MIT OpenCourseWare
http://ocw.mit.edu

18.02 Multivariable Calculus, Fall 2007

Please use the following citation format:

Denis Auroux. 18.02 Multivariable Calculus, Fall 2007. (Massachusetts
Institute of Technology: MIT OpenCourseWare). http://ocw.mit.edu
(accessed MM DD, YYYY). License: Creative Commons Attribution-
Noncommercial-Share Alike.

Note: Please use the actual date you accessed this material in your citation.

For more information about citing these materials or our Terms of Use, visit:
http://ocw.mit.edu/terms



http://ocw.mit.edu
http://ocw.mit.edu

MIT OpenCourseWare
http://ocw.mit.edu

18.02 Multivariable Calculus, Fall 2007
Transcript — Lecture 25 Tich phan bdi ba trong hé toa d6 Bé Cac va tru
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

. (50) So, we are going to learn how to do triple integrals in space,
flux in space, work in space, divergence, curl, all that.

Vi vay, ching ta sé hoc cach tinh tich phan ba I8p trong khong gian, thong | ugng trong
khong gian, cong trong khong gian, divergence, curl, tat ca moi thdr.

So, that means, basically, if you were really on top of what we've been doing these
past few weeks, then it will be just the same with one more coordinate. And, you will
see there are some differences. But, conceptually, it's pretty similar. There are a few
tricky things, though. Now, that also means that if there is stuff that you are not

sure about in the plane, then I encourage you to review the material that we've done
over the past few weeks to make sure that everything in the plane is completely

clear to you because it will be much harder to understand stuff in space if things are
still shaky in the plane. OK, so the plan is we're going to basically go through the
same stuff, but in space.

Vi vay, cé nghia la, vé cd ban, néu ban da théng thao nhiing gi chdng ta da hoc trong vai
tuan qua, thi day sé chi nhu la sy thém vao mot toa d6. Va, ban sé thay co6 mot so su
khac biét. Tuy nhién, vé mat khai niém, n6 kha dep. Mac du, co vai thr phirc tap. Bay gid,
diéu dé cling c6 nghia |a néu ban chua virng phan nao vé gidi tich trong mat phang, thi toi
khuyén ban xem lai nhitng tai liéu ma chdng ta da hoc trong vai tuan trudc phai chdc chan
ban d& ndm ki moi th trong mat phdng bdi vi cac th trong khdng gian sé khé tiép thu
haon nhiéu néu ban chua virng cac th trong mét phang. Vang, vi vdy vé cd ban k& hoach
la chldng ta sé xét cac th(r tuong tu, nhung trong khéng gian.

So, it shouldn't be surprising that we will start today with triple integrals. OK, so the
way triple integrals work is if I give you a function of three variables, x, y, z, and I
give you some region in space, so, some solid, then I can take the integral over this
region over function f dV where dV stands for the volume element. OK, so what it
means is we will just take every single little piece of our solid, take the value of f
there, multiply by the small volume of each little piece, and sum all these things
together.

Vi vay, khdng cé gi ngac nhién khi hém nay ching ta bat dau hoc tich phan ba I18p. Vang,
nguyén tac tinh tich phén ba I8p la néu t6i cho ban mét ham ba bién, x, y, z, va tdi cho
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And, so this volume element here, well, for example, if you are doing the integral in
rectangular coordinates, that will become dx dy dz or any permutation of that
because, of course, we have lots of possible orders of integration to choose from. So,
rather than bore you with theory and all sorts of complicated things, let's just do
examples. And, you will see, basically, if you understand how to set up iterated
integrals into variables, that you basically understand how to do them in three
variables. You just have to be a bit more careful. And, there's one more step. OK, so
let's take our first triple integral to be on the region.




So, of course, there's two different things as always. There is the region of
integration and there's the function we are integrating. Now, the function we are
integrating, well, it will come in handy when you actually try to evaluate the integral.
But, as you can see, probably, the new part is really hard to set it up. So, the
function won't really matter that much for me. So, in the examples I'll do today,
functions will be kind of silly. So, for example, let's say that we want to look at the
region between two paraboloids, one given by z = x ~2 y N2,

The otherisz =4 - x N2 -y ~2. And, so, I haven't given you, yet, the function to
integrate. OK, this is not the function to integrate. This is what describes the region
where I will integrate my function. And, let's say that I just want to find the volume
of this region, which is the triple integral of just one dV. OK, similarly, remember,
when we try to find the area of the region in the plane, we are just integrating one
dA. Here we integrate one dV. that will give us the volume. Now, I know that you
can imagine how to actually do this one as a double integral. But, the goal of the
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So, what does that look like? Well, z = x 22 y N2, that's one of our favorite
paraboloids. That's something that looks like a parabola with its bottom at the origin
that you spin about the z axis. And, z equals four minus x squared minus y squared,
well, that's also a paraboloid. But, this one is pointing down, and when you take x
equals y equals zero, you get z equals four. So, it starts at four, and it goes down
like that. OK, so the solid that we'd like to consider is what's in between in here. So,
it has a curvy top which is this downward paraboloid, a curvy bottom which is the
other paraboloid.

And, what about the sides? Well, do you have any idea what we get here? Yeah, it's
going to be a circle because entire picture is invariant by rotation about the z axis.

So, if you look at the picture just, say, in the yz plane, you get this point and that
point. And, when you rotate everything around the z axis, you will just get a circle
here. OK, so our goal is to find the volume of this thing, and there's lots of things I
could do to simplify the calculation, or even not do it as a triple integral at all.
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so the first thing we need to do is choose an order of integration. And, here, well, 1
don't know if you can see it yet, but hopefully soon that will be intuitive to you. I
claim that I would like to start by integrating first over z. What's the reason for that?
Well, the reason is if I give you x and y, then you can find quickly, what's the bottom
and top values of z for that choice of x and y? OK, so if I have x and y given, then I
can find above that: what is the bottom z and the top z corresponding to the vertical
line above that point? The portion of it that's inside our solid, so somehow, there's a
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And, so the top z is actually on the downward paraboloid. So, it's four minus x
squared minus y squared. The bottom value of z is x squared plus y squared. OK, so
if I want to start to set this up, I will write the triple integral. And then, so let's say
I'm going to do it dz first, and then, say, dy dx. It doesn't really matter. So then, for
a given value of x and y, I claim z goes from the bottom surface. The bottom face is
z equals x squared plus y squared. The top face is four minus x squared minus y
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Any questions so far? Yes? Why did I start with z? That's a very good question. So, I
can choose whatever order I want, but let's say I did x first . Then, to find the inner



integral bounds, I would need to say, OK, I've chosen values of, see, in the inner
integral, you've fixed the two other variables, and you're just going to vary that one.
And, you need to find bounds for it. So, if I integrate over x first, I have to solve,
answer the following question.

Say I'm given values of y and z. What are the bounds for x? So, that would mean
I'm slicing my solid by lines that are parallel to the x axis. And, see, it's kind of hard
to find, what are the values of x at the front and at the back? I mean, it's possible,
but it's easier to actually first look for z at the top and bottom. Yes? dy dx, or dx dy?
No, it's completely at random. I mean, you can see x and y play symmetric roles.
So, if you look at it, it's reasonably clear that z should be the easiest one to set up
first . Xy or yx, it's the same. Yes? Yes, it will be easier to use
cylindrical coordinates. I'll get to that just as soon as I'm done with this one. OK, so
let's continue a bit with that. And, as you mentioned, actually we don't actually want
to do it with xy in the end.

In a few minutes, we will actually switch to cylindrical coordinates. But, for now, we
don't even know what they are. OK, so I've done the inner integral by looking at, you
know, if I slice by vertical lines, what is the top? What is the bottom for a given value
of x and y? So, the bounds in the inner integral depend on both the middle and outer
variables. Next, I need to figure out what values of x and y I will be interested in.
And, the answer for that is, well, the values of x and y that I want to look at are all
those that are in the shade of my region. So, in fact, to set up the middle and outer
bounds, what I want to do is project my solid. So, my solid looks like this kind of
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And, I don't really know how to call it. But, what's interesting now is I want to look
at the shadow that it casts in the xy plane. OK, and, of course, that shadow will just
be the disk that's directly below this disk here that's separating the two halves of the
solid. And so, now I will want to integrate over, I want to look at all the xy's, x and
y, in the shadow. So, now I'm left with, actually, something we've already done,
namely setting up a double integral over x and y. So, if it helps, here, we don't
strictly need it, but if it helps, it could be useful to actually draw a picture of this
shadow in the xy plane.




dugc chi€u xudng trén mat phang xy. Vang, va, tat nhién, vung chi€u dé chinh 1a mét
hinh tron ngay bén dudi hinh tron tach hai ntra vat rdn. Va nhu vy, bay gid tdi mudn
tinh tich phan trén, t6i muén xét tat ca cac clda xy, x va y, trong hinh chiéu. Vi vay,
bay gid tdi con lai, thuc su, cai gi d6 ma chdng ta d& lam roi, cu thé 1a thiét 1ap tich
phan kép trén trén x va y. Vi vay, néu no6 khong cé ich cho ban, & day, ban khéng can
v& nd, nhung néu cam thay cén thiét, ban cé thé phat hoa sad lugc hinh chiéu trong
mat phang xy.

So, here it would just look, again, like a disk, and set it up. Now, the question is,

how do we find the size of this disk, the size of the shadow? Well, basically we have
to figure out where our two paraboloids intersect. There's nothing else. OK, so, one
way how to find the shadow in the xy plane -- -- well, here we actually know the
answer a priori, but even if we didn't, we could just say, well, our region lives
wherever the bottom surface is below the top surface, OK, so we want to look at
things wherever bottom value of z is less than the top value of z, I mean, less or less
than or equal, that's the same thing.

Vang, mot lan nira, & day nd giéng nhu mot hinh tron, va thiét lap né. Bay gid, van dé dat
ra la, chudng ta tim kich thudt cta hinh tron nhu thé nao, kich thudc cua hinh chiéu? Vang,
vé cd ban ching ta phai chi ra ngi giao nhau cua hai paraboloid. Khong cé gi nita. budc
roi, vi vy, mot cach dé tim hinh chiéu trong mat phadng xy - - vang, & day ching ta thuc
su biét trudc cau tra, nhung néu khéng, chidng ta chi can néi, vang, ving cua chdng ta
nam & bat c& b& mat dudi nao bén dudi bé mat trén, vang, vi vy chiing ta mudn xét bat
c(r gid tri nao cua z nhd hon gia tri trén cua z, y tdi la, nhd hon hodc bang, diéu dé tuong
tu.

So, if the bottom value of z is x squared plus y squared should be less than four
minus X squared minus y squared, and if you solve for that, then you will get, well,
so let's move these guys over here. You'll get two x squared plus two y squared less
than four. That becomes x squared plus y squared less than two. So, that means
that's a disk of radius square root of two, OK? So, we kind of knew in advance it was
going to be a disk, but what we've learned now is that this radius is square root of
two.

Vi vay, néu gia tri dudi clia z la x binh cong y binh sé nhé hgn bdon trir x binh phuadng trir y
binh, va néu ban giai cai dd, thi ban s& nhan dudc, vang, chiing ta hdy di chuyén sang
nhitng thang & day. Ban s& dugc hai x binh cdng hai y binh nhé hon bén. Tugng dudng x
binh cdng y binh nhé han hai. Vi vy, ¢6 nghia |a dé 1a mdt hinh tron ban kinh bang can
hai, dung khong? Vi vay, chidng ta da biét trudc nd la mot hinh tron, nhung bay gid chidng
ta biét dugc ban kinh nay la can hai.



So, if we want to set up, if we really want to set it up using dy dx like they started,
then we can do it because we know, so, for the middle integral, now, we want to fix
a value of x. And, for that fixed value of x, we want to figure out the bounds for vy.
Well, the answer is y goes from here to here. What's here? Well, here, y is square
root of two minus x squared. And, here it's negative square root of two minus x
squared.

Vi vady, néu chung ta mudn thiét Iap, néu chung ta thuc sy mudén thiét 1dp né dung dy dx
nhu ching bat dau, thi ching ta cd thé thuc hién nd vi ching ta biét, vang, d&i vdi tich
phan gilra, bay gid, ching ta mudn gilr nguyén gia tri cia x. Va, doi véi gia tri c6 dinh
do cua x, chung ta can chi ra cac can cla y. Vang, cau tra IGi la y di tir ddy dén day. Co
gi 6 day? Vang, & day, y bang can bac hai cua hai trir x binh. Va, & day nd la trir can bac
hai cta hai trir x binh.

So, y will go from negative square root of two minus x squared to positive square
root. And then, x will go from negative root two to root two. OK, if that's not
completely clear to you, then I encourage you to go over how we set up double
integrals again. OK, does that make sense, kind of? Yeah? Well, so, when we set up,
remember, we are setting up a double integral, dy dx here. So, when we do it dy dx,
it means we slice this region of a plane by vertical line segments. So, this middle guy
would be what used to be the inner integral. So, in the inner, remember, you fix the
value of x, and you ask yourself, what is the range of values of y in my region? So, y
goes from here to here, and what here and here are depends on the value of x.

Vi vay, y sé di tlr trir can bac cla hai trir x binh dén cong can bac hai. Va sau do, x sé di
tlr trr cadn hai dén can hai. Vang, néu ban chua rd diéu do, thi téi dé nghi ban xem lai
cach tinh tich phén kép. Vang, diéu dé c6 ré rang khong? Vang? Vang, vi vay, khi ching
ta thiét lap, hdy nhdg, ching ta sé thiét [ap mot tich phan kép, dy dx & day. Vi vay, khi
ching ta thuc hién né dy dx, diéu dé cé nghia la ching ta cat vung nay cua mat phang
bang nhitng doan dudng thdng thang ding. Vi vay, thdng & gilta nay s& dudc dung nhu 1a
tich phan bén trong. Vi vay, trong tich phan bén trong, hdy nhd, ban gilt nguyén gia tri
cua x, va ban tu héi, khoang gia tri cia y trong vung cua tbi la gi? Vang, y di tir day dén
day, va nhitng gi & day va & day phu thudc vao gia tri cia x.

How? Well, we have to find the relation between x and y at these points. These
points are on the circle of radius root two. So, if you want this circle maybe I should
have written, is x squared plus y squared equals two. And, if you solve for vy, given x,
you get plus minus root of two minus x squared, OK? Yes? Is there a way to compute
this with symmetry? Well, certainly, yeah, this solid looks sufficiently symmetric, but
actually you could certainly, if you don't want to do the whole disk, you could just do
quarter disks, and multiply by four. You could even just look at the lower half of the
solid, and multiply them by two, so, total by eight.
Cu thé thé nao? Vang, ching ta phai tim m&i quan hé gilta x va y tai nhitng diém nay. Nhiing
diém nay & trén dudng tron ban kinh cén hai. Vi vdy, néu ban muén dudng tron nay cé |18 toi
nén viét, la x binh céng vdi y binh bang hai. Va, néu ban tim y, x da biét, ban dugc céng trir
cén hai trir x binh, diing khdng? Sao? C6 cach nao dé tinh cai nay tan dung tinh déi xiing
khoéng? Vang, chdc chén, 6, vat rdn nay kha déi x(tng, nhung thuc té ban c6 thé chc chan,
néu ban khéng mudn lam toan bd hinh tron, ban chi can lam moét phan tu dia, va sau dé
nhan b&n. ThAm chi ban cé thé chi can xét nira dudi clia vat rén, va sau dé nhan hai, vang,
téng céng |a nhén 8.

So, yeah, certainly there's lots of ways to make it slightly easier by using symmetry.
Now, the most spectacular way to use symmetry here, of course, is to use that we
have this rotation symmetry and switch, actually, not do this guy in xy coordinates
but instead in polar coordinates. So -- So, the smarter thing to do would be to use
polar coordinates instead of x and y. Of course, we want to keep z. I mean, we are
very happy with z the way it is. But, we'll just change x and y to R cos theta, R sine
theta, OK, because, well, let's see actually how we would evaluate this guy.

Vang, ding rdi, chdc chdn cé rat nhiéu cach dé 1am cho né dé& hon mot chit béng cach
s dung tinh d6i xrng. Bay giG, cach ngoan muc nhat la s dung tinh d6i x(rng G day,



tat nhién, 1a sir dung cdi ma ching ta cé ddi xirng quay va dich chuyén nay, trén thuc
t&, khéng lam thang nay trong toa dd xy ma trong toa dé cuc. Vang, - Vang, cach théng
minh hon 1& ding hé toa dd cuc thay vi x va y. T4t nhién, ching ta mudn gilf z. Y toi
la, ching ta rét hai long vé6i z nhu vay. Tuy nhién, ching ta chi can thay d&i x va vy
thanh R cos theta, R sin theta, vang, bdi vi, vang, hdy xét cach tinh thdng nay.

So, well actually, let's not. It's kind of boring. So, let me just point out one small
thing here, sorry, before I do that. So, if you start computing the inner integral, OK,
so let me not do that yet, sorry, so if you try to compute the inner integral, you'll be
integrating from x squared plus y squared to four minus x squared minus y squared
dz. Well, that will integrate to z between these two bounds. So, you will get four
minus two x squared minus two y squared. Now, when you put that into the
remaining ones, you'll get something that's probably not very pleasant of four minus
two x squared minus two y squared dy dx.

Vi vy, vang thuc su, chiing ta sé khdng lam. N6 khd nham chén. Vi vdy, hdy dé t6i chi ra
mot didu nhé & day, xin 18i, trudc khi toi 1am didu d6. Vang, néu ban bat dau tinh tich phan
bén trong, vang,vi vay t6i sé chua lam diéu dd, sao, vay néu ban thu tinh tich phan bén
trong, ban sé tinh tich phan t&r x binh cong y binh dén bon trir x binh trir y binh dz. Vang,
do sé la tich phan theo z gilta hai can nay. Vang, ban sé dudc bén trir hai x binh trir hai y
binh. Bay gid, khi ban dat né vao nhirng cai con lai, ban sé nhan dugc cai gi dé ma co |1
khong dé chiu ctia bén trir hai x binh trir hai y binh dy dx.

And here, you see that to evaluate this, you would switch to polar coordinates. Oh,
by the way, so if your initial instincts had been to, given that you just want the
volume, you could also have found the volume just by doing a double integral of the
height between the top and bottom. Well, you would just have gotten this, right,
because this is the height between top and bottom. So, it's all the same. It doesn't
really matter. But with this, of course, we will be able to integrate all sorts of
functions, not just one over the solid. So, we will be able to do much more than just
volumes. OK, so let's see, how do we do it with polar coordinates instead? Well, so --

Va & day, ban thay réng dé tinh cai nay, ban sé& chuyén sang hé toa dd cuc. Oh, nhan day,
vi vy néu ban d& cé san ki ndng, chi 1a yéu cau ban tinh thé tich, ban cling c6 thé thdy
réng thé tich bang tich phan kép cua dd cao gilta dinh v a ddy. Vang, ban da quén cai nay,
dung, bdi vi day la do cao gilta dinh va day. Vi vay, tat ca nhu nhau. N6 khong thuc su
quan trong. Nhung véi cdi nay, tat nhién, ching ta cé thé tinh tich phdn moi loai ham,
khéng chi l1a ham f bang 1. Vi vay, ching ta cd thé tinh nhiéu th& khac ch& khéng phai thé
tich. Vang, do d6, ching ta hdy xét, ching ta lam né véi toa do cuc nhu thé nao? Vang,
nhu vay -



Well, that would become, so let's see. So, I want to keep dz. But then, dx dy or dy

dx would become r dr d theta. And, if I try to set up the bounds, well, I probably
shouldn't keep this x squared plus y squared around. But, x squared plus y squared

is easy in terms of r and theta. That's just r squared. OK, I mean, in general I could
have something that depends also on theta. That's perfectly legitimate. But here, it
simplifies, and this guy up here, four minus x squared minus y squared becomes four
minus r squared.

Vang, né sé trd thanh, vi vay xem nao. Vi vay, toi mudn gilt dz. Nhung lic nay, dx dy hoac
dy dx sé trg thanh r dr d theta. Va, néu tdi c6 gang thiét 1ap cac can, vang, co I& tbi khdng
nén gilr cai nay x binh phuong cong véi y binh phudng. Nhung, x binh phugng cong véi y
binh phuong dé theo r va theta. D4 chi I1a r binh phuong. Vang, y t6i 13, ndi chung téi c6 thé
€0 cai gi dé ciling phu thudc vao theta. Diéu dé hoan toan hgp li. Nhung & day, né don gian
hod, va thang nay trén day, bon trir x binh phuagng trir y binh phugng sé trg thanh bén trur r
binh.

And now, the integral that we have to do over r and theta, well, we look again at the
shadow. The shadow is still a disk of radius root two. That hasn't changed. And now,
we know how to set up this integral in polar coordinates. r goes from zero to root
two, and theta goes from zero to two pi. OK, and now it becomes actually easier to
evaluate. OK, so now we have actually a name for this because we're doing it in
space. So, these are called, actually, cylindrical coordinates. So, in fact, you already
knew about cylindrical coordinates even if you did not know the name.

Va bay gid, ching ta phai lday tich phan theo r va theta, vang, ching ta lai xét hinh chiéu.
hinh chiéu van 1a hinh tron ban kinh b&ng cdn hai. Piéu dé khdng thay d6i. Va bay gid,
ching ta biét cach tinh tich phan nay trong toa do cuc. r di t&r khong dén can hai, va theta
di tir khdng dén hai pi. Vang, va bay giS né trd nén dé tinh hon. Vang, vay bay gid ching
ta da thuc su c6 mot tén goi cho cai nay bdi vi chdng ta da thuc hién né trong khéng gian.
Vi vay, thuc su, day dudc goi 13, toa do tru. Vi vay, thuc su, ban da biét vé hé toa do tru
cho du ban chua biét tén.

OK, so the idea of cylindrical coordinates is that instead of x, y, and z, to locate a
point in space, you will use three coordinates. One of them is basically how high it is
above the xy plane. So, that will be z. And then, you will use polar coordinates for

the projection of your point on the xy plane. So, r will be the distance from the z

axis. And theta will be the angle from the x axis counterclockwise. So, the one thing
to be careful about is because of the usual convention, that we make the x axis point
toward us. Theta equals zero is no longer to the right. Now, theta equals zero is to
the front, and the angel is measured from the front counterclockwise.

Vang, vi vay y tudng vé hé toa do tru la thay vi x, y, va z, dé xac dinh vi tri mot diém
trong khong gian, ban sé sir dung ba toa do khac. Mot trong s6 chung la d6 cao so véi mat
phdng xy. Vang, d6 chinh la z. Va sau dd, ban s& sir dung hé toa dd cuc dé chi€u diém cua
ban trén mat phdng xy. Vang, r s& 1a khodng cach tur truc z. Va theta s& 1a goc tir truc x
ngugc chiéu kim ddng hd. Vi vy, mot diéu phai cdn than la do quy udc thdng thudng, truc
x hudng vé ching ta. Theta bang khéng khéng con & bén phai nita. Bay gid, theta bang
khéng & phia trudc, va goc dudc do tu phia trudc ngudc chiéu kim dong ho.

OK, so, and of course, if you want to know how to convert between x, y, zand r
theta z, well, the formulas are just the same as in usual polar coordinates. R cos
theta, r sine theta, and z remain z. OK, so why are these called cylindrical
coordinates, by the way? Well, let's say that I gave you the equation r equals a,
where a is some constant. Say r equals one, for example. So, r equals one in 2D,
that used to be just a circle of radius one. Now, in space, a single equation actually
defines a surface, not just a curve anymore. And, the set of points where r is a, well,
that's all the points that are distance a from the z axis. So, in fact, what you get this
way is a cylinder of radius a centered on the z axis.

Vang, nhu vay, va di nhién, néu ban mudn biét cach chuyén gilta x, y, z va theta r z,
vang, cac cong thic tudng tu nhu trong toa do cuc thong thudng. R cos theta, r sin
theta, va z van 1a z. Vang, tai sao nhitng cai nay dudc goi |a toa do tru? Vang, gid sur



réng téi cho ban phuong trinh r bdng a, 6 day a la hang s8 nao d6. Gia s r bdng mot
ch&ng han. Vi vy, r bang mdt trong hai chiéu, nd thudng chi la dudng tron ban kinh
bang mét. Bay gid, trong khéng gian, mot p huong trinh xac dinh mot bé mat, khéng chi
la dudng cong nita. Va, tdp hop cac diém trong d6 r bdng a, vang, do Ia tat ca nhitng
diém cach truc z mot khoang a. Vi vy, trén thuc té, trong trudng hop nay nhitng gi ban
nhén dugc 1a mot hinh tru truc ndm doc theo z.

OK, so that's why they are called cylindrical coordinates. By the way, so now,
similarly, if you look at the equation theta equals some given value, well, so that
used to be just a ray from the origin. Now, that becomes a vertical half plane. For
example, if I set the value of theta and let r and z vary, well, r is always positive, but
basically that means I am taking a vertical plane that comes out in this direction.
Véng, vi vay dé 1a ly do tai sao ching dudc goi |a hé toa dd tru. Bang cach nay, vang bay
gi®, tuong tu, néu ban xét phuang trinh theta bang gia tri nao dd, vang, dé thudng la mét
tia tir g6c toa d6. Bay gi¥, nd sé& trd thanh nlra mat ph&ng thdng ddng. Vi du, néu tdi c6
dinh gia tri cia theta va dé cho r va z thay déi, vang, r luén ludn dudng, nhung vé cc ban
diéu do c6 nghia la tbi sé 18y mbét mat phang thang ding di ra theo h uéng nay.

OK, any questions about cylindrical coordinates? Yes? Yeah, so I'm saying when you
fix theta, you get only a half plane, not a full plane. I mean, it goes all the way up
and down, but it doesn't go back to the other side of the z axis. Why? That's because
r is always positive by convention. So, for example, here, we say theta is zero. At

the back, we say theta is pi. We don't say theta is zero and r is negative. We say r is
positive and theta is pi. It's a convention, largely. But, sticking with this convention
really will help you to set up the integrals properly. I mean, otherwise there is just
too much risk for mistakes. Yes?

Vang, c6 bat ky cau hoéi nao vé hé toa do tru khéng? Xin mai? bung roi, vang toi ndi khi
ban c8 dinh theta, ban nhén dudgc chi nlra mat phdng, khdng phai |a toan bd mat phang. Y
t6i la, nd di theo moi dudng Ién va xudng, nhung né khong quay lai phia bén kia cua truc
z. Tai sao? DO la bdi vi r luén luén duong theo quy udc. Vi vay, vi du, § day, ching ta noi
theta bdng khdng. O phia sau, ching ta noi theta bang pi. Ching ta khéng ndi theta bang
khdng va r am. Chlng ta ndi r duong va theta bang pi. Thuc ra dé la mot quy udc. Tuy
nhién, gén bé vdi quy udc nay thuc su sé gilip ban thiét 1ap tich phan thich hdp . Y tdi 13,
néu lam ngudgc lai sé cdé nhiéu nguy cc pham sai lam. Xin mgi?

Well, so the question is if I were to use symmetry to do this one, would I multiply by
four or by two? Well, it depends on how much symmetry you are using. So, I mean,
it's your choice. You can multiply by two, by four, by eight depending on how much



you cut it. So, it depends on what symmetry you use, if you use symmetry between
top and bottom you'd say, well, the volume is twice the lower half. If you use the left
and right half, you would say it's twice each half. If you cut it into four pieces, and so
on.

Vang, vi vay clu hdi Ia néu toi dung d&i x(rng dé& lam cdi nay, toi s& nhan bdn hay nhan
hai? Vang, né phu thudc vao viéc ban tan dung tinh d6i xirng 8 mlc d6 nao. Vang, y toi
1a, d6 la su lua chon clia ban. Ban cé thé nhan hai, nhan bdn, nhan tdm tuy thudc vao
viéc ban cat né thanh bao nhiéu phan. Vang, né phu thudc vao mirc dd ban tan dung tinh
dGi x(rng, néu ban s dung tinh d8i xrng gilta trén va dudi, vang, thi thé tich bang hai Ian
nira dudi. N&u ban str dung ntra trdi va nira phai, thi né bang hai [An cia mbi nira. Néu
ban ct n6 thanh bén phén, va v.v...

So, and again, you don't have to use the symmetry. If you don't think of using polar
coordinates, then it can save you from doing, you know, you can just start at zero
here and here, and simplify things a tiny bit. But, OK, yes? So, to define a vertical

full plane, well, first of all it depends on whether it passes through the z axis or not.

If it doesn't, then you'd have to remember how you do in polar coordinates. I mean,
basically the answer is, if you have a vertical plane, so, it doesn't depend on z. The
equation does not involve z. It only involves r and theta. And, how it involves r and
theta is exactly the same as when you do a line in polar coordinates in the plane. So,
if it's a line passing through the origin, you say, well, theta is either some value or

the other one.

Vi vay, va moét l[an nifa, ban khoéng phai s dung tinh déi xrng. Néu ban nghi dén viéc
dung cac toa dd cuc, thi nd cé thé tiét kiém cdng sirc cho ban, ban biét, ban chi can bt
dau tai khéng & day va dén day, va ddn gidn hoa cac thtr mot chut. Nhung, Vang, xin mgi?
Vang, dé xac dinh toan bé mat phang thadng ding, vang, trudc hét né phu thudc vao viéc
noé cé di qua truc z hay khéng. Néu khong, thi ban phai nhé cach ban lam né trong toa do
cuc. T6i mudn noi la, vé co ban cdu tra 18i 14, néu ban c6 mdt mat phang thadng ding,
vang, n6 khong phu thudc vao z. Phudng trinh khong lién quan dén z. N6 chi lién quan dén
r va theta. Va, cach thic no lién quan dén r va theta giong hét nhu khi ban lam mét dudng
thdng trong cac hé toa dd cuc trong mat phang. Vi vdy,néu né 1a mét dudng thadng di qua
gdc toa dd, ban ndi, vang, theta hodc bang gia tri nao dé hodc bang gia tri kia.

If it's a line that doesn't passes to the origin, but it's more tricky. But hopefully
you've seen how to do that. OK, let's move on a bit. So, one thing to know, I mean,
basically, the important thing to remember is that the volume element in cylindrical
coordinates, well, dx dy dz becomes r dr d theta dz. And, that shouldn't be surprising
because that's just dx dy becomes r dr d theta. And, dz remains dz. I mean, so, the
way to think about it, if you want, is that if you take a little piece of solid in space, so
it has some height, delta z, and it has a base which has some area delta A, then the
small volume, delta v, is equal to the area of a base times the height.

Né&u nd 1a moét dudng thdng khéng di qua gbc toa dd, nhung né phirc tap hon. Nhung hy
vong ban biét cach lam diéu d. Vang, ching ta hdy chuyén chu dé. Vang, mot diéu can
biét, tdi mudn ndi la, vé co ban, diéu quan trong can ghi nhd 1a yéu t6 thé tich trong toa
do tru, vang, dx dy dz tré thanh r dr d theta dz. Va, diéu dé khéng co gi la béi vi d6 chi la
dx dy tré thanh r dr d theta. V&, dz van 13 dz. Y tdi 13, nhu vay, cach dé nghi vé nd, néu
ban mudn, 1a néu ban 18y mot yéu t6 nhd cua vat rén trong khdng gian, vang, né cé dd
cao nao do, delta z, va n6é cd dady cd dién tich delta A, thé thi thé tich nhd, delta v, bang
dién tich day nhan chiéu cao.

So, now, when you make the things infinitely small, you will get dV is dA times dz,
and you can use whichever formula you want for area in the xy plane. OK, now in
practice, you choose which order you integrate in. As you have probably seen, a
favorite of mine is z first because very often you'll know what the top and bottom of
your solid look like, and then you will reduce to just something in the xy plane.

Vi vay, bay gid, khi ban lam cho cac th& nhé vo cung, ban s& dugc dV bdng dA nhan dz, va
ban cé thé st dung bat cr cdng thi'c nao ma ban mudn dé tinh dién tich trong mat phang
xy. Vang, bay gid trong thuc t€, ban chon th{ tu nao ma ban tinh tich phan. Nhu ban cé



thé thay, cai yéu thich cua tdi 1a z trudc bai vi théng thudng chiing ta biét trén cung va
dudi cung cla vat ran sé& c6 dang nhu thé nao, va sau dé ban s& dua cac thd xudng mat
phang xy.

But, there might be situations where it's actually easier to start first with dx dy or r
dr d theta, and then save dz for last. I mean, if you seen how to, in single variable
calculus, the disk and shell methods for finding volumes, that's exactly the dilemma
of shells versus disks. One of them is you do z first. The other is you do z last. OK,
so what are things we can do now with triple integrals? Well, we can find the volume
of solids by just integrating dV. And, we've seen that. We can find the mass of a
solid. OK, so if we have a density, delta, which, remember, delta is basically the
mass divided by the volume.

Tuy nhién, cb thé& cb trudng hdp ma & dé bat dau trude vai dx dy hodc rdr d theta sé
dé haon, va sau dé lam dz cudi cting. Téi mudn néi 1a, néu ban d& thay cach, trong
giai tich ham mét bién, hinh tron va phuong phap bao dé tim thé tich, d6 ding la
van dé nan giai cia phudng phap nay cho cac hinh tron. Mot trong s6 chdng la ban
lam z dau tién. Cai kia la lam z cudi cung. Vang, bay gid ching ta cé thé l1am gi vdi
tich phan ba I8p? Vang, ching ta cd thé tim thé tich cda vt rdn bang cach chi 18y
tich phan dV. Va, ching ta da th8y diéu d8. Chlng ta cé thé tim khdi lugng cua vat
rén. Vang, vy néu ching ta c6 mét dd, delta, trong dé, hdy nhé rang, delta vé co
ban la kh&i lugng chia cho thé tich.

OK, so the small mass element, maybe I should have written that as dm, the mass
element, is density times dV. So now, this is the real physical density. If you are

given a material, usually, the density will be in grams per cubic meter or cubic inch,

or whatever. I mean, there is tons of different units. But, so then, the mass of your
solid will be just the triple integral of density, dV because you just sum the mass of
each little piece. And, of course, if the density is one, then it just becomes the

volume. OK, now, it shouldn't be surprising to you that we can also do classics that

we had seen in the plane such as the average value of a function, the center of

mass, and moment of inertia.

Véang, thé thi yé&u td khdi lugng nho, cé 1€ toi s& viét nd la dm, yéu t6 khdi lugng, bdng mét
do nhan dV. Vi vay, bay gid, day la mat do vat ly that su. Néu ban dugc cho mot loai vat
liéu, thong thudng, mat dd sé 1a gam trén mét khéi hodc inch mii ba, hay gi dd. Y t6i 1a, cd
rat nhiéu don vi khéc nira. Nhung, véng khéi lugng cua vét rdn cla ban sé chi la tich phan
ba I168p ciia méat dd, dV bdi vi ban chi I8y téng khé&i lugng cua tirng phan cuc ki nhd. Va, tat
nhién, néu mat dé bang mdt, thi nd trd thanh thé tich. Vang, bay gid, khéng cé gi ngac
nhién khi cling cé nhitng i luan tudng tu v&i nhirng th{ chdng ta da tirng gap trong mat
phdng chadng han nhu gid tri trung binh cla ham, tdm kh&i, va moment quan tinh.

OK, so the average value of the function f of X, y, z in the region, r, that would be f
bar, would be one over the volume of the region times the triple integral of f dV. Or,
if we have a density, and we want to take a weighted average -- Then we take one



over the mass where the mass is the triple integral of the density times the triple
integral of f density dV. So, as particular cases, there is, again, the notion of center

of mass of the solid. So, that's the point that somehow right in the middle of the

solid. That's the point mass by which there is a point at which you should put point
mass so that it would be equivalent from the point of view of dealing with forces and
translation effects, of course, not for rotation. But, so the center of mass of a solid is
just given by taking the average values of x, y, and z.

Vang, vi vay gia tri trung binh cia ham f x, y, z trong vung, R, sé la f gach, sé la mét trén
thé tich ctia vung nhan tich phan ba I8p cla f dV. Hodc, néu ching ta cé6 méat dd, va ching
ta mudn tinh trung binh cé trong s6 - Thi chlng ta 1ay mot trén khdi lugng trong dé khai
lugng la tich phan ba I6p cia mat do nhan tich phan ba I6p cua f mat dé dV. Vi vay, do
thudng 18 mét diém ndm ngay gilta vat rdn. Do la chat diém ma qua dé cé moét diém ma tai
db ban s& dat chat diém dé cho nd tuong duong tir quan diém khi xét vdi cac luc va hiéu
Ung tinh tién, tat nhién, khong phai chuyén déng quay. Nhung, vang khdi tdm cua vat ran
dugdc tinh bang gia tri trung binh cda x, y, va z.

OK, so there is a special case where, so, x bar is one over the mass times triple
integral of x density dV. And, same thing with y and z. And, of course, very often,
you can use symmetry to not have to compute all three of them. For example, if you
look at this solid that we had, well, I guess I've erased it now. But, if you remember
what it looked, well, it was pretty obvious that the center of mass would be in the z
axis. So, no need to waste time considering x bar and y bar.

Vang, do dé, cé mot trudng hgp dac biét, vang, x gach la mét trén khéi lugng nhan tich
phan ba I8p cua x mat do dV. Va, tuong tu véi y va z. Va, tat nhién, rat thudng xuyén,
ban cé thé sir dung tinh d8i x{tng d& khdng can tinh ca ba céi. Vi du, néu ban xét vat ran
ma chung ta co, vang, toi doan téi da x6a no roi. Nhung, néu ban nhdg hinh dang cua né,
vang, tat nhién khdi tdm s& nam trén truc z. Vi vay, khdng can phai ldng phi thgi gian
dé xét x gach va y gach.

And, in fact, you can also find z bar by symmetry between the top and bottom, and

let you figure that out. Of course, symmetry only works, I should say, symmetry

only works if the density is also symmetric. If I had taken my guy to be heavier at

the front than at the back, then it would no longer be true that x bar would be zero.
OK, next on the list is moment of inertia. Actually, in a way, moment of inertia in 3D

is easier conceptually than in 2D. So, why is that? Well, because now the various
flavors that we had come together in a nice way. So, the moment of inertia of an

axis, sorry, with respect to an axis would be, again, given by the triple integral of the
distance to the axis squared times density, times dV.

Va, trén thuc té, ban cling cd thé tim z gach qua su d6i x(fng giifa trén va dudi, va cac ban
hay tu suy nghi. Tat nhién, déi xirng chi ap dung dugc, téi sé ndi, d6i xrng chi ap dung
dudgc néu mat do cling doi xirng. Néu & day toéi chon phia trudc nang hon phia sau, thi né sé
khdng con ding x gach khéng bang khéng. Vang, ti€p theo danh sach 1a moment quan tinh.
Trong thuc té, theo cach nao dé, vé mat khai niém moment quan tinh trong khéng gian ba
chiéu dé han hai chidu. Vang, tai sao vay? Vang, bdi vi bay gid cac khai niém ma ching ta
dang c6 kha hoa hdp. Vang, moment quan tinh cia mot truc, xin 16i, d8i v8i mot truc sé 13,
mot [an nira, la tich phan ba I8p clia khoang cach dén truc binh phugng nhan mat do, nhan
dv.

And, in particular, we have our solid. And, we might skewer it using any of the
coordinate axes and then try to rotate it about one of the axes. So, we have three
different possibilities, of course, the x, y, or z axis. And, so now, rotating about the z
axis actually corresponds to when we were just doing things for flat objects in the xy
plane. That corresponded to rotating about the origin. So, secretly, we were saying
we were rotating about the point. But actually, it was just rotating about the z axis.
Just I didn't want to introduce the z coordinate that we didn't actually need at the
time. So -

Va, ddc biét, ching ta cd vat rdn cla ching ta. Va, ching ta c6 thé dung b4t c( truc toa



dd nao xién qua no va sau doé thr quay né quanh moét truc. Vi vay, ching ta cé ba kha
nang khac nhau, tat nhién, truc x, y, hoac z. Va, nhu vay bay gid, quay quanh truc z
tugng Ung véi ching ta thuc hién cac thr d8i vdi cac vat thé phdng trong mat phéng xy .
biéu do tudng U'ng véi quay quanh goéc toa dé. Vi vay, bi mat, ching ta dang ndi ching
ta quay quanh mdt diém. Nhung trén thuc t&, né dang quay quanh truc z. Téi da khdng
dua vao hé toa do6 z vi thuc su ching ta khong can né vao Idc nay. Vi vay -

[APPLAUSE] OK, so moment of inertia about the z axis, so, what's the distance to the
z axis? Well, we've said that's exactly r. That's the cylindrical coordinate, r. So, the
square of a distance is just r squared. Now, if you didn't want to do it in cylindrical
coordinates then, of course, r squared is just x squared plus y squared. Square of
distance from the z axis is just x squared plus y squared. Similarly, now, if you want
the distance from the x axis, well, that will be y squared plus z squared.

Vang, vi vay moment quan tinh xung quanh truc z, vang, khoang cach dén truc z la gi?
Vang, chung ta da néi né chinh la r. D6 la toa d6 tru, r. Vi vay, binh phudng khoang cach
chi la r binh phudgng. Bay gid, néu ban khong muén lam diéu dé trong hé toa do6 tru thi, tat
nhién, r binh chi la x binh cong y binh. Binh phudng khoang cach tir truc z chi la x binh
cong y binh. Tuong tu nhu vay, bay gid, n€u ban mudén khoang cach ti truc x, vang, do sé
la y binh cdng z binh.

OK, try to convince yourselves of the picture, or else just argue by symmetry: you
know, if you change the positions of the axis. So, moment of inertia about the x axis
is the double integral of y squared plus z squared delta dV. And moment of inertia
about the y axis is the same thing, but now with x squared plus z squared. And so,
now, if you try to apply these things for flat solids that are in the xy plane, so where
there's no z to look at, well, you see these formulas become the old formulas that we
had.

Véng, c6 gang tu thuyét phuc bang hinh, hodc li ludn qua tinh d6i xrng: ban biét, néu ban
thay déi vi tri cGia truc. Vang, moment quan tinh xung quanh truc x 1a tich phan kép clay
binh cdng z binh delta dV. Va moment quan tinh xung quanh truc y tudng tu, nhung bay
gid la x binh cong z binh. Va nhu vay, bay gid, néu ban th ap dung nhirng th nay cho
cac vat rén phang trong mat phdng xy, do d6 & d6 khdng cb z dé xét, vang, ban th8y céc
cong thirc nay trd thanh cac cong thirc cli ma ching ta da cé.

But now, they all fit together in a more symmetric way. OK, any questions about
that? No? OK, so these are just formulas to remember. So, OK, let's do an example.
Was there a question that I missed? No? OK, so let's find the moment of inertia
about the z axis of a solid cone -- -- between z equals a times r and z equals b. So,



just to convince you that it's a cone, so, z equals a times r means the height is
proportional to the distance from the z axis. So, let's look at what we get if we just
do it in the plane of a blackboard. So, if I go to the right here, r is just the distance
from the x axis.

Nhung bay gidg, tat ca déu phu hgp véi nhau theo cach ddi xirng han. Budc roi, cé ai hoi gi
vé diéu dé khéng? Khong cé? B ugc roi, vi vay day chinh la cadc cong thic can nhé. Vi vay,
vang, hay xét mot vi du. Hinh nhu cé ban nao hoi? Khéng a? bugc r6i, vang hay tim
moment quan tinh cdia mot nén quanh truc z - - gilfa z bdng a nhan r va z béng b. Vang,
chi @€ thuyét phuc ban réng dé la mét nén, vang, z bang a nhan r cé nghia la chiéu cao ty
|é thuan véi khoang cach tir truc z. Vi vay, hdy xét nhitng gi ching ta nhan dugc néu
chlng ta chi xét n6 trong mat phdng bang den. Vi vy, néu téi di sang phai & day, r chinh
la khoang cach tur truc x.

The height should be proportional with proportionality factor A. So, that means I

take a line with slope A. If I'm on the left, well, it's the same story except distance to
the z axis is still positive. So, I get the symmetric thing. And, in fact, it doesn't
matter which vertical plane I do it in. This is the same if I rotate about. See, there's
no theta in here. So, it's the same in all directions. So, I claim it's a cone where the
slope of the rays is A.

Chiéu cao sé ti Ié vGi hé sO ti Ié A. Vang, diéu dé co6 nghia la toi chon dudng vaGi hé s6 géc
b&ng A. Néu toi & bén trdi, vang, no tuong tu ngoai trir khodng cach vdi truc z van duong.
Vi vay, téi nhan dugc nhitng th& déi xirng. Va, trén thuc té, toéi thuc hién nd trong mat
phang thang dirng nao khdng quan trong. Cai nay giéng nhu téi quay. Vi vay, khong cé
theta & day. Vang, n6 gidng nhau theo moi hudng. Vi vay, téi cho rdng né 1a mdt ndn
trong d6 hé s goc clia céc tia bang A.

OK, and z equals b. Well, that just means we stop in our horizontal plane at height b.
OK, so that's solid cone really just looks like this. That's our solid. OK, so it has a flat
top, that circular top, and then the point is at v. The tip of it is at the origin. So, let's
try to compute its moment of inertia about the z axis. So, that means maybe this is
like the top that you are going to spin. And, it tells you how hard it is to actually spin
that top. Actually, that's also useful if you're going to do mechanical engineering
because if you are trying to design gears, and things like that that will rotate, you
might want to know exactly how much effort you'll have to put to actually get them
to spin, and whether you're actually going to have a strong enough engine, or
whatever, to do it.

Vang, va z béng b. Vang, diéu dé chi cé nghia la chidng ta dirng trong mat phang

nam ngang cla ching ta & dd cao b. Vang, vi vay dé la mdt ndn giéng nhu thé& nay.

Pé 1a vét rdn cua ching ta. Vang, do d6 n6é cé mét ddu phdng, dau tron ch(r, va cac

diém ndm trén hinh chir V. Miii ciia né ndm tai gbc toa dd. Vang, chldng ta hay thl

tinh moment quan tinh xung quanh truc z. Vi vay, cé nghia la cai nay gidng nhu

dinh ma ban sé quay. Va, né sé cho ban biét quay dinh dé khé nhu thé nao. Trén

thuc té€, diéu do cling hitu ich khi chdng ta thuc hién ki thuat cg khi bgi vi néu ban

dang thiét k& cac banh réng, va nhitng vat quay tucong tu thé&, ban cé thé can phai

biét chinh xac ban dlung bao nhiéu sirc luc d&€ |am cho chldng quay, va ban cé ddng

cd du manh, hodc thr gi d6, d€ Iam né hay khéng.

OK, so what's the moment of inertia of this guy? Well, that's the triple integral of,
well, we have to choose x squared plus y squared or r squared. Let's see, I think I
want to use cylindrical coordinates to do that, given the shape. So, we use r
squared. I might have a density that let's say the density is one. So, I don't have
density. I still have dV. Now, it will be my choice to choose between doing the dz
first or doing r dr d theta first. Just to show you how it goes the other way around,
let me do it r dr d theta dz this time. Then you can decide on a case-by-case basis
which one you like best. OK, so if we do it in this direction, it means that in the inner
and middle integrals, we've fixed a value of z.

Vang, vay moment quan tinh cua thdng nay la gi? Vang, dé la tich phan ba I&p cla, vang,
ching ta phai chon x binh phuong cdng vé&i y binh phudng hoac r binh phuong. Xem nao,



téi nghi réng tdi mudn s dung hé toa dd tru d€ | am diéu dd, hinh dang da biét. Vi vay,
ching ta sif dung r binh. C6 thé c6 mét dd gia st rang méat dé bdng mét. Vi vy, téi khong
cd méat db. Toi van con cé dV. Bay gid, nd sé |1a luva chon cla toi d& chon giita lam dz trudc
hodc 1am r dr d theta trudc. Chi d€ cho ban thdy cach né di theo dudng khac, hdy dé toi
lam né véi r dr d theta dz lGc nay. Thé thi, ban c6 thé quyét dinh trudng hgp cu thé nao
ban thich nhat. Vang, vi vay néu chidng ta lam né theo hudng nay, cé nghia la trong cac
tich phan bén trong va gilra, ching ta da c6 dinh mot gia tri cua z.

And, for that particular value of z, we'll be actually slicing our solid by a horizontal
plane, and looking at what we get, OK? So, what does that look like? Well, I fixed a
value of z, and I slice my solid by a horizontal plane. Well, I'm going to get a circle
certainly. What's the radius, well, a disk actually, what's the radius of the disk? Yeah,
the radius of the disk should be z over a because the equation of that cone, we said
it's z equals ar. So, if you flip it around, so, maybe I should switch to another
blackboard. So, the equation of a cone is z equals ar, or equivalently r equals z over
a.

Va, déi véi gia tri ddc biét do cla z, ching ta sé thuc su cdt vat rdn cda chldng ta bdng mot
mat phang ngang, va xét nhitng gi ching ta nhén dudc, dung khéng? Vi vay, nd c6 dang
thé& nao? Vang, téi c6 dinh mot gia tri cia z, va téi cit vat ran cla tbi bdi mot mat phang
nam ngang. Vang, tat nhién t6i sé dugc dudng tron. Ban kinh la gi, vdng, mot hinh tron
thuc su, ban kinh ctia hinh tron la gi? Vang, ban kinh cuta hinh tron sé la z trén a vi
phuadng trinh cta nén d6, ching ta da ndi la z béng ar. Vi vay, néu ban quay n6 xung
quanh, vang, cé I& tdi nén chuyén sang bang khac. Vi vdy, phuong trinh cla nén la z bang
ar, hodc tuong duong r bang z trén a.

So, for a given value of z, I will get, this guy will be a disk of radius z over a. OK, so,
moment of inertia is going to be, well, we said r squared, r dr d theta dz. Now, so, to
set up the inner and middle integrals, I just set up a double integral over this disk of
radius z over a. So, it's easy. r goes from zero to z over a. Theta goes from zero to
2pi. OK, and then, well, if I set up the bounds for z, now it's my outer variable. So,
the question I have to ask is what is the first slice? What is the last slice? So, the
bottommost value of z would be zero, and the topmost would be b.

Vi vay, d6i vdi gia tri cho trudc cla z, tdi s& nhén dugc, thang nay sé la dia ban kinh z
bang a. Vang, vi vdy, moment quan tinh sé la, vang, ching ta da ndi r binh, r dr d

theta dz. By gi&, do d4, dé thiét |1ap cac tich phan bén trong va tich phan gi {ta, tdi chi
can thiét 1ap tich phan kép trén dudng tron ban kinh z bdng a nay. Vang, that dé dang.

r di tir khong dén z trén a. Theta di tir khdéng dén 2pi. Vang, va sau dé, vang, néu toi
thiét 1ap cac can cho z, bay gid né la bién bén ngoai cua tbi. Vi vay, cac cau héi ma toi
phai tra I0i la mat cat thr nhat la gi? Mat cat cudi cung la gi? Vi vay, gia tri dudi cling

clia z sé bdng khdng, va trén cung sé la b

And so, that's it I get. So, exercise, it's not very hard. Try to set it up the other way
around with dz first and then r dr d theta. It's pretty much the same level of
difficulty. I'm sure you can do both of them. So, and also, if you want to practice



calculations, you should end up getting pi b to the five over 10a to the four if I got it
right. OK, let me finish with one more example. I'm trying to give you plenty of
practice because in case you haven't noticed, Monday is a holiday. So, you don't
have recitation on Monday, which is good. But it means that there will be lots of stuff
to cover on Wednesday. So -

Va nhu vay, dé la nhitng gi t6i nhan dugc. Vi vay, bai tap thuc hanh, né khéng phai kho.
Hay thir thiét 1ap no6 theo cach khac véi dz trudc va sau do r dr d theta. Mrc d6 khé gan
nhu nhau. T6i chdc réng ban cé thé lam ca hai. Vi vy, va tuong tu, néu ban mudn thuc
hanh tinh todn, két qua la pi b d&n ndm trén 10a dén bdn néu tdi khdng sai. Vang, hay dé
toi két thdc véi mét vi du nita. Toi sé c6 géng cho ban nhiéu bai thuc hanh phong khi hdm
nay ban khéng chl y, th hai ban cé thé tu' 1am vi né 1a ngay nghi. Vi vy, ban khdng cé
budi tra 18i cdu hoi miéng vao Th( hai, diéu dé tét. Nhung c6 nghia la sé& cé rat nhiéu th(
phai dé cap vao thu tu. Vi vay -

Thank you. OK, so third example, let's say that I want to just set up a triple integral
for the region where z is bigger than one minus y inside the unit ball centered at the
origin. So, the unit ball is just, you know, well, stay inside of the unit sphere. So, its
equation, if you want, would be x squared plus y squared plus z squared less than
one. OK, so that's one thing you should remember. The equation of a sphere
centered at the origin is x squared plus y squared plus z squared equals radius
squared. And now, we are going to take this plane, z equals one minus vy.

Cam dn ban. Vang, do d6 vi du th( ba, gid st réng tdi mudn thiét 1ap tich phén kép ddi
v@i vung z I6n hon mot trir y bén trong qua cau don vi tdm tai goéc toa d6. Vi vay, qua
cau dan vi chi la, ban biét, vang, & bén trong mat cau dan vi. Vi vdy, phuong trinh cla
no, néu ban mudn, sé la x binh phudng cdng vdi y binh phuagng céng z binh nhoé haon
mot. Vang, vi vay doé la cdi ban con nhd. Phudng trinh clla mot mat cdu c6 tam tai goc
toa db la x binh phugng céng vdi y binh phuagng céng vdi z binh phuong bdng ban kinh
binh phuong. Va bay gid, ching ta s& chon mat phdng nay, z bang mét trir y.

So, if you think about it, it's parallel to the x axis because there's no x in its
coordinate in its equation. At the origin, the height is one. So, it starts right here at
one. And, it slopes down with y with slope one. OK, so it's a plane that comes
straight out here, and it intersects the sphere, so here and here, but also at other
points in between. Any idea what kind of shape this is? Well, it's an ellipse, but it's
even more than that. It's also a circle. If you slice a sphere by a plane, you always
get a circle. But, of course, it's a slanted circle. So, if you look at it in the xy plane, if
you project ito the xy plane, that you will get an ellipse. OK, so we want to look at
this guy in here.

Vi vay, néu ban nghi vé né, né song song vdi truc x vi khdng c6 x trong phudng trinh cla
nd. Tai gbc toa dd, chiéu cao bdng mdt. Vi vay, né bat dadu ngay day tai mot. Va, né déc
xudng véi y véi dé déc bdng mét. Vang, vi vay nd Ia mat phang di thdng ra ngoai day, va
né cdt mat cau, a & day va & day, va con tai cac diém khac & gilra. C6 ai biét cai nay hinh
gi khéng? Vang, dé 1a elip, nhung van con thiéu. Né con 1a mét hinh tron. N&u ban cét
hinh cdu b&ng mdt mat phdng, ban ludn ludn nhén dugc mdt hinh tron. Nhung, tét
nhién, dé la mét dudng tron nam xién . Vi vay, néu ban nhin né trong mat phang xy, néu
ban chiéu né trén mat phang xy, thi ban s& nhan dugc mét elip. Vang, vi vdy chlng ta
mudn xét thang nay tai day.

So, how do we do that? Well, so maybe I should actually draw quickly a picture. So,
in the yz plane, it looks just like this, OK? But, if I look at it from above in the xy
plane, then its shadow, well, see, it will sit entirely where vy is positive. So, it sits
entirely above here, and it goes through here and here. And, in fact, when you
project that slanted circle, now you will get an ellipse.

Vang, chdng ta lam diéu dé nhu thé nao? Vang, nhu vay cé Ié t6i thuc su can phai vé
nhanh mot hinh. Vi vdy, trong mat phang yz, né cé dang nhu thé& nay, ding khéng?
Nhung, néu téi nhin nd tu phia trén trong mat phang xy, thi hinh chiéu cua né, vang,
thdy khéng, nd s& ndm toan bd trong phan y ducong. Vi vay, né nam hoan toan trén
day, va nd di qua day va day. Va, trén thuc té, khi ban chi€u hinh tron nghiéng dé, bay



gid ban sé nhan dugc mot hinh elip.

And, well, I don't really know how to draw it well, but it should be something like

this. OK, so now if you want to try to set up that double integral, sorry, the triple
integral, well, so let's say we do it in rectangular coordinates because we are really
evil. [LAUGHTER] So then, the bottom surface, OK, so we do it with z first. So, the
bottom surface is the slanted plane. So, the bottom value would be z equals one
minus y. The top value is on the sphere. So, the sphere corresponds to z equals
square root of one minus x squared minus y squared. So, you'd go from the plane to
the sphere. And then, to find the bounds for x and y, you have to figure out what
exactly, what the heck is this region here?

Va, vang, toi khong thuc sy biét cach vé né chinh xac, nhung né gan giéng nhu thé nay.
Vang, vay bay gid néu ban mudn thir thiét 1ap tich phan kép, xin 13i, tich phan ba 18p,
vang, vang gia sl rang chlng ta lam nd trong hé toa dd Dé Cac vi ching ta thuc su ac.
[Cuai] Vi vay thé thi, mat dudi, vang, vang chdng ta lam nd véi z trudec. Vang, mat dudi la
mat phdng bi nghiéng. Vang, gia tri dudi s& la z badng v&i mot trir y. Gid tri trén & trén mat
cau. Vang, mat cau tuong *’ng vdGi z bang can bac hai cia mot trir x binh trur y binh. Vi vay,
ban mudn di tr mat phdng dén mat ciu. Va sau dd, dé tim ra cac cdn cho x va y, ban phai
tim ra chinh xac, vung & day la gi?

So, what is this region? Well, we have to figure out, for what values of x and y the
plane is below the ellipse. So, the condition is that, sorry, the plane is below the
sphere. OK, so, that's when the plane is below the sphere. That means one minus y
is less than square root of one minus x squared minus y squared. So, you have to
somehow manipulate this to extract something simpler. Well, probably the only way
to do it is to square both sides, one minus y squared should be less than one minus

x squared minus y squared. And, if you work hard enough, you'll find quite an ugly
equation. But, you can figure out what are, then, the bounds for x given y, and then
set up the integral? So, just to give you a hint, the bounds on y will be zero to one.
Vang, vung nay la gi? Vang, ching ta ph ai chi ra, d&i véi gia tri nao clia x va y mat phang
nd&m dudi elip. Vi vay, diéu kién 13, xin 16i, mdt phdng n&m dudi mét ciu. Vang, nhu vy,
dé 1a khi mat phdng ndm dudi mat cau. Diéu dé c6 nghia 1a mét trir y nho haon cén bac hai
ciia mét trir x binh trir y binh. Vi vay, ban phai x li cai nay dé& lam moi th(r don gian hon.
Vang, cb thé cach duy nhéat d€ 1am né 1a binh phudng ca hai v&€, moét trir y binh s& nho han
mot trir X binh trir y binh. Va, néu ban lam viéc cham chi, ban sé tim dudc mét phuacng
trinh kha x&u xi. Tuy nhién, ban cé thé tim ra, sau do, cac can d6i véi x - y cho trudc, va
sau do thiét 1ap tich phan? Vang, dé 1a hudng dan, cac cén I3 y sé& bang khdng dén mot.

The bounds on x, well, I'm not sure you want to see them, but in case you do, it will
be from negative square root of 2y minus 2y squared to square root of 2y minus 2y
squared. So, exercise, figure out how I got these by starting from that. Now, of



course, if we just wanted the volume of this guy, we wouldn't do it this way. We do
symmetry, and actually we'd rotate the thing so that our spherical cap was actually
centered on the z axis because that would be a much easier way to set it up. But,
depending on what function we are integrating, we can't always do that.

Cac cén cula x, vang, téi khdng chéc chan rdng ban muén thdy chldng, nhung trong trudng
hgp ban lam, no6 sé di tir trir can hai ciia 2y trir 2y binh dén can hai cta 2y trir 2y binh. Vi
vay, thuc hanh, chi ra cach tdi nhan dudc nhitng thdng nay béng cach bat dau tur dé. Bay
gid, tat nhién, néu chiing ta chi muén thé tich cla thang nay, ching ta sé& khéng lam né
theo cach nay. Chung ta thuc hién ddi x'ng, va thuc su ching ta muén xoay céi dé cho
chdp cau clia chiing ta thuc su c6 tdm trén truc z vi dé s& 1a mot cach dé hon dé thiét 1ap
né. Tuy nhién, tly thudc vao ching ta mudn I8y tich phan ham nao, chlng ta khdng thé
lubén luén lam diéu dé.

OK, so have a nice, long weekend, and I'll see you on Tuesday.
Vang, do do, chic moét ngay cudi tuan dai, dep, va t6i sé gap ban vao Th( ba.



