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Lectures on Integer Partitions

Preface

These lectures were delivered at the
University of Victoria, Victoria, B.C.,
Canada, in June of 2000, under the
auspices of the Pacific Institute for the
Mathematical Sciences. My original
intent was to describe the sequence of
developments which began in the
1980’s and has led to a unified and
automated approach to finding partition
bijections. These developments,
embodied in the sequence [6, 17, 9, 20,
15, 21] of six papers, in fact form much
of the content of these notes, but it
seemed desirable to preface them with
some general background on the theory
of partitions, and | could not resist
ending with the development in [3],
which concerns integer partitions in a
wholly different way.

The lecture notes were recorded by Joe
Sawada, with such care that only a
minimal buffing and polishing was
necessary to get them into this form. My
thanks go to Frank Ruskey, Florin Diacu
and Irina Gavrilova for their hospitality
in Victoria and for facilitating this work,
and to Carla Savage for a number of
helpful suggestions that improved the
manuscript.
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Bai giang vé cac phan hoach nguyén
MO DAU

Nhitng bai giang nay da dugc tac giad
giang tai Pai hoc Victoria, Victoria, BC,
Canada, vao thang Sau nam 2000, dudi
su bao tro cua Vién Toan Hoc Thai
Binh Duong. Muc tiéu ban du cua toi
13 md ta qué trinh phat trién bat dau tir
nhitng nim 1980 va di din dén mot
cach tiép can théng nhat va tu dong dé
tim kiém cac song anh phan hoach.
Nhitng phat trién nay dugc trinh bay
trong chudi sau bai bao [6, 17, 9, 20, 15,
21], chiém da sé noi dung cta nhitng bai
giang nay, nhung toi lai mubn gidi thidu
ching cung véi mot sd kién thirc nén
tang vé 1y thuyét phan hoach, va phan
cudi ciia tai liéu sir dung nhiéu ndi dung
trong [3], tai liéu nay dé cap dén cac
phan hoach nguyén theo cach hoan toan
khac biét.

Céc bai giang nay do Joe Sawada ghi lai
theo tiéu chi 1a chinh stta & muc tbi
thiéu va chi chinh stra khi can thiét. Toi
mudn gui 16i cdm on dén Frank Ruskey,
Florin Diacu va Irina Gavrilova vi long
hiéu khach ctia ho khi d6n tiép ching toi
tai Victoria va tao diéu kién thugn lgi
cho cong trinh nay, va Carla Savage da
cho chung t61 mot s6 101 nhan xét bd ich
d¢ hoan thién thém ban théo.
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1 Overview

What I"d like to do in these lectures is to
give, first, a review of the classical
theory of integer partitions, and then to
discuss some more recent developments.
The latter will revolve around a chain of
six papers, published since 1980, by
Garsia-Milne, Jeff Remmel, Basil
Gordon, Kathy O’Hara, and myself. In
these papers what emerges is a unified
and automated method for dealing with
a large class of partition identities.

By a partition identity 1 will mean a
theorem of the form “there are the same
number of partitions of n such that ... as
there are such that ....” A great deal of
human ingenuity has been expended on
finding bijective and analytical proofs of
such identities over the years, but, as
with some other parts of mathematics,
computers can now produce these
bijections by themselves. What’s more,
it seems that what the computers
discover are the very same bijections
that we humans had so proudly been
discovering for all of those years.

But before I get to those matters, let’s
discuss the introductory theory of
integer partitions for a while. To do that
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1 Tong quan

Trong tap bai giang ndy, muyc tiéu cua
t01 trudc hét 1a diém lai 1y thuyét co dién
vé cac phan hoach nguyén, va sau d6
thao luan vé nhiting budc phat trién gan
day. Noi dung sau xoay quanh chudi sau
bai bao duge xuat ban tr ndm 1980, boi
Garsia-Milne, Jeff Remmel, Basil
Gordon, Kathy O'Hara, va bai bao cua
chinh t61. Trong nhirng bai bao nay, mot
van dé noi 1én 13 phuong phap thdng
nhat va tu dong dé giai mot 16p rong céac
d6ng nhat thirc phan hoach.

Theo déng nhét thuec...chi mot dinh 1i
c6 dang "co cung sb6 phan hoach n sao
cho ... khico.... sao cho .... " Con nguoi
d3 tap trung nhiu nd luc dé tim kiém
cac phuong phap chimg minh giai tich
va song anh cac dong nhit thirc nhu thé
trong nhiéu nim, nhung, ciing nhu mot
sb linh vuc toan hoc khac, hién nay may
tinh c6 thé tu tao ra nhitng song anh
nay. Hon nita, ¢ vé nhu nhiing gi cac
may tinh phat hién ra 1a cac song anh rat
gidng nhirng song anh do ching ta con
ngudi tu hao da phat hién ra trong nhiéu
nam qua.

Nhung trude khi dé cap dén nhimg van
dé nay, chiing ta hily danh mot chut thoi
gian dé thao luan vé 1y thuyét nhap mon




effectively will require generating
functions. Now | realize that many
people, when they see a generating
function coming in their direction, will
cross to the other side of the street to
avoid it. But | do hope that the
extraordinary power of generating

functions in the subject of integer
partitions will help to make some
converts.

These lectures are intended to be

accessible to graduate students in
mathematics and computer science.

2 Basic Generating Functions
Consider the identity A = B, where A
and B count two different sets of
objects. How can we prove such an
identity? One approach is to count the
elements in A and show that it is the
same as number of elements in B.
Another approach is to find a bijection
between the two sets A and B. The
traditional example that contrasts these
two approaches is the one that considers
the problem of showing that the number
of people in an auditorium is the same
as the number of seats. Following the
first approach, we would count the
people in the room and then count the
seats in the room. But, following the
second approach, we would only need to
ask everyone to sit down, and see if
there are any seats or people left over.

When dealing with integer partition
identities, sometimes it is easier to use
the  first  approach (generating
functions), sometimes it is easier to use
the second approach (bijective proofs),

phan hoach nguyén. Trudc hét, chung ta
can phai hiéu vé cac ham sinh. Trong
thoi diém hién tai, t6i nhan thay rang
nhiéu nguoi trong ching ta, khi thiy
mot ham sinh tién vé huéng cta ho, ho
s€ chay theo hudng nguoc lai cua con
duong dé tranh d6i mat véi nd. Nhung
t6i hy vong rang hiéu lyc manh cua céc
ham sinh trong linh vyc phan hoach
nguyén s& gitp ching ta thay doi 16i suy
nghi do.

Cac bai giang nay nhim dén doi tuong
hoc vién cao hoc chuyén nganh toan va
khoa hoc may tinh.

2 Céc ham sinh co ban

Xét dong nhat thuc A = B, trong d6 A
va B chi hai tdp hop ddi tuong khac
nhau. Lam sao dé ching ta chimg minh
mot dong nhat thic nhu vay? Mot cach
tiép can 1a dem cac phan tor trong A va
chimg t6 rang né giébng nhu sé phan tir
trong B. Mot cach khac 1a tim mot song
anh gitra hai tap hop A va B. Vi du
truyén théng cho thiy rd su khac biét
giita hai phuong phap tiép can nay la vi
du xét bai toan ching minh s0 ngudi
trong mot khan phong bang s6 chd ngdi.
Theo phuong phap dau tién, ching ta s&
dém s0 nguo1 trong phong va sau do s¢
dém sb chd ngdi. Nhung, theo cach t1ep
can tht hai, chung ta chi can yéu cau
moi ngudi ngdi xudng, va quan sat xem
c6 bat ky chd ngdi hoic ngudi nao con
sot lai khong.

Khi nghién ctru cac dong nhat thirc phan
hoach nguyén, d6i khi viéc dung k¥
thudt thir nhét lai d& dang hon (cac ham
sinh), d6i khi viéc dung cach thir hai lai
dé hon (Chitng minh song anh), va doi




and sometimes both are equally easy or
difficult. In the following pages we will
see examples of all three situations.

What is an integer partition? If n is a
positive integer, then a partition of nis a
nonincreasing sequence of positive
integers pi,p2,... ,pk whose sum is n.
Each p is called a part of the partition.
We let the function p(n) denote the
number of partitions of the integer n.

As an example, p(5) = 7, and here are all
7 of the partitions of the integer n = 5:
We take p(n) = 0 for all negative values
of nand p(0) is defined to be 1.

Integer partitions were first studied by
Euler. For many years one of the most
intriguing and difficult questions about
them was determining the asymptotic
properties of p(n) as n got large. This
question was finally answered quite
completely by Hardy, Ramanujan, and
Rademacher [11, 16] and their result
will be discussed below (see p. 13). An
example of a problem in the theory of
integer partitions that remains unsolved,
despite a good deal of effort having
been expended on it, is to find a simple
criterion for deciding whether p(n) is
even or odd. Though values of p(n) have
been computed for n into the billions, no
pattern has been discovered to date.
Many other interesting problems in the
theory of partitions remain unsolved
today. One of them, for instance, is to
find a way to extend the scope of the
bijective machinery that will be

khi c4 hai déu c6 murc do dé va khé nhu
nhau. Trong phin sau diy chung ta s&
x€t cac vi du tuong rng vd1i cd ba truong
hop nay.

Mot phan hoach nguyén la gi? Néu n 1a
mot s6 nguyén duong, thi phan hoach
cia n 1d mot chudi so nguyén duong
khong tang pi, p2, ... , Pk c6 tong 1a n.
Mbi p dugc goi 1a mot phan cua phan
hoach. Chung ta hdy gia sir ham p (n)
biéu dién sd phan hoach cua s6 nguyén
n.

Vidu, p (5) =7, va day 1a tit ca 7 phan
hoach ctia s nguyén n = 5:

Chuing ta chon p (n) = 0 cho tt ca cac
gia tri am cua n va p (0) dugoc dinh
nghia la 1.

Cac phan hoach nguyén duoc Euler
nghién ctu dau tién. Qua nhidu nam,
mot trong nhitng van dé hap dan va kho
khin vé chung 13 xac dinh dic tinh tiém
can cua p (n) khi n ngay cang lon. Cudi
cung, van dé nay da duoc giai quyét kha
hoan chinh béi Hardy, Ramanujan, va
Rademacher [11, 16] va két qua cta ho
s€ duogc thao luan dudi day (xem tr. 13).
Mot vi du vé bai toan trong 1y thuyét
phan hoach nguyén van chua dugc giai
quyét, mic du cac nha nghién ctru da bo
nhiéu cong strc nghién ctru né, d6 1a bai
toan tim tiéu chuan don gian dé xac dinh
p (n) 1a chan hay 1é. Mic du gia tri cua p
(n) da duoc tinh toan cho n & hang ty,
dén nay nguoi ta van chua tim duge mo
hinh nao. Nhiéu van dé tha vi khac
trong ly thuyet vé phan hoach van chua
dugc giai quyet ngay nay. Chang han,
mot trong s6 nhitng van dé& d6 1a tim
cach m¢ rOong pham vi cla may song




discussed below in sections 4-9.

The Ferrers diagram of an integer
partition gives us a very useful tool for
visualizing partitions, and sometimes for
proving identities. It is constructed by
stacking left-justified rows of cells,
where the number of cells in each row
corresponds to the size of a part. The
first row corresponds to the largest part,
the second row corresponds to the
second largest part, and so on. As an
illustration, the Ferrers diagram for the
partition 26 = 10+7+3+2+2+1 + 1 is
shown in Figure 1.

4anh, van dé nay s€ duoc thao ludn bén
dudi trong phan 4-9.

Gian db Ferrers ciia mot phan hoach
nguyén 1a mot céng cy hiru ich dé hinh
dung cac phan hoach, va d6i khi dé
ching minh cac dong nhét thirc.






