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Giai. Do P 1a phép chiéu, ton tai mot A-md-dun tu do F va céc A -ddng cau
0:P > FvamF — P sao cho o = ip. Dit {ej}je] la mot co so cua F va g
la anh tu nhién cba € trong F/IF D& dang chimg minh ring {éj}jejla mot
co so cua F /IF dong vai tro 1a mot mo-dun trén A/I, do d6, F/IF la A/I-tu
do.

Cac ddng cau o va m khién cac A/I-déng phdi &: P/IP —» F/IP va T F/
IP — P/IP va c4c phép toan cua ching 1a mot anh xa dong nhat. Do d6 & 1
mot don cau va Ima 1a mét hang tir tryc tiép caa F/IF va nhu vay 1a A/I-
phép chiéu. Nhung P/IP véi Imé dang cau( dong dang). Vi vay P/IP ciing
la A/I-phép chiéu.

Bai 19. Gia sirring 0 > B¥X%A4->0va0->B¥X%A -0 la céc day
khép, va f: X — X' 1a mot A-d6ng ciu sao cho biéu do

giao hoan. Chtrng minh riang f 12 mot dang ciu

Gidi. Gia st rang f(x) = 0. Thé thi ¢(x) =¢'(f(x)) =0 va do do
x =Y (b) véi b thuoc B . Nhung ¢'(b) = fyY(b) = 0 va do ' la mot don
cau, b = 0. Do d6 x = 0 va nhu vay f |a don cau.

Bay gid gia st rang x’' € X'. Do 1’ 1a mot toan ciu, ton tai x € X sao cho
¢() = ¢'(x). Nhu viy ¢'(x' = f(x))=¢'(x) — p(x). Tu do x'—
f(x) =y'(b) voib thude B. Suy ra rang

f@b) +x)=9'(b) + f(x) =X

Vi vay f ciing la mot toan cdu va do d6 1a don cau...

Bai 20. Ching minh rang néu S l1a mét mé rong cua B boi A, thi AX(S) =
A*(S)

t<s

Giai. Cho S 1a mot day khop 0 » B¥ X ® A - 0 Ta c6 thé xay dung céc day
khép0—-> A4, °PTA->0va0—-> 4, PTA->0

Trong d6 P 1a phép chiéu va E don anh. Tir day ching ta c6 cac biéu do giao
hoén



anh cua i d6i voi iy dudi su lién thdng dong cau phat sinh tir biéu d6 tha
nhit déi véi thir hai.
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Ching minh. Gia su B la tong cua cdc moé-dun con f(K) va gia s ¢p: A -
A/B la @6ng cau chinh tic. Pat F = Hom, (K, —). Thé thi ta c6

Baoi vi f(K) € B = Kerg.Vi thé F(¢) = 0 va do d6 ¢ = 0 bdi vi F trung
thanh. Ttr do suy ra rang B=A nhu yéu cau dat ra.

Pinh ly 5. Gia st K 12 mét tap sinh cta ...va A 1a mot mé-dun A. Thé thi A
la mot anh dong hinh cua tong tryc tiép cia cac anh (ban sao) cua K.

Chung minh. Ching ta dinh nghia mot m6-dun C qua cong thuc
.................... (tong truc tiép)

Tuc 13, C 1a mot tong truc tiép trong d6 mdi sé hang 1a K va c6 mot sd hang
cho moi phan tir cia Hom, (K, A). Phan tu dién hinh cua C 1a ho...... , trong
do a; € K va hau nhu moi a; déu bang 0.

Cho ..... la mot dong céu A trong d6 ho ... dugc &nh xa vao .... RS rang, voi
moi ftrong ...., ...chira... Do @6, tir dinh ly 4, ta dugc...Két thic chirng minh.

Bay gio, da dén ldc ching ta cAn phai m6 ta tap sinh dién hinh cua ...theo Iy
thuyét mo-dun.

Pinh Iy 6. Cho A 13 mot vanh khdng tam thuong va cho K 1a mdt module
trong...Thi K |a mét tap sinh cta ..néu va chi néu c6 mot tong truc ti€p cac
anh cua K v&i module tu do khac khéng dong vai tro la mot hang tir truc
tiép.

Chtng minh. Pau tién gia str rang K 13 mot tap sinh. Theo dinh ly 5, ching
ta cO thé xay dung mot ddy chinh Xac ......trén .....trong d6 C la mot tong
truc tiép ctia cac anh cua K. Nhung lambda a mot phép chiéu va nhu vay,
theo (chwong 2, dinh ly 5), ddy tach dugc. Nhu vay, lamda dang cdu véi
hang tir tryc tiép cta C.
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Cubi cung diat « € Homg (9, Q) diéu d6 twong dwong V&I a nam trong
...Daty = a(1y). Thé thiy € Hom, (B, B) va d6i voi w € Q ching ta c6

Do d6 F(y) = a. Vi thé, ddng ciu vanh cua ching ta ciing 1a mot toan anh
va dén day chting minh ciing hoan tat.

Trong dinh ly tiép theo, ching ta gia sir rang B 1a mot A-mé-dun phai va
{A;}ie; 1a mot ho A-md-dun phai. Chung ta ky hiéu tong truc tiép cua A; 1a A
va ding m;: A — A; dé biéu dién hinh chiéu chinh tic ctia A trén hang tr A

Pinh ly 14. Ching ta cling xét truong hop giong nhu trén. Néu A-mo-dun B
duoc sinh hitu han, thé thi ton tai mot dang cu

Homa (J5, A) x © Homa (B, 0,4 j) ui

(ctia cac nhom Abel) sao cho f trong Hom, (B, A) tuong tng véi {; f }ie;
trong @Hom, (B, 4;). Néu Q = End,(B), thi anh xa tuong tu ciing 1a mot
dang ciu cia mo-dun Q phai.

Chirg minh. Viéc B duoc sinh hitu han dam bao rang m;f 13 mot ddng cau
khong xac dinh d6i véi hau hét moi i va vi thé {m;f};e; thudc
@Hom, (B, 4;). Anh xa bién f thanh {m;f};c; 12 mot ddng cau cua cac nhém
Abel, c4&c nhom ndy hién nhién 13 mot don ciu. Pit {g;};e; thudc
2Hom,(B,A;) va doi véi b eB, dat g(b) = {g;(b)}ie; . Thé thi g €
Hom, (B, A) va n6 dugc anh xa vao {g;};e;. Piéu ndy chimg minh ring
chlng ta dang xét mot dang cu ctia cac nhdm Abel.

Cubi cing gia str rang f € Hom, (B, A) va ¢ € Q. Nhu da thdy, tich cua f
va ¢ khi Hom, (B, A) duoc xem la 12-m6-dun phai 1a dong ciu tong hop
fp. Néu dang cdu dugc 4p dung cho tich ndy, thé thi ching ta duoc
{1;fp};e;, bicu thirc ndy chinh Ia tich caa {m;f};c; va ¢.Theo d6, dang cau
khéng chi 1a mot dang cAu ctia cac nhom gAbel, ma con la mot dang cdu cua
12 mo-dun.

4.5 Cac vanh ma tran

In this section we shall be working primarily in£JJ. If A is a A-module and /
IS an arbitrary set, then as in previous similar situations © Ai will denote a
direct sum in which all the summands are equal to A and there is one of
them for each member of I. Likewise n Ai denote the direct product in which
every factor is A and there is one factor for each element of the set I.



Lemma 3. Let B be a finitely generated, right A-module and put
Q = End, (B). Suppose that C = @ Band D = ® B. Denote by F the
i J

additive functor from €% to €K given by F = Hom, (B,-). Then the

homomorphism Hom, (C, D) > Hom, (F(C), F(D))

Proof. We shall show that the lemma can be reduced to the case
where €' = B and D = B. In this situation the desired result follows

by Theorem 13.

Let o;: B—>C resp. m;:C'— B be the ith injection resp. projection
homomorphism. By Theorem 14, there exists an (2-isomorphism



and, by (Chapter 2

, Theorem 2), ¢, is the result of combining the two
mappings in the upper row. Accordingly ¢ in Hom,, (F(C), F(D))

corresponds to {¢F(o;)}..; in [T Homg, (¥(B), F(D)). Again

Hom,(C, D) S > 11 Hom,(B, D)
i

\

Homg(F(C), F(D))———"—>11 Hom,(F(B), F(D))

I




Here the horizontal mappings are the isomorphisms 'Lheul\ en-
I

countered. The left vertical mapping is induced by F and the right
vertical mapping is also induced by F

but this time on a term by
term basis.

The observations of the last paragraph show that the

diagram is commutative. We wish to show that the vertical mapping

on the left is an isomorphism. This will follow if we can prove that
he homomorphism

‘“:}Itl_.i{."y’, 1)) > Hos Mg, (£(B), ¥(D)).

‘il’!l ’r/,-') ,‘

in which f in Hom, (£, 1) corresponds 10 {P;/ }jes = WP Dijes
in ® Hom (B, B). It follows that, for each j in J, the diagram
J '




Hom (B, D) > ®Hom,(B, B)

g
l\ jth projection

Hom,(B, B)

——— > O F(B)

F (p,\ jth projection
F(B)

Hom,, (F(B), F(D)) ~ Hom, (F(B), ® F(B)) ~ O Hom,, (F(B), F(B))
J

of abelian groups. Note that the second isomorphism follows from
Theorem 14 as soon as it is observed that F(B) is a finitely generated
Q-module. (In fact F(B) is Q itself considered as a right (2-module.)
To see how the isomorphisms work, let ¢ in Homg, (F(B), F(D))
correspond to ¥ in Hom, (F(B), @ F(B)) and to (P} jes IN

J




® Hom, (F(B), F(B)).
J

W Jth pruju-vrnm

@ F'(B) > ['(3)
J

\ A

is a commutative diagram and the result of composing the two
homomorphisms in the upper row is ¢;. Accordingly the member of

@ Hom,, (F(B), F'(8B)) that corresponds to ¢ is { I'(p;) P jeu-

’

Hom,(B, D)

> ® Hom (B, B)
J

Homg(F(B), F(D)) = ®Homg(F(B), F(B))

where the horizontal mappings are the isomorphisms previously
investigated and both the vertical mappings are induced by F. The
observations of the last paragraph show that the diagram is com-
mutative. By Theorem 13, the homomorphism




[Hom, (B, B)-> Homy, (F(B), F(B))
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Theorem 15. Let B be a finitely generated, projective generalor of €X.
Put F = Hom, (B,-) and Q = End, (B). Then F.€R—>%E s an

equivalence.

F(® B) = Hom, (B, ® B) ~ @ Hom, (B, B) = @ {2
I I I I

Accordingly F(@® B) is a free right Q-module and every free right
1
Q-module is isomorphic to a module of this form. The functor ¥ is

additive. We shall show that it is an equivalence by making use of
] b g

the criterion provided by Theorem 7.




(el
F(® B)—> F(@® B)—~> F(4)->0

J I

Hom, (C, D)— Hom, (¥(C), F(D)) (4.5.2)

induced by ¥ is an isomorphism. But B is a generator of € and
Homg, (F(C), F(D)) is a subgroup of Hom, (F(C), F(D)). This shows
that (4.5.2) is a monomorphism, i.e. it shows that ¥, considered as a
functor from €% to €& (rather than from €% to €), is faithful. Let
. F(C)— F(D) be an Q-homomorphism. The proof will be complete
if we show that there is a member of Hom, (C, D) which is mapped

by F into .




@ B-i-f; @ Bi C—>0

1y I

®B—> @ B—>D->0.
o

2 ""rl

s F(u,) 3 F(u,)
F(©B) %[«’(flﬁlf) > F(C) > ()
Y £ "/f
Y F'(v,) ! F(v,) ‘!l
M/ B) - ;I(;’élf) > F'(D) o)

w,:®B->®B
iy /s

w 3 - 3
We. D B>® B
Iy
such that F(w,) = § and F(w,) = 7. Accordingly F(w,u,) = F(v,¢

and therefore w,u, = vyw, because, as we have already seen,




u, u
®RB . > @D 3 - S (! > ()
ll ll
Wy W, /4
Ve 2 v
® R > @ B . > ]) —> ()
J

I L-

F(g) F(u,) = F(vy) F(w,) = F(v,)€ = Y F(u,)

Let n > 1 be an integer and denote by M,(A) the ring formed by
all square matrices of order » with elements in A Further let B be a
ree right A-module with a base e

1 Cys -.., €, Of m elements. If now

Je Hom, (B, B),

n

‘f(‘”a-) = 2, ;0.
j=1
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usual left modules. '1'his 1s because 1t gives us a shght notational
advantage. It is easy (but tiresome) to check that similar arguments
hold for left A-modules. An alternative procedure is outlined below.




for all A, A, in A. (Note that in these circumstances ¢ will necessarily
map the identity element of A into the identity element of A.) 1f an
anti-isomorphism exists between A and A, then the rings are said to
be anti-isomorphic. This relation is symmetric.

(',)(’\l . /\3) = (,1)(1\1)—%-(/)(/\:) and 9’)(1\1/\2) = ‘r')(’\‘.!) (,l)(/\l)

!

Denote by A* the ring which has the same elements as A and the
same addition, but in which multiplication is defined by reversing
the order of the two factors. We call A* the opposite of A. Note that
the identity mapping provides an anti-isomorphism between a ring

and its opposite.

Exercise 9. Show that if A and A are anti-isomorphic, then €% and
En are equivalent. Deduce that €% and € (5 are equivalent, where n is

an arbitrary posilive integer.

Theorem 16 provides us with information concerning the global
dimensions of a ring of the form M, (A). Now in the theory which
deals with the structure of rings, direct sums of matrix rings of this
type play an important role. This prompts a general question con-
cerning the global dimensions of a direct sum of rings. The question
and its answer are covered by the next exercise.




Exercise 10.* The )‘[/)(] A is the direct sum uf the rings ,\1. \.: i’y W3
Show that

! 1
r. GD(A) = maxr.GD (A)).
l .r" N ‘
[Finally we mention, in passing, that the methods used in sections

(4.4) and (4.5) can be used for decidingt whether a given abelian

category is equivalent to a category 4\ for some ring A.

Exercise 1. Show that the 7 u("",'.wr,f'f'ﬂr" functor ts exact. Show also that
of the left A-module A s free, then Alx] is . free | '] module. Deduce
that a ;"/}"/ \-module B is A-projective if and oly of Blxl 28 Alx]
,'.';"v’);'o't‘/g-r"',

Solution. That the polynomial functor is exact is clear. Let F be a
free A-module with a base {¢,},.,. Then each e; determines a corres-
ponding constant polynomial ¢, in F[z]. An easy verification shows
that {€;};; is a base for F[x] over A[z]. In particular, F[z] is a free
Alxz]-module.




Suppose that 4 is a projective A-module. Then 4 is a direct sum-
mand of a free A-module F'. Applying the polynomial functor to the
inclusion mapping 4 - F, we see that 4[z] is a direct summand of
the A[z]-module F[x]. However we know, from the last paragraph,
that Flx]is A[x]-free. Consequently A[x]is A[z]-projective.

We obtain a ring-homomorphism A - A[z] by mapping each ele-
ment of A into the corresponding constant polynomial. This enables
us to regard each A[x]-module as a A-module. Considered as a A-
module, Afx] is free with the powers of 2 forming a base. It follows
that each free A[x]-module is free when regarded as a A-module.

Now assume that 4 is a A-module and that 4[] is A[z]-projective.
Then A4[z] is a direct summand of a free A[z]-module ®. If we regard
Alz] and ® as A-modules, then A[z] continues to be a direct sum-
mand of ® and, by the last paragraph, ® is A-free. Thus 4[z] is A-
projective. But, as a A-module, A[z] is a direct sum of copies of 4.
It follows, from (Chapter 2, Theorem 4), that 4 itself is A-projective.




Exercise 2. Let A be a non-trivial ring and let x,,,, ..., x, be inde-
terminales. Pul Alz] = Alzy, @, ..., z,]. Show that

L Py (Alz]/ (e Alz] + 2 Al2] + ... +2,A[2])) = 5.

Solution. BEach x; belongs to the centre of A[2] and an easv verifica-
| o o

tion shows that x,, z,, ..., x, is a A[z]-sequence in the sense of section

(3.8). Further, because A is non-trivial,

Alz] + x, Alx]+x, Al2] ... + 2, Al2].

Consider the ring-homomorphism A[z]-A in which each poly
nomial is mapped on to its constant term. This is surjective and
2y Al 42 Alx] + ... +2,Alz] is its kernel. Hence if we use the ring
homomorphism to enable us to regard A as a A[z]-module, then A and
Alz)f(@ Al + 2, Alz]+... +2,Alx]) are isomorphic. Consequently

1 1 4 ]
our result may be stated as . Pd ... (A) S
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Hom, (4, B)—->Hom, (Hom, (B, ), Hom, (4, £))

Suppose that f: 4 - B is a non-zero A-homomorphism. Then there
exists ae A such that b = f(a) is non-zero. Let C be the submodule of
B generated by b. Then the function g: A > € defined by g(A) = Ab is
an epimorphism and hence C is isomorphic to A/Kerg. But Kerg is a
proper left ideal of A and therefore it is contained in a maximal left
ideal, L say. The identity mapping of A induces an epimorphism
A/Kerg-—+A/L. Since A/L < E and C is isomorphic to A/Kerg, we
now have a A-homomorphism %2:C'— E for which A(b) + 0. Further
(' < B and £ is injective. Consequently there exists a A-homomor-
phism A&":B-—> K such that A'j) = h, where 5:C > B is an inclusion
mapping. Thus A'(b) &= 0 and therefore A'f + 0. Since A'f is just
Hom, (f, E) applied to &', this shows that Hom, (f, £) 4 0. The
desired result follows.




Exercise 4. The additive covariant functor F: €, — € , is fully faithful
and f:A -+ B is a A-homomorphism. Show that f is an isomorphism if

and only if F(f) s an isomorphism.

Suppose now that F(f): F(A4)— F(B) is an isomorphism. Then
there exists a A-homomorphism y: F(B) - F(A) such that

Y£(f) = i

and F(f)y = i Since Fis fully faithful, there is a A-homomorphism
g: B A suchthat F'(g) = y. Hence F(gf) = F(g) F(f) = yF(f) = F(i,)
and F(fq) F(f)F(g) F(f)y F(vy,). 1t follows, since F is fully

o

faithful, that gf = i, and fg = i} Thus f is an isomorphism.
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Solution. Let f, g belong to Hom , (4, B). Since the identity functor

and F¢ is naturally equivalent to it, FG 1s also

on %,





