? Cai nay & day la
thanh phan cua A doc theo u. Vang, lam thé nao ching ta tim dudc cai d6? Vang, ching ta
biét réng & day ching ta c6 mét géc vudng. Vi vdy, thanh phan nay chi 1a dd dai cha A
nhan cos cla géc gilta A va u. Nhung bay gi& diéu dé ndi 1én rdng toi s& cd thé tinh toan
né rat dé dang bdi vi cai dé gidng nhu 1a chidu dai cua A nhan chiéu dai u nhan cos theta
vi u la mét vecto dan vi. N6 la mo6t vecto dan vi.

That means this is equal to one. And so that's the same as the dot product between

A and u. That is very easy. And, of course, the most of just cases of that is say, for
example, we want just to find the component along i hat, the unit vector along the x
axis. Then you do the dot product with i hat, which is 100. What you get is the first
component. And that is, indeed, the x component of a vector.

Diéu dd c6 nghia la cai nay bdng mét. Va vi vay cai do gidng nhu tich vé hudng gilra A va
u. Didu dé 1a rat dé dang. V3, tat nhién, trong da s6 cac trudng hgp didu dé dung, vi du,
ching ta mudn tim thanh phan doc theo i mii, vector don vi doc theo truc x. Do dd, ban
tinh tich v6 hudng vdi i mii, bdng 100. Nhitng gi ban nhan dudc la thanh phan dau tién. Va
qua that, dé la thanh phan x cia mot vecto.

Similarly, say you want the z component you do the dot product with k that gives

you the last component of your vector. But the same works with a unit vector in any
direction. So what is an application of that? Well, for example, in physics maybe you
have seen situations where you have a pendulum that swings. You have maybe

some mass at the end of the string and that mass swings back and forth on a circle.
And to analyze this mechanically you want to use, of course, Newton's Laws of
Mechanics and you want to use forces and so on, but I claim that components of
vectors are useful here to understand what happens geometrically.

Tudng tu, gia s ban mudn thanh phan z ban thuc hién tich vé hudng véi k diéu do sé cho
ban thanh phan cudi cung cua vector cia ban. Moi viéc sé tudng tu véi mot vectd don vi
theo bat ki hudng nao. Vay (’ng dung cla cai dé la gi? Vang, chdng han, trong vt ly cé
thé ban da tirng gdp nhitng trudng hop con l&c dao ddng. Ban cé thé cé mot qua ning nao
dé & cubi day va qua ndng do dao ddng qua lai trén mot vong tron. Va dé phan tich bai
toan nay vé mat cd hoc , tat nhién, ban muén dung cac dinh luat Newton va ban mudn
dung céc luc va v.v.., nhung tdi cho rang & day cac thanh phan cla céc vectd la hitu dung
dé hiéu nhitng gi xay ra vé mat hinh hoc.
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What are the forces exerted on this pendulum? Well, there is its weight, which
usually points downwards, and there is the tension of the string. And these two
forces together are what explains how this pendulum is going to move back and

forth. Now, you could try to understand the equations of motion using x, y

coordinates or x, z or whatever you want to call them, let's say x, y. But really what
causes the pendulum to swing back and forth and also to somehow stay a constant
distance are phenomenal relative to this circular trajectory. For example, maybe
instead of taking components along the x and y axis, we want to look at two other

unit vectors.

Céc luc nao tac dung Ién con lac nay? Vang, trong luc clia nd, thudng hudng xuéng phia
dudi, va con cb luc cdng day. Va hai luc nay cung nhau giai thich cach thirc con lac nay sé
di chuyén tdi lui. Bay gi¥, ban cé thé thir hiéu cdc phuang trinh chuyén déng bang cach s
dung cac toa dbé x, y hoac x, z hoac bat cr thr gi ma ban mudn goi ching, gia st x, vy.
Nhung thuc su nhitng gi lam cho con l&c dao déng qua lai hodc 8 mdt khodng cach khéng
déi 1a tuong d6i ki la d6i v8i quy dao tron nay. Chdng han, thay vi cé thé chon céc thanh
phan doc theo truc x va y, chiing ta mudn xét hai vects don vi khac.

We can look at a vector, let's call it T, that is tangent to the trajectory. Sorry. Can
you read that? It's not very readable. T is tangent to the trajectory. And, on the
other hand, we can introduce another vector. Let's call that N. And that one is
normal, perpendicular to the trajectory. And so now if you think about it you can look
at the components of the weight along the tangent direction and along the normal
direction.

Chilng ta cb thé xét mot vector, chiing ta hdy goi nd Ia T, vector dé la tiép tuyén vai quy
dao. Xin 16i. Cac ban cé thé doc cai dé dudc khong? N6 khong phai dé doc. T la tiép
tuyé&n cua quy dao. Va, mat khac, ching ta c6 thé dua vao mot vector khac. Hay goi dé
la N. Va vector d6 vudng goc v@i quy dao. Va vi vay bay gid néu ban nghi vé nd, ban co
thé xét cac thanh phan cda trong luc doc theo hudng tiép tuyén va hudng vudng goc véi
quy dao.

And so the component of F along the tangent direction is what causes acceleration in
the direction along the trajectory. It is what causes the pendulum to swing back and
forth. And the component along N, on the other hand. That is the part of the weight
that tends to pull our mass away from this point. It is what is going to be responsible
for the tension of the string. It is why the string is taut and not actually slack and
with things moving all over the place. That one is responsible for the tension of a
string.

Va nhu vay cac thanh phéan cua F theo hudng tiép tuyén la nhitng gi gay ra gia toc theo
hudng doc theo quy dao nay. D6 1a nhitng gi 1am cho con |&c dao ddng qua lai. Va
thanh phan doc theo N. Bé la phan cua trong luc cé xu hudng kéo qua nang cua ching
ta ra xa diém nay. D6 |1a nhitng gi sé& chiu trach nhiém vé su cdng day. D6 l1a ly do tai
sao day bi cdng va khéng thuc su chiing va cac th di chuyén khdp noi. Cai d6 lam cho
day bi cang.

And now, of course, if you want to compute things, well, maybe you will call this
angle theta and then you will express things explicitly using sines and cosines and
you will solve for the equations of motion. That would be a very interesting physics
problem. But, to save time, we are not going to do it. I'm sure you've seen that in

8.01 or similar classes. And so to find these components we will just do dot products.
Any questions? No. OK. Let's move onto our next topic.

Va bay gid, tat nhién, néu ban mudn tinh todn cac th(, vang, cé thé ban s& goi day la gbc
theta va sau dé ban sé& biéu dién cac th& mét cach rd rang bang cach s dung sin va cos va
ban sé& giai cac phudng trinh chuyén déng. D6 sé& |a mét bai todn vat ly rat tha vi. Tuy
nhién, dé€ tiét kiém thdi gian, ching ta s& khong lam diéu db. Toi chdc rang ban da thay
diéu do trong 8.01 hodc cac mdn tudng tu. Va do dd, d€ tim cac thanh phan nay ching ta
s& chi thuc hién tich vé hudng. Cé ciu hdi nao khdng? Khéng, vang. Ching ta hdy chuyén
sang chu dé tiép theo.
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Here we have found things about lengths, angles and stuff like that. One important
concept that we have not understood yet in terms of vectors is area. Let's say that
we want to find the area of this pentagon. Well, how do we compute that using
vectors? Can we do it using vectors? Yes we can. And that is going to be the goal.
The first thing we should do is probably simplify the problem. We don't actually need
to bother with pentagons. All we need to know are triangles because, for example,
you can cut that in three triangles and then sum the areas of the triangles. Perhaps
easier, what is the area of a triangle?

O day ching ta d& tim cac th vé do dai, géc va th gi dé gidng nhu th&. Mot khai niém
quan trong ma ching ta chua hiéu dugc theo cac vectd 1a dién tich. Gia st rdng ching
ta mudén tim dién tich cta ngli gidc nay. Vang, 1am thé& nao dé€ ching ta tinh nd béng
cach s dung cac vector? Ching ta c6 thé& lam diéu dé bang cach s dung cac vector
khoéng? Vang ching ta cd thé. Va dd sé 1a muc tiéu. Diéu dau tién chdng ta nén lam Ia
don gian héa van dé. Chung ta thuc su khéng can ban tam véi ngi giac. Tat ca nhiing
gi ching ta can biét 1a tam gidc bdi vi, vi du, ban cé thé cat hinh dé thanh ba tam giac
va sau d6 cong dién tich cla ba tam gidc lai. Cé 1& dé dang hon, dién tich cia mot tam
giac la gi?

Let's start with a triangle in the plane. Well, then we need two vectors to describe it,
say A and B here. How do we find the area of a triangle? Well, we all know base

times height over two. What is the base? What is the height? The area of this

triangle is going to be one-half of the base, which is going to be the length of A. And
the height, well, if you call theta this angle, then this is length B sine theta. Now,

that looks a lot like the formula we had there, except for one little catch. This is a

sine instead of a cosine. How do we deal with that?

H3y bat dau vdi mot tam gidc trong mat phang. Vang, thé thi ching ta can hai vects dé
mo ta nd, gid st la A va B § day. Lam thé nao dé€ ching ta tim dudc dién tich cia mot tam
giac? Vang, tat ca chung ta déu biét la canh day nhén chiéu cao chia 2. Canh ddy bang
bao nhiéu? Chiéu cao bang bao nhiéu? Dién tich clia tam giac nay s& mot phan hai canh
day, no sé la d6 dai ctia A. Va chiéu cao, vang, néu ban goi theta goc nay, thi day la do dai
B sin theta. Bay gig, cai do trong rat giébng cong thirc ma ching ta da cé & do, ngoai tru
mot it su sai léch nhd. Day 14 sin ch& khéng phai cd sin. Lam thé& nao dé ching ta giai
quyét van dé dé?

Well, what we could do is first find the cosine of the angle. We know how to find the
cosine of the angle using dot products. Then solve for sine using sine square plus
cosine square equals one. And then plug that back into here. Well, that works but it
is kind of a very complicated way of doing it. So there is an easier way. And that is
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going to be determinants, but let me explain how we get to that maybe still doing
elementary geometry and dot products first.

Vang, nhitng gi ching ta cé thé€ Iam 14 dau tién tim cb sin cua gbc. Ching ta biét cach
tim ¢d sin clia géc bang cach s dung tich vé hudng. Sau d6 tim sin bang cach sir dung
hé thic sin binh cdng cos binh bdng 1. Va sau d6 thé cai do lai vao day. Vang, diéu do
dlng nhung né 1a cach 1am kha ph(c tap. Vi vay, cd mot cach 1am dé dang hon. Va dé
s& 1a cac dinh thlc, nhung trudc hét hdy dé téi giai thich lam thé nao ching ta nhén
dudc né qua viéc dung hinh hoc cg ban va cac tich vé hudng.

Let's see. What we can do is instead of finding the sine of theta, well, we're not good
at finding sines of angles but we are very good now at finding cosines of angles.

Maybe we can find another angle whose cosine is the same as the sine of theta. Well,
you have already heard about complimentary angles and how I take my vector A, my
vector B here and I have an angle theta. Well, let's say that I rotate my vector A by
90 degrees to get a new vector A prime.

Xem nao. Nhi'ng gi ching ta cé thé lam la thay vi tim sine theta, vang, ching ta khdng
gidi trong viéc tim sin clia cac géc nhung bay gid chung ta gidi trong viéc tim cos cla goc.
C6 |8 ching ta cd thé tim mot géc khac ma cd sin cta nd badng sin theta. Vang, ban da
nghe ndi vé cac gbéc bu va lam thé nao téi chon vector A cla to6i, vector B cla toi 6 day va
tdi c6 mot goc theta. Vang, gia s rang tdi quay vector A cua tdi mot goéc 90 dd6 dé nhan
dugc mot vector méi A phéy.

A prime is just A rotated by 90 degrees. Then the angle between these two guys,
let's say theta prime, well, theta prime is 90 degrees or pi over two gradients minus
theta. So, in particular, cosine of theta prime is equal to sine of theta. In particular,
that means that length A, length B, sine theta, which is what we would need to know
in order to find the area of this triangle is equal to, well, A and A prime have the
same length so let me replace that by length of A prime. I am not changing
anything, length B, cosine theta prime. And now we have something that is much
easier for us.

A ph&y chi la A dudc xoay mdt goc 90 dd. Rdi, gdc gilta hai thdng nay,gia s rdng theta
phdy, vang, theta phdy bang 90 dd hodc pi trén 2 radian trir theta. Vi vay, dac biét, co
sin cla theta phdy bang sin cla theta. D3c biét, diéu d6 cé nghia la chiéu dai A, chiéu
dai B, sine theta, ddé Ia nhitng gi ching ta can biét dé tim dién tich cla tam gidc nay
bang, vang, A va A phdy c6 cung d6 dai vi vy hdy dé t6i thay cai d6 bang chiéu dai cua
A ph&y. Téi khong thay d6i bat c th& gi, chiéu dai B, cd sin theta phdy. Va by gid
chlng ta c6 cac th& dé dang hon nhiéu.

Because that is just A prime dot B. That looks like a very good plan. There is only

one small thing which is we don't know yet how to find this A prime. Well, I think it is
not very hard. Let's see. Actually, why don't you guys do the hard work? Let's say

that I have a plane vector A with two components al, a2. And I want to rotate it
counterclockwise by 90 degrees. It looks like maybe we should change some signs
somewhere. Maybe we should do something with the components. Can you come up
with an idea of what it might be?

B&i vi dd chi 1a A ph8y nhén vd hudng véi B. Diéu dé cé vé nhu mét k& hoach rat tét. Chi
c6 mdt vdn dé nho dé 1a ching ta chua biét cach tim A ph&y. Vang, tdi nghi rdng né khdng
khé. Xem nao. Trén thuc té, tai sao cac ban khdng lam viéc cuc luc? Gia si rdng ching ta
cb vector A trong mat phang véi hai thanh phan a1, a2. Va téi muén xoay né ngudc chiéu
kim ddng hd 90 dd. Dudng nhu ching ta nén thay ddi mot s6 ddu & dau dé. C6 18 ching ta
nén lam vai th{& v3i cadc thanh phan. Ban cd ndy ra y tudng nao vé viéc n6 cé thé 13 gi
khong?

I see a lot of people answering three. I see some other answers, but the majority

vote seems to be number three. Minus a2 and al. I think I agree, so let's see. Let's
say that we have this vector A with components al. So al is here. And a2. So a2 is
here. Let's rotate this box by 90 degrees counterclockwise. This box ends up there.
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It's the same box just flipped on its side. This thing here becomes al and this thing
here becomes a2. And that means our new vector A prime is going to be -

T6i nhin thay rat nhiéu ngudi tra IGi ba. T6i thay mot s6 cau tra I8i khac, nh ung phan
I&n tra IGi la s6 ba. Trir a2 va al. T6i nghi téi dong y, vi vay ching ta hdy xét. Gia sur
réng ching ta c6 vector A nay vdi cac thanh phén al. Vi vay, al & day. Va a2. Vi vay,
a2 la & day. Hay xoay hoép nay 90 do ngugc chiéu kim dong hé. HOop nay két thuc & do.
D6 1a mdt hop tuadng tu chi bi 14t & cac canh cta nd. O day cai nay trd thanh al va &
day cdi nay trd thanh a2. Va diéu d6 cbé nghia la vector mdi A phdy cla ching ta sé la -

Well, the first component looks like an a2 but it is pointing to the left when a2 is
positive. So, actually, it is minus a2. And the y component is going to be the same as
this guy, so it's going to be al. If you wanted instead to rotate clockwise then you
would do the opposite. You would do a2 minus al. Is that reasonably clear for
everyone? OK. Let's continue the calculation there. A prime, we have decided, is

minus a2, al dot product with let's call bl and b2, the components of B.

Vang, thanh phan dau tién cé vé giéng nhu a2 nhung né hudng vé bén trai khi a2 dudng.
Vi vay, trén thuc t&, no la trir a2. Va thanh phéan y sé gi6ng nhu thang nay, vi vy nd sé la
al. Thay vi vay, néu ban mudn xoay theo chiéu kim dong ho thi ban sé lam ngugc lai. Ban
s& lam a2 trur al. Moi ngudi c6 nam ré diéu d6 chua? Vang. Hay tiép tuc tinh todn & d6. A
phdy, ching ta d& quyét dinh, bang trir a2, al nhan vé hudng vdi gia s goi la bl va b2,
cac thanh phan cua B.

Then that will be minus a2, b1l plus al, b2 plus al, b2. Let me write that the other

way around, al, b2 minus a2, bl. And that is a quantity that you may already know
under the name of determinant of vectors A and B, which we write symbolically using
this notation. We put A and B next to each other inside a two-by-two table and we

put these verticals bars. And that means the determinant of these numbers, this guy
times this guy minus this guy times this guy. That is called the determinant.

Thi cai d6 sé la trir a2, bl cdng al, b2 cdng vdi al, b2. Hay dé tdi viét diéu dé theo cach
khac, a1, b2 trir a2, bl. Va d6 la mét dai lugng ma ban da biét roi dudi tén goi dinh thic
clia cac vector A va B, ma chung ta viét tugng trung bang cach sir dung ky hiéu nay.
Chang ta dat A va B canh nhau bén trong mét bang hai nhan hai va ching ta dat cac gach
thang diing & day. Va diéu do cé nghia la dinh thic cha nhitng s6 nay, thdng nay nhéan
thdng nay trir thdng nay nhén thang nay. D6 dudc goi la dinh thirc.

And geometrically what it measures is the area, well, not of a triangle because we
did not divide by two, but of a parallelogram formed by A and B. It measures the

area of the parallelogram with sides A and B. And, of course, if you want the triangle
then you will just divide by two. The triangle is half the parallelogram. There is one
small catch. The area usually is something that is going to be positive. This guy here
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has no reason to be positive or negative because, in fact, well, if you compute things
you will see that where it is supposed to go negative it depends on whether A and B are
clockwise or counterclockwise from each other. I mean the issue that we have -

Va vé mat hinh hoc nhirng gi né do la dién tich, vang, khong phai cia mot tam giac bdi vi
chung ta khéng chia cho hai, ma la hinh binh hanh dudc hinh thanh bgi A va B. N6 do dién
tich cua hinh binh hanh v@&i cac canh A va B. Va, tat nhién, néu ban mudn dién tich hinh
tam gidc thi ban chi can chia cho hai. Tam gidc bang mét ndra hinh binh hanh. Cé moét su
sai léch nhd. Dién tich thudng mang gia tri duong. & day th&ng nay cé thé dudng hodc am
bdi vi, trong thuc té€, vang, néu ban tinh todn cac th{ ban sé& th8y réng & noi né dugc cho la
am noé phu thudc vao viéc A va B cung chiéu kim déng hd hay ngudc chiéu kim ddng hd. Y
t6i la tiéu chudn ma ching ta c6 -

Well, when we say the area is one-half length A, length B, sine theta that was
assuming that theta is positive, that its sine is positive. Otherwise, if theta is

negative maybe we need to take the absolute value of this. Just to be more truthful,

I will say the determinant is either plus or minus the area. Any questions about this?
Yes. Sorry. That is not a dot product. That is the usual multiplication. That is length

A times length B times sine theta. What does that equal? And so that is equal to the
area of a parallelogram.

Véang, khi ching ta nodi dién tich bang mot nira chiéu dai A, chiéu dai B, sine theta diéu d6
d& gia s rdng theta dudng, réng sin ctua né la dudng. Ngudc lai, néu theta &m co 1& ching
ta can |y gid tri tuyét ddi clia cai nay. P& cho chinh xac han,téi s& néi dinh thic sé& bang
cong hodc trir dién tich. C6 bat ki cau hdi ndo vé didu nay khéng? Vang. Xin 16i. D6 khong
phai la mot tich v6 hudng. D6 la phép nhan binh thudng. D6 la chiéu dai A nhan chiéu dai
B nhan sine theta. Diéu d6 tuong duong véi cai gi? Va nhu vay cai d6 bang dién tich hinh
binh hanh.

Sorry. Let me explain that again. If I have two vectors A and B, I can form a
parallelogram with them or I can form a triangle. And so the area of a parallelogram
is equal to length A, length B, sine theta, is equal to the determinant of A and B.
While the area of a triangle is one-half of that. And, again, to be truthful, I should
say these things can be positive or negative. Depending on whether you count the
angle positively or negatively, you will get either the area or minus the area. The
area is actually the absolute value of these quantities.

Xin 16i. H3y dé tbi giai thich diéu dé mot [an nita. N&u tdi cé hai vectd A va B, tdi cé thé
tao thanh mot hinh binh hanh v&i chiing hodc tdi c thé tao thanh mét tam gidc. Va vi
véy dién tich hinh binh hanh béng chiéu dai A, chiéu dai B, sine theta, bang dinh thic
clia A va B. Trong khi dién tich cia mét tam gidc bdng moét nlra clia cai d6. Va, mét lan
nita, d& chinh xac hon, tdi can ndi cac th& nay cé thé dudng hodc &m. Tuy thudc vao viéc
ban dém géc duong hay am, ban sé nhan dudc hodc la dién tich hodc la trir dién tich.
Dién tich thuc su la gia tri tuyét dGi clia cac dai lugng nay.

Is that clear? OK. Yes. If you want to compute the area, you will just take the

absolute value of the determinant. I should say the area of a parallelogram so that it
is completely clear. Sorry. Do you have a question? Explain again, sorry, was the
question how a determinant equals the area of a parallelogram? OK. The area of a
parallelogram is going to be the base times the height. Let's take this guy to be the
base. The length of a base will be length of A and the height will be obtained by

taking B but only looking at the vertical part.

Cac ban r6 chua? Vang. Vang. Néu ban muén tinh dién tich, ban chi can ldy gia tri tuyét
d6i cta dinh thlrc. Tdi nén ndi dién tich hinh binh hanh dé cho né hoan toan rd rang. Xin
16i. Ban c6 thidc méc phai khong? Giai thich mot [An nira, xin 16i, 1a cAu hdi vé cach lam thé
nao ma mot dinh th{fc bang dién tich cGa hinh binh hanh phai khéng? Vang. Dién tich hinh
binh hanh s& bdng canh ddy nhan chiéu cao. Ching ta h&y chon thdang nay la canh day.
Chiéu dai clia canh day sé& la chiéu dai clia A va chiéu cao sé& thu dugc béng cach 1ay B
nhung chi xét phan thdng ddng.
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That will be length of B times the sine of theta. That is how I got the area of a
parallelogram as length A, length B, sine theta. And then I did this manipulation and
this trick of rotating to find a nice formula. Yes. You are asking ahead of what I am
going to do in a few minutes. You are asking about magnitude of A cross B. We are
going to learn about cross products in a few minutes. And the answer is yes, but

cross product is for vectors in space. Here I was simplifying things by doing things
just in the plane. Just bear with me for five more minutes and we will do things in
space. Yes. That is correct. The way you compute this in practice is you just do this.
That is how you compute the determinant.

P06 sé chiéu dai clia B nhéan sin theta. B la cach ma toi cé6 dugc dién tich cia hinh binh
hanh bang chiéu dai A, chiéu dai B, sin theta. Va sau dé toi da lam thao tac nay va thu
thuat quay nay dé tim mét céng thic dep. Vang. Ban dang hdi vé vdn dé ma tdi chuén bi
noi trong vai phat téi dady. Ban dang héi vé do I8n clia A nhan cé hudng véi B. Chang ta sé
hoc vé tich vector trong vai phat nita. Va cau tra IGi la dung, nhung tich vector danh cho
céc vector trong khong gian. O day toi d& don gian hda moi th{ bang cach thuc hién cac
th(& trong mat phdng. Chi cdn chiu dung t6i khodng hon 5 phut va chiing ta s& lam céc th
trong khdéng gian. Vang. biéu dé chinh xac. Cach ma ban tinh toan diéu nay trong thuc té
la ban chi can lam diéu nay. D6 la cach ban tinh dinh thic.

Yes. What about three dimensions? Three dimensions we are going to do now. More
questions? Should we move on? OK. Let's move to space. There are two things we

can do in space. And you can look for the volume of solids or you can look for the
area of surfaces. Let me start with the easier of the two. Let me start with volumes

of solids. And we will go back to area, I promise. I claim that there is also a notion of
determinants in space. And that is going to tell us how to find volumes. Let's say

that we have three vectors A, B and C. And then the definition of their determinants
going to be, the notation for that in terms of the components is the same as over
there.

Vang. Con vé ba chiéu thi sao? Ba chiéu ching ta sé xét bay gig. C6 cau hoi nao nira
khong? Chulng ta sé ti€p tuc chi? Vang. Chung ta hdy xét trong khéng gian. Co hai th& ma
ching ta cé thé lam trong khdng gian. Ban c6 thé tim thé tich cha vat rdn hodc ban cd thé
tim dién tich b& mat. Hay dé tdi bat dau véi cai d& han trong hai céi. Hay dé& toi bat dau vdi
thé tich cua vat rdn. Va ching ta sé& quay lai dién tich, tdi hira. T6i xac nhan réng cling cé
khai niém dinh thdc trong khdng gian. Va diéu dé sé cho ching ta biét cach tim thé tich.
Gia slr réng ching ta c6 ba vectd A, B va C. Va nhu thé& dinh nghia cia cac dinh thic cua
chung sé la, cac ky hiéu cho céai dé theo cac thanh phan tucng tu nhu trén do.

We put the components of A, the components of B and the components of C inside
verticals bars. And, of course, I have to give meaning to this. This will be a number.
And what is that number? Well, the definition I will take is that this is al times the
determinant of what I get by looking in this lower right corner. The two-by-two
determinant b2, b3, c2, c3. Then I will subtract a2 times the determinant of b1, b3,
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cl, c3. And then I will add a3 times the determinant b1, b2, c1, c2. And each of
these guys means, again, you take b2 times c3 minus c2 times b3 and this times
that minus this time that and so on.

Chuang ta dat cac thanh phan cla A, cac thanh phan cta B va cac thanh phan cua C vao
trong gach thang ding. Va, tat nhién, tdi phai dua ra y nghia cla viéc nay. Day sé Ia
mot s6. Va s6 do la gi? Vang, dinh nghia ma t6i sé chon la day la a1 nhan dinh thdc clda
nhitng gi ma t6i nhan dugc bdng cach nhin vao géc phai thdp hon nay. Pinh thic hai
nhan hai b2, b3, c2, c3. Sau dé, t6i sé trir a2 nhan dinh thlc cta bi, b3,

cl, c3. Va sau dé tdi sé& cong a3 nhan dinh thic b1, b2, c1, c2. Va mo6i mét trong
nhitng thdng nay cé nghia la, mot [An nifa, ban 18y b2 nhan c3 trir c2 nhén b3 va céi
nay nhan cai dé trir cai nay nhan cai dé va v.v...

In fact, there is a total of six terms in here. And maybe some of you have already

seen a different formula for three-by-three determinants where you directly have the
six terms. It is the same definition. How to remember the structure of this formula?
Well, this is called an expansion according to the first row. So we are going to take

the entries in the first row, al, a2, a3 And for each of them we get the term. Namely
we multiply it by a two-by-two determinant that we get by deleting the first row and
the column where we are. Here the coefficient next to al, when we delete this

column and this row, we are left with b2, b3, c2, c3. The next one we take a2, we
delete the row that is in it and the column that it is in.

Trong thuc t&€, c6 modt téng sdu s6 hang & day. Va cd 18 mdt s6 ban da tirng thdy mot
cong thic khac cho dinh thirc 3 nhdn 3 & dé ban cd 6 s6 hang mé6t cach truc ti€p. Do | a
dinh nghia tuong tu. Lam thé& nao dé€ nhd céng thlic nay? Vang, day dudc goi la khai
trién theo hang dau tién. Vi vy, ching ta sé I8y cac phén t trong hang dau, al, a2, a3

Va d6i véi mdi phan ti dé ching ta nhdn dudc s6 hang. Cu thé ching ta nhan nd vdi
dinh thic hai nhan hai ma chldng ta nhan dugc bang cach xéa hang dau tién va c6t ma
phan tir d6 dang diing. O day, hé s& canh al, khi ching ta xod cdt nay va hang nay,
ching ta con lai b2, b3, c2, c3. K& tiép chung ta chon a2, chidng ta xéa hang va c6t ma
phan tir dé dang dung.

And we are left with b1, b3, cl1, ¢3. And, similarly, with a3, we take what remains,
which is b1, b2, c1, c2. Finally, last but not least, there is a minus sign here for the
second guy. It looks like a weird formula. I mean it is a little bit weird. But it is a
formula that you should learn because it is really, really useful for a lot of things. I
should say if this looks very artificial to you and you would like to know more there is
more in the notes, so read the notes. They will tell you a bit more about what this
means, where it comes from and so on. If you want to know a lot more then some

day you should take 18.06, Linear Algebra where you will learn a lot more about
determinants in N dimensional space with N vectors.

Va chuing ta con lai b1, b3, c1, c3. V3, tudng tu, vdi a3, ching ta 1ay nhitng gi con lai, dé
la b1, b2, c1, c2. Va diéu cubi cung nhung khong kém phéan quan trong, cé mot dau trur &
day cho th&ng th( hai. N6 tréng gidng nhu mdt cong thirc la. Y téi 1& nd hdi la mdt chit.
Nhung noé la mét cong thirc ma ban nén hoc bdi vi né thuc su, thuc su hitu ich cho rat
nhiéu th(r. T6i nén ndi néu diéu nay c6 vé rat nhan tao ddi véi ban va ban mudn biét thém
c6 nhiéu th trong cac lecture notes, do d6, hay doc lecture note. Ching sé cho ban biét
thém mot chat vé viéc diéu nay cé nghia la gi, tai sao lai nhu vay va v.v..... Néu ban mudn
bi€t thém nhiéu hon thi ngay nao d6 ban nén hoc 18,06, Pai s tuyén tinh & dé ban sé hoc
nhiéu vé cac dinh thlc trong khong gian N chiéu vé&i N vector.

And there is a generalization of this in arbitrary dimensions. In this class, we will

only deal with two or three dimensions. Yes. Why is the negative there? Well, that is

a very good question. It has to be there so that this will actually equal, well, what I

am going to say right now is that this will give us the volume of [a box?] with sides

A, B, C. And the formula just doesn't work if you don't put the negative.

Va c6 mét su téng quat vé diéu nay véi s6 chiéu tuy y. Trong I8p nady, ching ta sé chi xét
hai hoac ba chiéu. Vang. Tai sao lai am & dé? Vang, do la mot cau hoi rat hay. N6 phai la
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nhu thé dé cho cai nay thuc su bang, vang, nhitng gi tdi s& ndi ngay bay gid la cai nay sé
cho ching ta thé tich clia [mdt hop?] vdi cac canh A, B, C. Va cdéng thic khéng ding néu
ban khéng dat dau tru.

There is a more fundamental reason which has to do with orientation of space and

the fact that if you switch two coordinates in space then basically you change what is
called the handedness of the coordinates. If you look at your right hand and your left
hand, they are not actually the same. They are mirror images. And, if you squared

two coordinate axes, that is what you get. That is the fundamental reason for the
minus. Again, we don't need to think too much about that. All we need in this class is
the formula.

C6 mot ly do cd ban han phai thuc hién vé@i sy dinh huéng clia khéng gian va thuc té néu
ban chuyén hai toa dd trong khéng gian thi vé cc ban ban thay d6i nhitng gi dudc goi la su
thuan cla cac toa do6. Néu ban nhin vao ban tay phai va tay trai cua ban, ching khéng thuc
su giéng nhau. Chung la anh qua gudng cua nhau. Va, néu ban binh phudng hai truc toa do,
dé la nhitng gi ban nhan dudc. Bé la ly do cd ban cho dau trir. M6t lan nira, ching ta khong
can phai suy nghi qua nhiéu vé diéu dé. Tat cd nhirng gi ching ta can trong I8p hoc nay la
cong thec.

Why do we care about this formula? It is because of the theorem that says that
geometrically the determinant of the three vectors A, B, C is, again, plus or minus.
This determinant could be positive or negative. See those minuses and all sorts of
stuff. Plus or minus the volume of the parallelepiped. That is just a fancy name for a
box with parallelogram sides, in case you wonder, with sides A, B and C. You take

the three vectors A, B and C and you form a box whose sides are all parallelograms.
And when its volume is going to be the determinant.

Tai sao chung ta quan tdm dén céng thirc nay? D6 la bdi vi nhitng dinh Iy hinh hoc ndéi
réng dinh thlc cua ba vects A, B, C, mdt Ian nita, 1a cdng hodc trir. Dinh thirc nay cb thé la
am hodc duong. Xem nhitng d&u trir nay va tat ca cac thr. Cédng hodc trir thé tich cla hinh
hop xién. D6 chi la mo6t tén uva thich cho mot hinh hop vdi cac mat bén la hinh binh hanh,
v@i cac canh A, B va C. Ban lay ba vectd A, B va C va ban tao nén mét hép ma tat ca cac
mat clia né déu |a hinh binh hanh. Va khi dé thé tich cla né sé |a dinh thrc.

Other questions? I'm sorry. I cannot quite hear you. Yes. We are going to see how to
do it geometrically without a determinant, but then you will see that you actually

need a determinant to compute it no matter what. We are going to go back to this
and see another formula for volume, but you will see that really I am cheating. I
mean somehow computationally the only way to compute it is really to use a
determinant.

Cé cau hoi nao khac khéng? Sao a. T6i khong nghe rd. Vang. Chidng ta sé xem lam thé
nao dé lam diéu d6 ma khong can dinh thirc, nhung sau dé ban s& thdy rdng ban thuc su
can dinh thirc dé€ tinh toan khdng cé van dé gi. Ching ta sé trd lai diéu nay va thdy mot
cdng thirc khdc cho thé tich, nhung ban s& thady réng thuc su toi dang gian 1an. Y toi 13
bdng cadch nao dé cach duy nhat dé€ tinh toan nd thuc su la s dung dinh thic.
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That is correct. In general, I mean, actually, I could say if you look at the two-by-

two determinant, see, you can also explain it in terms of this extension. If you take
al and multiply by this one-by-one determinant b2, then you take a2 and you
multiply it by this one-by-one determinant b1l but you put a minus sign. And in
general, indeed, when you expand, you would stop putting plus, minus, plus, minus
alternating. More about that in 18.06. Yes. There is a way to do it based on other
rows as well, but then you have to be very careful with the sign vectors. I will refer
you to the notes for that. I mean you could also do it with a column, by the way. I
mean be careful about the sign rules.

Diéu d6 chinh xac. Néi chung, y tdi 1a, thuc sy, toi cé thé ndi néu ban xét dinh thirc hai
nhan hai, thdy khdng, ban cling cé thé giai thich ndé theo sw ma réng nay. Néu ban |dy
al va nhan vdéi dinh thifc mot nhan mot b2 nay, sau dé ban 1dy a2 va ban nhan né dinh
thirc b1 mot nhan mét nay nhung ban dat mot dau trir. Va néi chung, qua that, khi ban
khai trién, ban s& ngirng ddt cong, trir, cdng, trr ludn phién. Thong tin thém vé diéu do
cb trong 18,06. Vang. Cling c6 mot cach dé€ lam diéu d6 dua trén cac hang khac nira,
nhung sau d6 ban phai rat cdn than véi cac vecto ddu. Téi d& nghi ban doc cac lecture
notes vé van dé nay. Y tdi 13 ban ciing cé thé thuc hién né véi mot cot. Y toi 1a ban
phai can than vé cac quy tac d4u.

Given how little we will use determinants in this class, I mean we will use them in a
way that is fundamental, but we won't compute much. Let's say this is going to be
enough for us for now. After determinants now I can tell you about cross product.
And cross product is going to be the answer to your question about area. OK. Let me
move onto cross product. Cross product is something that you can apply to two
vectors in space. And by that I mean really in three-dimensional space. This is
something that is specific to three dimensions. The definition A cross B -

Du it nhu thé nao, ching ta sé sir dung cac dinh thific trong mén nay, y téi la ching

ta sé dung ching & mdc cc ban, nhung ching ta sé khong tinh toan nhiéu. biéu
nay du cho chlng ta lic nay. Ti€p theo dinh thirc, bay gid tdi cd thé ndi vé tich
vector. Va tich vector s€ la cau tra I8i cho cdu héi cua ban vé dién tich. Vang. Hay

dé tdi chuyén sang tich vector. Tich vector la cai gi d6 ma ban cé thé &p dung cho

hai vecto trong khong gian. Va qua dé t6i mudn ndéi vé khoéng gian ba chiéu. Dinh
nghia A nhan vector v@i B -

It is important to really do your multiplication symbol well so that you don't mistake

it with a dot product. Well, that is going to be a vector. That is another reason not to
confuse it with dot product. Dot product gives you a number. Cross product gives

you a vector. They are really completely different operations. They are both called
product because someone could not come up with a better name, but they are
completely different operations. What do we do to do the cross product of A and B?
Well, we do something very strange. Just as I have told you that a determinant is
something where we put numbers and we get a number, I am going to violate my
own rule. I am going to put together a determinant in which -

Ki tu nhan rat quan trong dé ban khdng nhadm 1an né véi tinh vé h udng. Vang, dé 1a mot
vector. D6 1a mot ly do khac dé khong nham 1&n né vdi tich vé hudng. Tich vo hudng cho
ban mo6t s6. Tich vector cho ban moét vector. Ca hai ching dudc goi la tich vi ngudi ta
khong nghi ra tén goi nao t6t hadn, nhung ching la hai phép toan hoan toan khac nhau.
Tinh tich vector ciia A va B nhu thé nao? Vang, ching ta lam diéu gi dé rat la. Cling nhu
tdi d& ndi vdi ban réng dinh thirc 13 céi gi d6 & d6 chling ta dat cdc con s6 va ching ta
nhén mot s6, tdi sé vi pham céc quy téc cua riéng tbi. T6i s& tao mot dinh thic trong né -

Well, the last two rows are the components of the vectors A and B but the first row
strangely consists for unit vectors i, j, k. What does that mean? Well, that is not a
determinant in the usual sense. If you try to put that into your calculator, it will tell
you there is an error. I don't know how to put vectors in there. I want numbers.

. The actual formula is, well, you use this definition. And, if you use that definition,
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you see that it is i hat times some number. Let me write it as determinant of a2, a3,
b2, b3 times i hat minus determinant al, a3, b1, b3, j hat plus al, a2, b1, b2, k hat.
Vang, hai hang cudi cung la nhitng thanh phén cla céc vector A va B nhung hang dau
tién gobm cac vectd don vi i, j, k. Diéu dé cé nghia la gi? Vang, d6 khong phai la mot dinh
thirc theo nghia thong thudng. Néu ban thir dat cai dé vao may tinh cla ban, né sé théng
b&o cho ban mot 16i. Toi khong biét 1am thé nao dé dit vectd vao trong dd. T6i mudn cac
con s8. N& chi 1a ki hiéu biéu tugng giup ban nhd cong thirc. Cdng thirc thuc té |1a, vang,
ban dung dinh nghia nay. Va, néu ban s dung dinh nghia d6, ban sé& thdy réng né la i
mi nhan s6 nao d6. Hay dé tdi viét nd nhu dinh thic cta a2, a3, b2, b3 nhan i mi trir
dinh thic a1, a3, b1, b3, j mi cong al, a2, b1, b2, k mi.

And so that is the actual definition in a way that makes complete sense, but to
remember this formula without too much trouble it is much easier to think about it in
these terms here. That is the definition and it gives you a vector. Now, as usual with
definitions, the question is what is it good for? What is the geometric meaning of this
very strange operation? Why do we bother to do that? Here is what it does
geometrically. Remember a vector has two different things. It has a length and it has

a direction. Let's start with the length. A length of a cross product is the area of the
parallelogram in space formed by the vectors A and B.

Va vi vay dd |a dinh nghia thuc t& mang day du y nghia nhit, nhung d& nhé cac cdng thic
nay ma khéng gap qua nhiéu rac réi hdy nghi vé& nd theo nhitng s6 hang nay & day. P la
dinh nghia va nd sé cho ban mét vector. Bay gid, nhu thudng Ié véi cac dinh nghia, cau hoi
la né c6 ich cho viéc gi? Y nghia hinh hoc cua phép toan rat la nay 1a gi? Tai sao chlng ta
ban tdm dé& lam diéu d6? Pay la y nghia hinh hoc clia né. Hdy nhd mdt vectd cé hai tha
khac nhau. N6 c6 chiéu dai va nd cé hudng. Hay bat dau véi chiéu dai. Chiéu dai cua mét
tich vector la dién tich hinh binh hanh trong khong gian dugc hinh thanh bdi cac vectd A va
B.

Now, if you have a parallelogram in space, you can find its area just by doing this
calculation when you know the coordinates of the points. You do this calculation and
then you take the length. You take this squared plus that squared plus that squared,
square root. It looks like a very complicated formula but it works and, actually, it is

the simplest way to do it. This time we don't actually need to put plus or minus
because the length of a vector is always positive. We don't have to worry about that.
And what is even more magical is that not only is the length remarkable but the
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direction is also remarkable. The direction of A cross B is perpendicular to the plane

of a parallelogram.

Bay gid¥, néu ban cé mdt hinh binh hanh trong khdng gian, ban cé thé tim dién tich ctia né
chi bdng cach thuc hién tinh todn nay khi ban biét dudc toa dd cua cac diém. Ban thuc
hién tinh toan nay va sau dé ban cé chiéu dai. Ban lay cai nay binh phudng céng véi cai dé
binh phudng, 1ay can bac hai. N6 c6 vé nhu mot céng thific rat phic tap nhung né dung va,
trén thuc té&, dé 1a cach dan gian nhat dé€ lam diéu dd. Luc nay ching ta khéng thuc su can
phai dat cdng hodc trir vi d6 dai cta vector lubén luén duong. Ching ta khdéng phai lo l&dng
vé diéu dé. Va nhitng gi huyén diéu hdon nita khong phai chi la chiéu dai ma hudng ciing
dang quan tdm. Hudng cia A nhan vector véi B vudng gdéc v3i mat phang clta hinh binh
hanh.

Our two vectors A and B together in a plane. What I am telling you is that for vector

A cross B will point, will stick straight out of that plane perpendicularly to it. In fact, I
would have to be more precise. There are two ways that you can be perpendicular to
this plane. You can be perpendicular pointing up or pointing down. How do I decide
which? Well, there is something called the right-hand rule.

Hai vectd A va B cla ching ta cung & trong mat phdng. Nhitng gi tdi s& bao ban 13 tich
vector A va B la mét vector s& hudng, s& nam trong mat phang vudng géc véi né. Trong
thuc té, tdi sé phai chinh xac héa hon. C6 hai cdch ma ban cé thé vudng gdc véi mat phang
nay. Ban c6 thé vudng gdc chi |&n hodc chi xung. Lam thé& nao dé tdi chon ching? Vang, cé
mot th& dugce goi 1a quy tdc ban tay phai.

What does the right-hand rule say? Well, there are various versions for right-hand

rule depending on which country you learn about it. In France, given the culture, you
even learn about it in terms of a cork screw and a wine bottle. I will just use the

usual version here. You take your right hand. If you are left-handed, remember to

take your right hand and not the left one. The other right, OK? Then place your hand
to point in the direction of A. Let's say my right hand is going in that direction. Now,
curl your fingers so that they point towards B. Here that would be kind of into the
blackboard. Don't snap any bones. If it doesn't quite work then rotate your arms so
that you can actually physically do it.

Quy t&c ban tay phai nhu thé& nao? Vang, cé nhiéu phién ban khac nhau vé quy tic ban tay
phai phu thudc vao tirng quéc gia. Tai Phap, theo truyén théng, ngudi ta goi nd la quy tic
van nut chai va chai rugu vang. T6i sé chi s&r dung phién ban théng thudng & day. Ban lay
tay phai cua ban. Néu ban thuan tay trdi, hay nhd dua tay phai cia ban ch& khéng phai
tay trai. Tay phai, ding khdng? Sau d6 dat ban tay cta ban theo hudng A. Gia s réng tay
phai cua toi s& theo hudng dé. Bay gid, co cadc ngdn tay cua ban dé chiing hudng tdi B. O
day chang hudng vé bang den. Khéng bé xuang ban ran rdc. Néu nd khéng hoan toan lam
viéc thi hdy quay cénh tay cua ban dé€ ban cd thé thuc su thuc hién né vé mat vat ly .

Then get your thumb to stick straight out. Well, here my thumb is going to go up.
And that tells me that A cross B will go up. Let me write that down while you
experiment with it. Again, try not to enjoy yourselves. First, your right hand points
parallel to vector A. Then your fingers point in the direction of B. Then your thumb,
when you stick it out, is going to point in the direction of A cross B.

Sau dé, dua ngdn cai clia ban thdng ra. Vang, 8 dady ngén cdi cla tbi sé di 1én. Va diéu
dd cho toi biét rdng A nhan c6 hudng vdéi B sé& di 1én. Hay dé tdi viét diéu do ra trong khi
cac ban thr lam nd. Mot lan nira, dirng c6 tu thudng thlc. Trudc tién, tay phai cda ban
hudéng song song v@i vector A. Sau dd, cac ngon tay cla ban hudéng theo B. Sau dd, ngdén
tay cai cua ban, khi ban chia ra, sé cho biét huéng clia A nhan vector véi B.

Let's do a quick example. Where is my quick example? Here. Let's take i cross j. I

see most of you going in the right direction. If you have it pointing in the wrong
direction, it might mean that you are using your left hand, for example. Example, I
claim that i cross j equals k. Let's see. I points towards us. J point to our right. I
guess this is your right. I think. And then your thumb is going to point up. That tells
us it is roughly pointing up. And, of course, the length should be one because if you
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take the unit square in the x, y plane, its area is one. And the direction should be
vertical.

Hay xét mot vi du nhé. Vi du nhé cla téi & dau? o day. Chung ta tinh i nhan vector véi j.
T6i thay hau hét cac ban chi dung hudng. Néu ban chi sai hudng, c6 nghia la ban dang
dung tay trdi. Vi du, t6i khdng dinh rang i nhan vector véi j bang k. Hdy xem nao. Téi chi
vé phia toi. j chi vé bén phai cla ching ta. Toi doan day la bén phai cia ban. Toi nghi
réng. Va sau dé ngon tay cai cta ban sé& hudng |1én. Diéu dé ndi cho ching ta nd sé& hudng
lén. Va, tat nhién, d6 dai s& la mét bdi vi néu ban 18y mot 6 vudng dan vi trong mat phang
X, Yy, dién tich cia né bdng mét. Va hudng sé thdng ding.

Because it should be perpendicular to the x, y plane. It looks like i cross j will be k.
Well, let's check with the definition i, j, k. What is i? I is one, zero, zero. ] is zero,
one, zero. The coefficient of i will be zero times zero minus zero times one. That is
zero. The coefficient of j will be one time zero minus zero times zero, that is a zero,
minus zero j. It doesn't matter. And the coefficient of k will be one times one, that is
one, minus zero times zero, so one k. So we do get i cross j equals k both ways. In
this case, it is easier to do it geometrically. If I give you no complicated vectors,
probably you will actually want to do the calculation.

B&i vi n6 phai vuéng goc vdi mat phang x, y. Cé vé nhu i nhan vector vdi j sé bang k.
Vang, chldng ta hdy kiém tra véi dinh nghia i, j, k. i 1a gi? i 1a mét, khdng, khéng. j 1a
khdng, mot, khéng. Hé s6 cla i sé 1a khdng nhén khéng trir khéng nhdn mét. S& bang
khdng. Hé s6 clia j s& la mdt nhén khdng trir khdng nhén khdng, né béng khdng, trir
khdng j. N6 khéng quan trong. Va hé sd k s& 1a mét nhdn mét, bdng mdt, trir khéng
nhan khéng, vi vay mot k. Vi vay, ching ta nhan dudc i nhan vector vdi j bang k theo

ca hai cach. Trong trudng hop nay, thuc hién né vé mét hinh hoc s& dé dang hon. Néu
téi cho ban cac vector khéng phic tap, cé thé ban s& thuc su muén thuc hién tinh
toan.

Any questions? Yes. The coefficient of k, remember I delete the first row and the last
column so I get this two-by-two determinant. And that two-by-two determinant is

one times one minus zero times zero so that gives me a one. That is what you do

with two-by-two determinants. Similarly for the others, but the others turn out to be
zero. More questions? Yes. Let me repeat how I got the one in front of k. Remember
the definition of a determinant I expand according to the entries in the first row.

When I get to k what I do is delete the first row and I delete the last column, the
column that contains k.

Cb cau hdi nao khéng? Vang. Hé s6 cua k, hdy nhé xéa hang dau tién va cOt cubi cung vi
vay téi nhan dugc dinh thirc hai nhan hai nay. Va dinh thic hai nhan hai dé la mot nhan
mot trir khdng nhén khdng vi vay két qua bang mot. Pé la nhitng gi ban lam vdi cac dinh
thdc hai nhan hai. Tudng tu cho nhitng céi con lai, nhung nhirng cdi con lai sé bang khdng.
Con cdu héi nao nita khéng? Vang. H3y dé toi I1&p lai cdch ma tdi nhdn dugc mot & phia
trudc k. H3y nhé dinh nghia dinh th&rc ma tdi khai trién theo céc phan ti trong hang dau
tién. Khi t6i nhan dudc k nhitng gi toi lam la x6a hang dau tién va toi xda coOt cubi cung,cot
co6 chura k.
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I delete these guys and these guys and I am left with this two-by-two determinant.

Now, a two-by-two determinant, you multiply according to this downward diagonal

and then minus this times that. One times one, let me see here, I got one k because
that is one times one minus zero times zero equals one. Sorry. That is really hard to
read. Maybe it will be easier that way. Yes. Let's try. If I do the same for i, I think I will
also get zero. Let's do the same for i. I take i, I delete the first row, I delete the first
column, I get this two-by-two determinant here and I get zero times zero, that

is zero, minus zero times one.

To6i xda nhitng thang nay va nhiing thdng nay va con lai dinh thifc hai nhédn hai nay. Bay
gig, dinh thitc hai nhan hai, ban nhan theo d udng chéo hudng xuéng nay va sau doé tru cai
nay nhan cdi d6. M6t nhan mot, hdy xét ¢ day, téi c6 moét k vi d6 la moét nhan mét tru
khdng nhan khéng bang mét. Xin 10i. Diéu dd thuc su khé doc. Cé 1€ nd s& dé hon céch dob.
Vang. Hay tha xem. N&u tdi lam nhu vay cho i, tdi nghi rang tdi cling s& nhan dugc két
quéa bdng khéng. H3y lam tudng tu cho i. Téi 18y i, t6i x6a hang d4u tién, tdi xd6a cac cot
dau tién, t6i nhan dugc dinh thldc hai nhan hai ¢ day va toi nhan dugc khéng nhan khoéng,
bang khdng, trir khdng nhan mot.

That is the other trick question. Zero times one is zero as well. So that zero minus
zero is zero. I hope on Monday you should get more practice in recitation about how
to compute determinants. Hopefully, it will become very easy for you all to compute
this next. I know the first time it is kind of a shock because there are a lot of
numbers and a lot of things to do. Let me return to the question that you asked a bit
earlier about how do you find actually volume if I don't want to know about
determinants? Well, let's have another look at the volume. Let's say that I have
three vectors.

Dé l1a tha thudt khac. Khdng nhdn mot cling bang khdng. Vi vay, khdng trir khéng
bang khéng. T6i hy vong vao ngay th( hai ban s& dugc thuc hanh nhiéu han trong
phan kiém tra miéng vé cach tinh dinh thitc. Hy vong réng, né sé tré nén rat dé dang
cho tat ca cac ban dé tinh todn cai nay trong phan tiép theo. Toi biét Ian dau tién nd
c6 vé hai s6c bdi vi cd nhiéu s6 va nhiéu thir dé Iam. Hay dé tdi quay trd lai cdu hoi
ma ban da hoi trudc dady khong ldu vé cach tim thé tich ma khéng can dung dinh
thirc? Vang, chldng ta hdy xét thé tich tir mét khia canh khac. Gia sir rang téi cé ba
vecta.

Let me put them this way, A, B and C. And let's try to see how else I could think
about the volume of this box. Probably you know that the volume of a parallelepiped

is the area of a base times the height. Sorry. The volume is the area of a base times the
height. How do we do that in practice? Well, what is the area of a base? The base

is a parallelogram in space with sides B and C. How do we find the area of the
parallelogram in space? Well, we just discovered that. We can do it by taking that
cross product.

Hay dé tdi dat ching theo cich nay, A, B va C. Va ching ta hdy th& xem con cach nao
khac dé€ xét thé tich cta hop nay khéng. Co 1& ban biét rdng thé tich cia mot hinh hop
xién bdng dién tich ddy nhan chiéu cao. Sao a. Thé tich bang dién tich ddy nhan chiéu
cao. Lam thé& nao dé ching ta lam diéu dé trong thuc t&? Vang, dién tich day 1a gi? Pay
la mo6t hinh binh hanh trong khéng gian v di cdc canh B va C. Lam cach nao dé chlng ta
tim dién tich cta hinh binh hanh trong khong gian? Vang, ching ta v Ura xét van dé do
réi. Ching ta cé thé thuc hién diéu d6 bang cach 18y tich vector dé.

The area of a base, well, we take the cross product of B and C. That is not quite it
because this is a vector. We would like a number while we take its length. That is
pretty good. What about the height? Well, the height is going to be the component of
A in the direction that is perpendicular to the base. Let's take a direction that is
perpendicular to the base. Let's call that N, a unit vector in that direction. Then we
can get the height by taking A dot n.

Dién tich day, vang, ching ta Iay tich vector ctia B va C. Cai dé khong hoan toan la n6 vi
day la mot vector. Ching ta muén moét sé trong khi chidng ta cé chiéu dai cia né. biéu
dé kha tét. Chiéu cao bdng bao nhiéu? Vang, chiéu cao sé& la thanh phan cla A theo
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hudng vubéng goc véi day. Chudng ta hay chon hudng vudng géc véi day. Hay goi dé la n,
mét vects dan vi theo hudng d6. Sau dd, ching ta cé thé nhan dudc chiéu cao bang cach
Idy A nhan vo huéng vdéi n.

That is what we saw at the beginning of class that A dot n will tell me how much A
goes in the direction of n. Are you still with me? OK. Let's keep going. Let's think
about this vector n. How do I get it? Well, I can get it by actually using cross product
as well. Because I said the direction perpendicular to two vectors I can get by taking
that cross product and looking at that direction. This is still B cross C length. And this
one is, so I claim, n can be obtained by taking D cross C. Well, that comes in the

right direction but it is not a unit vector. How do I get a unit vector?

D4 1a nhitng gi ching ta da gdp & dau budi hoc A nhén vd hudng vai n sé& cho tdi biét A
theo hudng n bdng bao nhiéu. Ban theo kip khéng? Vang. Hay tiép tuc. Hay nghi vé vector
n nay. Ldm thé& nao dé€ cé dudc nd? Vang, tdi cd thé nhan dudc nd cling badng cach dung
tich ¢ hudng. Bai vi toi d3 ndi hudng vudng gdéc vdi hai vectd toi cd thé nhan dudc bang
cach tinh tich vector va xét hudng dé. BPay van 1a chidu dai ctia B nhan vector véi C. Va cai
nay bang, vi vay tdi khadng dinh, n cé thé thu dugc bdng céach 18y tich vector D véi C. Vang,
cdi do trd thanh ding hudng nhung né khong phai la mét vectd don vi. Lam thé& nao dé cb
dugc mot vecto don vi?

I divide by the length. Thanks. I take B cross C and I divide by length B cross C.

Well, now I can probably simplify between these two guys. And so what I will get --
What I get out of this is that my volume equals A dot product with vector B cross C.
But, of course, I have to be careful in which order I do it. If I do it the other way
around, A dot B, I get a number. I cannot cross that. I really have to do the cross
product first.

To6i chia cho chiéu dai. Cam dn ban. Toi lay tich vector B véi C va chia cho chiéu dai cia B
nhan vector v3i C.Vang, bay gid tdi c6 thé don gian hda hai thdng nay. Va vi vay nhitng gi
téi s& nhan dudc - Nhitng gi téi 18y ra dudc tir cai nay la thé tich cua téi bdng A nhan vo
hudng v8i B nhén vector véi C. Nhung, tt nhién, ti phai cdn than vé th tu ma toi thuc
hién né. Néu t6i thuc hién noé theo cach khac, A nhan v6 hudng vdéi B, té6i nhan dugc mot
s8. Toi khong thé 18y tich vector d6. Thuc sy, tdi phai thuc hién tich vector dau tién.

I get the new vector. Then my dot product. The fact is that the determinant of A, B,

C is equal to this so-called triple product. Well, that looks good geometrically. Let's

try to check whether it makes sense with the formulas, just one small thing. We saw
the determinant is al times determinant b2, b3, c2, ¢3 minus a2 times something

plus a3 times something. I will let you fill in the numbers. That is this guy. What
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about this guy? Well, dot product, we take the first component of A, that is al, we
multiply by the first component of B cross C. What is the first component of B cross

C? Well, it is this determinant b2, b3, c2, c3.

T6i nhan dudc vector mdi. RGi tich vo hudng cua téi. Thuc té la dinh thirc cldia A, B,C tuadng
duong vdi tich bdi ba. Vang, diéu d6 c6 vé dung vé mat hinh hoc. Hay thir kiém tra xem nd
c6 nghia véi cac céng thic hay khong, chi can mot diéu nhd. Chang ta da thdy dinh thic
bang al nhéan dinh thc b2, b3, c2, ¢3 trir a2 nhén cai gi d6 cong v3i a3 nhan cai gi do. Toi
sé& cho ban dién vao cac con sd. D6 la thdng nay. Con thdng nay thi sao? Véang, tich v6
huéng, ching ta I8y thanh phan dau tién cta A, do6 la al, chdng ta nhan vdéi thanh phan
dau tién cua B nhan vector véi C. Thanh phan dau tién cta B nhan vector véi C la gi?
Vang, né la dinh thirc b2, b3, c2, c3 nay.

If you put B and C instead of A and B into there you will get the i component is this
guy plus a2 times the second component which is minus some determinant plus a3
times the third component which is, again, a determinant. And you can check. You
get exactly the same expression, so everything is fine. There is no contradiction in
math just yet. On Tuesday we will continue with this and we will start going into
matrices, equations of planes and so on. Meanwhile, have a good weekend and

please start working on your Problem Sets so that you can ask lots of questions to
your TAs on Monday.

Né&u ban dat B va C ch( khdng phai A va B vao d6 ban s& nhén dudc thanh phén i la théng
nay cbng a2 nhan thanh phéan th& hai nd bang trir dinh th'c nao d6 cong a3 nhén thanh
phan th& ba, mét Ian nita, k&t qua la mét dinh thlc. Va ban cé thé kiém tra. Ban nhan
dudc mot biéu thirc tuong tu nhu vay, do dd, moi thr déu tdt. Khdng cd mau thuadn vé m dt
todn hoc. Ngay th(& ba ching ta sé& ti€p tuc vdi vdn dé nay va ching ta sé& bat ddu xét ma
trédn, phudng trinh mat ph&ng va vv. Chlc cadc ban ngay cudi tuan vui vé va hay bat dau
lam cdc x&p bai tdp dé€ cac ban c6 thé dat nhiéu cau hdi cho cac trg giang v o ngay thd
hai.



