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Lecture 7
Bai 7
Regularized least-squares and Gauss-Newton Method

Phuong phap binh phuong t6i thiéu chinh quy hoéa (hoic 1a dugc chuan héa)(hoic
la dugc chuan hoa) va phuong phap Gauss - Newton

» multi-objective least-squares

* regularized least-squares

* nonlinear least-squares

* Gauss-Newton method

Binh phuong téi thiéu da muc tiéu

Binh phuong tdi thiéu chinh quy héa

Binh phuong ti thiéu phi tuyén

Phuong phap Gauss-Newton

Multi-objective least-squares

Binh phuong ti thiéu da muyc tiéu

in many problems we have two (or more) objectives
trong nhiéu bai toan ching ta c6 hai (hoac nhiéu) muyc tiéu
e we want ........ small

Chung ta muén ...nho

eand also ....... small

Va ....cling nho

PP is the variable)



(...1a bién)

« usually the objectives are competing

Thudng cac muc tiéu canh tranh nhau

* we can make one smaller, at the expense of making the other larger

Ching ta c6 thé 1am mot muc tiéu nho hon, va phai tra gia bang qua viéc 1am cai
con lai |6n hon.

common example: F =1, g = 0; we want k Ax — yk small, with small x
vi du thong dung: ....... : chtng ta muén ....nho, Vi X nho

Plot of achievable objective pairs

Do thi cac cap muc tiéu dat duoc

plot ..... for every x:

Do thi ...ddi véi moi x:

note that ...., but this plot is in ....; point labeled .....is really.......
ChU ¥ rang .....nhung d6 thi nay nam trong....; diém duoc dit tén....thyc sy 1a. ...
* shaded area shows ..... achieved by some ....

Ving duoc t6 biéu dién... dat duoc boi ....ndo d6

* clear area shows ...... not achieved by any .........

Viing sach (trang) biéu dién...khong dat dugc bai bat ky...nao do

* boundary of region is called optimal trade-off curve

Bién ving duogc goi 1a duong cong thoa hiép ti vu

» corresponding x are called Pareto optimal

X twong tng duoc goi 1a tdi vu Pareto

(for the two objectives ......... )



(cho hai myc tiéu.....)
three example choices of x: .................

ba vi du Vé lya chon x.......

...té hon ...trén cé hai lan dém.....

e ....Is better than ....in ...., but worse in ....

...tot hon ....trong...., nhung t& hon trong.....

Weighted-sum objective

Muc tiéu tdng trong sd

* to find Pareto optimal points, i.c., x’s on optimal trade-off curve, we
minimize weighted-sum objective

dé tim cac diém tbi wu Pareto, tic 13 X nam trén dudng cong thoa hiép ti uu,
chdng ta cuc tiéu hda muc tiéu tong trong sb

* parameter p > 0 gives relative weight between ....and .......

Tham sé .....cho trong sb twong ddi gitta ...va .....

* points where weighted sum is constant, ........ , correspond to line with slope —
on .... Plot
Cac diém ma & d6 tong trong s6 khong doi, ....... , tuong tng voi dudong thang véi

hé s6 goc — trén d6 thi ...
LR minimizes weighted-sum objective for p shown
....cuc tiéu hda muc tiéu tong trong sé cho u dugc biéu dién

* by varying u from 0 to +oo , can sweep out entire optimal tradeoff curve



Bang cach thay doi [ tir 0 dén +oo , 6 thé quét toan bo dudng cong thoa hiép toi
uu

Minimizing weighted-sum objective
Cuc tiéu hda muc tiéu tong trong sd
can express weighted-sum objective as ordinary least-squares objective:

c6 thé biéu dién muc tiéu tong trong sé nhu muc tiéu binh phuong téi thiéu théng
thuong

hence solution is (assuming .... full rank)

vi thé nghiém 1a (gia st ...hang day du)

Example

Vidu

* unit mass at rest subject to forces ...... for ...l

Mot vat nang lac dirng yén chiu tac dung cua cac luc ....cho....
*y € Ris positionatt=10; ....... where ....

....Javitritai t=10; .....0 day.....

e (final position error squared)

.......... (sai sb vi tri cubi cung binh phuong)



S (sum of squares of forces)

........ (tdng cua binh phuong cua cac lyc)

weighted-sum objective: ............

muc tiéu tong trong sb: ...

optimal x:

X toi wu:

optimal trade-off curve:

duong cong thoa hiép ti uu

« upper left corner of optimal trade-off curve corresponds to x =0
G6c trai trén clng cua dudng cong thoa hiép téi wu tng véi x=0
* bottom right corresponds to input that yields ...................
Bén phai phia dudi (ng voi dau vao mang lai.......

Regularized least-squares

Binh phuong ti thiéu chinh quy héa

when F = |, g = 0 the objectives are

khi....... cac muc tiéu la

minimizer of weighted-sum objective,

cuc tiéu cua muc tiéu tdng trong sé,

.............................

is called regularized least-squares (approximate) solution of Ax =y



dugc goi 1a nghiém (gan dung) binh phuong téi thiéu chinh quy héa (hoac 1a duoc
chuan héa).....

« also called Tychonov regularization

Ciing dugc goi 1a su chinh quy héa (hoac la dwoc chuan hoéa) Tychonov
« for p > 0, works for any A (no restrictions on shape, rank . . .)

Ddi vai p > 0, dang vai bat ky A nao (khdng han ché hinh dang, hang....)
estimation/inversion application:

Ung dung uéc lugng/nghich dao

* Ax —y is sensor residual

...1a cam bién du

* prior information: x small

Thong tin tién lugng: X nho

« or, model only accurate for x small

Hozc, mé hinh chi chinh x4c d6i véi x nho

* regularized solution trades off sensor fit, size of x

Khép cam bién thoa hiép nghiém chinh quy héa, kich thudt cua x
Nonlinear least-squares

Binh phuong téi thiéu phi tuyén

nonlinear least-squares (NLLS) problem: find ......... that minimizes
bai toan binh phuong tbi thiéu phi tuyén (NLLS): tim ...cuc tiéu hoa

.............................



* 1(x) is a vector of ‘residuals’

...... 1a vector “sé du”

* reduces to (linear) least-squares if r(x) = Ax -y

R0t V& binh phuong tbi thiéu tuyén tinh néu ......

Position estimation from ranges

U6ce tinh vi tri tir cac khoang

estimate position ......... from approximate distances to beacons at
locations ........... without linearizing

wéc tinh vi tri .....tr cAc khoang cach gan dung dé lam méc tai cac vi tri ...ma
khong can tuyén tinh hoa

¢* W€ measure ......
Chung ta do
(...... IS range error, unknown but assumed small)

(...1a mot sai sb cua khoang, chua biét nhung gia st 1a nho)

* NLLS estimate: choose “x to minimize
Ué6c lwong NLLS: chon ....dé cuc tiéu hoa
Gauss-Newton method for NLLS

Phuong phap Gauss-Newton cho NLLS

NLLS: find ....... that minimizes ......... ,Where..............

* in general, very hard to solve exactly



NG6i chung, rat kho giai chinh xéac

* many good heuristics to compute locally optimal solution
Nhiéu phuong phap tim t0i tot dé tinh toan nghiém tbi wu cuc bo
Gauss-Newton method:

Phuong phap Gauss-Newton

given starting guess for x

repeat

linearize r near current guess

new guess is linear LS solution, using linearized r

until convergence

cho trugc x du doan ban dau

lap lai

tuyén tinh hoa r gan nghiém doan hién tai

nghiém doan méi la nghiém LS tuyén tinh, dung r dugc tuyén tinh ha
cho dén khi hoi tu

Gauss-Newton method (more detail):

Phuong phap Gauss-Newton (chi tiét hon):

* linearize r near current iterate .........

Tuyén tinh hoa r gan lan lap hién tai

where Dr is the Jacobian: .........................

¢ day ...1a Jocobian......

* write linearized approximation as



Viét gan dung tuyén tinh hoa Ia

« at kth iteration, we approximate NLLS problem by linear LS problem:
& lan lap tha k, ching ta xap xi bai todn NLLS béng bai toan LS tuyén tinh:
* next iterate solves this linearized LS problem:

Lan lap tiép theo giai bai toan LS tuyén tinh hoa nay:

* repeat until convergence (which isn’t guaranteed)

Lap lai cho dén khi hoi tu (khong dugc bao dam)

Gauss-Newton example

Vi du Gauss-Newton

* 10 beacons

* + true position (—3.6, 3.2); 4 initial guess (1.2, —1.2)

» range estimates accurate to +0.5

10 méc

Vi tri dung (3.6, 3.2); ¢ du doan ban dau (1.2,-1.2)

Cac udc lugng khoang chinh xac dén 0.5

NLLS objective .....versus x:

Muc tiéu NLLS....theo x:

» for a linear LS problem, objective would be nice quadratic ‘bowl’

* bumps in objective due to strong nonlinearity of r



Déi v4i bai toan LS tuyén tinh, muc tiéu s& 1a “cai bat” bac hai dep
Céc phan ting di vao muc tiéu do su phi tuyén manh cua r
objective of Gauss-Newton iterates:

muc tiéu cua céc 1an lip Gauss-Newton:

°« ... converges to (in this case, global) minimum of ......
e ....hdi ty vé (trong truong hop ndy, toan cuc) cuc tiéu cua..........

* convergence takes only five or so steps

Sy hoi tu chi Xay ra sau nim hoic chirng ay budc

* final estimate is "x = (—3.3, 3.3)

U6c lwong cubi cung 1a....

* estimation error is k "x — xk = 0.31

Sai s6 uwéc luong 1a....

(substantially smaller than range accuracy!)

(vé cin ban nho hon d6 chinh xéac cua khoang 1)
convergence of Gauss-Newton iterates:

su hoi tu cua phéep lap Gauss-Newton

useful varation on Gauss-Newton: add regularization term
su bién d6i cd ich trén Gauss-Newton: cong sé hang chinh quy héa

................................

so that next iterate is not too far from previous one (hence, linearized



model still pretty accurate)

dé cho phép lap ké tiép khdng qua cach xa phép lap truéc (vi thé, md hinh tuyén
tinh hoa van kha chinh xac)



